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Abstract
Blind source separation (BSS) is concerned with recovering the sources from the mixtures without prior knowledge of the sources and the mixing coefficients. Due to immense
practical applications, numerous algorithms have been proposed for various BSS models.
Bounded component analysis (BCA) is a relatively new avenue for BSS under the geometric assumption about the sources. This PhD thesis derives a proof of a BCA contrast
function, based on elementary matrices, Gauss-Jordan elimination and convex geometry.
An in-depth insight into the geometric assumption of BCA is discussed. Furthermore, an
interpretation is presented to clarify one of the limitations of BCA. Inspired by the BCA
contrast function and elementary matrices, this thesis presents another contrast function
based on second-order statistics (SOS) to minimize the ratio between the product of the
diagonal entries and the determinant of the covariance matrix. The proposed contrast
function can be minimized by a batch and adaptive gradient descent method to formulate
a BSS algorithm.
Actually, the determined BSS of linear instantaneous mixtures can be considered welldeveloped, so this thesis investigates a more challenging BSS model, that is unsupervised
monaural blind source separation (UMBSS). UMBSS is an extreme case of the underdetermined BSS, and only one mixture is available to recover multiple sources. Inspired
by the human auditory system, some perceptual features have been successfully used
for speech and speaker recognition. This thesis incorporates the perceptual features into
Itakura-Saito nonnegative matrix factorization (ISNMF) to establish a family of UMBSS
algorithms. The proposed family of UMBSS algorithms extract the perceptual features
on the decomposed factors by ISNMF, and then cluster the perceptual features to address
the permutation problem with NMF. Finally, the sources are recovered by soft masking
based on the clustered NMF components.
Moreover, this thesis combines a speech production model with NMF to form a TriISNMF algorithm. The speech production model has been proposed and widely used for
speech analysis and synthesis. Based on the speech production model, the Tri-ISNMF algorithm decomposes the audio sources into three factors: a vibrating factor, a resonating
factor and a temporal factor, in order to estimate audio sources more accurately. Acoustic
features are estimated to initialize the Tri-ISNMF factors. The initialization enforces a
harmonic structure on the vibrating factor, and the continuity constraint as an extra constraint is imposed on the resonating factor and the temporal factor. Then, the three factors
are updated by alternating multiplicative update rules. Finally, the perceptual features are
extracted from the Tri-ISNMF factors for clustering to recover the sources.

1

Contents
List of Tables

5

List of Figures

7

1

Introduction

1

1.1

Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1

1.2

Scope of Research . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4

1.3

Thesis Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5

1.4

Thesis Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6

1.5

Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

7

2

Overview of Blind Source Separation

9

2.1

Introduction to Blind Source Separation . . . . . . . . . . . . . . . . . .

9

2.2

Independent Component Analysis . . . . . . . . . . . . . . . . . . . . .

11

2.2.1

Conventional Independent Component Analysis . . . . . . . . . .

12

2.2.2

Extensions of Independent Component Analysis . . . . . . . . .

14

Nonnegative Matrix Factorization . . . . . . . . . . . . . . . . . . . . .

16

2.3.1

Conventional Nonnegative Matrix Factorization . . . . . . . . . .

16

2.3.2

Extended Nonnegative Matrix Factorization . . . . . . . . . . . .

18

2.3.3

Nonnegative Tensor Factorization . . . . . . . . . . . . . . . . .

19

2.4

Geometric Techniques for Blind Source Separation . . . . . . . . . . . .

21

2.5

Other Blind Source Separation Algorithms . . . . . . . . . . . . . . . . .

22

2.6

Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

24

2.3

3

Proof and Analysis of Bounded Component Analysis

25

3.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

25

3.2

Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

27

3.2.1

Models and Notation . . . . . . . . . . . . . . . . . . . . . . . .

27

3.2.2

Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . .

29

Proof of Erdogan’s BCA . . . . . . . . . . . . . . . . . . . . . . . . . .

30

3.3.1

Analysis of the Overall Mapping . . . . . . . . . . . . . . . . . .

30

3.3.2

Proof of the BCA Contrast Function . . . . . . . . . . . . . . . .

32

3.3.3

Remarks for the Proof . . . . . . . . . . . . . . . . . . . . . . .

35

Further Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

38

3.4.1

38

3.3

3.4

Analysis of Assumptions . . . . . . . . . . . . . . . . . . . . . .

CONTENTS

2
3.4.2
3.5
4

Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

46
47

4.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

47

4.2

Problem Formulation and Notation . . . . . . . . . . . . . . . . . . . . .

48

4.3

The Proposed Contrast Function . . . . . . . . . . . . . . . . . . . . . .

49

4.4

The Proposed Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . .

52

4.5

Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . . .

54

4.5.1

Experimental Settings . . . . . . . . . . . . . . . . . . . . . . .

54

4.5.2

Experimental Results . . . . . . . . . . . . . . . . . . . . . . . .

55

Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

56

ISNMF with Perceptual Features for Unsupervised Monaural BSS

57

5.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

57

5.2

Models and Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . .

60

5.2.1

Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

60

5.2.2

Cepstrum and MFCCs . . . . . . . . . . . . . . . . . . . . . . .

60

5.2.3

Cochleagram and GTCCs . . . . . . . . . . . . . . . . . . . . .

61

5.2.4

ISNMF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

62

The Proposed UMBSS Algorithms . . . . . . . . . . . . . . . . . . . . .

63

5.3.1

Spectrogram and Cochleagram . . . . . . . . . . . . . . . . . . .

63

5.3.2

ISNMF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

64

5.3.3

Cepstral Coefficients . . . . . . . . . . . . . . . . . . . . . . . .

65

5.3.4

Clustering and Wiener Filter . . . . . . . . . . . . . . . . . . . .

66

Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

67

5.4.1

Experiments on MGU Solo . . . . . . . . . . . . . . . . . . . . .

68

5.4.2

Experiments on CMU Speech . . . . . . . . . . . . . . . . . . .

71

5.4.3

Experiments on TIMIT Speech . . . . . . . . . . . . . . . . . . .

72

Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

74

5.3

5.4

5.5
6

42

Second-order Statistics Ratio for Blind Audio Source Separation

4.6
5

Numerical Experiments . . . . . . . . . . . . . . . . . . . . . .

Tri-ISNMF with Entrywise Product on a Speech Production Model

77

6.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

77

6.2

Models and Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . .

80

6.2.1

UMBSS Model . . . . . . . . . . . . . . . . . . . . . . . . . . .

80

6.2.2

Speech Production Model . . . . . . . . . . . . . . . . . . . . .

81

Proposed Tri-ISNMF Algorithm . . . . . . . . . . . . . . . . . . . . . .

82

6.3

CONTENTS

6.4

6.5
7

6.3.1 Tri-ISNMF on Speech Production Model
6.3.2 Initialization of Tri-ISNMF . . . . . . .
6.3.3 Update Rules of Tri-ISNMF . . . . . . .
6.3.4 Recovered Sources . . . . . . . . . . . .
Experimental Results and Discussion . . . . . . .
6.4.1 Evaluation Data, Metrics and Benchmarks
6.4.2 Algorithmic Issue and Convergence . . .
6.4.3 Experimental Evaluation . . . . . . . . .
Conclusions . . . . . . . . . . . . . . . . . . . .

3
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

. 83
. 84
. 88
. 91
. 95
. 95
. 97
. 101
. 103

Conclusions and Future Work
105
7.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
7.2 Limitations and Future Work . . . . . . . . . . . . . . . . . . . . . . . . 106

Bibliography

109

4

CONTENTS

5

List of Tables
3.1

Assumptions of BCA and ICA . . . . . . . . . . . . . . . . . . . . . . .

41

4.1

Pseudo Code of the Proposed Algorithm . . . . . . . . . . . . . . . . . .

54

5.1
5.2

Separation performance on the CMU speech Male+Female mixture . . .
Separation performance on the TIMIT speech mixture . . . . . . . . . . .

72
73

6.1
6.2
6.3
6.4
6.5
6.6

Summary of notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
Summary of the Proposed Algorithm Tri-ISNMF . . . . . . . . . . . . . 94
Tri-ISNMF separation on mixture Flute+Violin from UI note . . . . . . . 98
Tri-ISNMF separation on mixture Piano+Violin from MGU solo . . . . . 99
Comparison of three kinds of the initialization . . . . . . . . . . . . . . . 100
Twenty-one separation results on the mixtures from UI note for the proposed algorithm Tri-ISNMF and three benchmarks. . . . . . . . . . . . . 101

6

List of Tables

7

List of Figures
1.1

The cocktail party problem. . . . . . . . . . . . . . . . . . . . . . . . . .

1

2.1

Blind source separation. . . . . . . . . . . . . . . . . . . . . . . . . . . .

9

3.1

Illustration of Lemma 2. The blue dots represent the samples, the regions
enclosed by the black rectangles represent the bounding hyper-rectangles,
and the green regions represent the convex hulls. On the left side, S
contains four vertices expressed by black circles. On the right side, the
green parallelogram represents the reshaped bounding hyper-rectangle by
E3 , and also is the convex hull of the mapped samples. . . . . . . . . . .

37

Scatter plot of two pairs of realistic audio signals. Two speech signals
sampled at 16 kHz for 5 seconds are on the left side, while two music
solos sampled at 44.1 kHz for 5 seconds are on the right side. The blue
dots represent samples, the black rectangles represent the corresponding
bounding hyper-rectangles, and the green lines with green circles represent the corresponding convex hulls. . . . . . . . . . . . . . . . . . . . .

39

Scatter plot of long audio signals. Two speech signals sampled at 24
kHz for 20 minutes are on the left side, while two music solos sampled
at 44.1 kHz for 9 minutes are on the right side. The blue dots represent samples, the black rectangles represent the corresponding bounding
hyper-rectangles, and the green lines with green circles represent the corresponding convex hulls. . . . . . . . . . . . . . . . . . . . . . . . . . .

39

A simple example that E3 (shear mapping) makes the bounding hyperrectangle of tailed distributions shrink, given A1) is unsatisfied. The blue
dots and the black rectangles represent the samples of the corresponding
bounding hyper-rectangles, respectively. On the left side, S only contains
two vertices Vmn and Vnm , expressed by black circles. On the right side,
E3 Vmn and E3 Vnm are the respective vertices mapped by E3 left multiplication, and the green parallelogram is the bounding hyper-rectangle
reshaped by E3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

41

Illustration of the sources divided by the geometric assumption A1) and
the stochastic assumption: statistical independence of the sources. The
sources within the green oval satisfy A1), while the sources within the
red oval satisfy Statistical Independence. . . . . . . . . . . . . . . . . . .

42

Mean SSE and PI for 5-second speech sources by the number of sources p

43

3.2

3.3

3.4

3.5

3.6

List of Figures

8
3.7

Mean SSE and PI for 10-second music solos by the number of sources p .

44

3.8

Mean SSE and PI for 100-second music solos by the number of sources p

45

3.9

Mean SSE and PI for 100-second speech sources by the number of sources
p . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

46

Mean PI for music by the number of sources N . The legend is the same
as the legend of Figure 4.2. . . . . . . . . . . . . . . . . . . . . . . . . .

55

Mean PI for speech by the number of sources N . The results of the proposed algorithm are labelled as “w=500”, “w=800” and “w=1000” corresponding to the window lengths. . . . . . . . . . . . . . . . . . . . . . .

56

5.1

Schematic diagram of the proposed framework for UMBSS . . . . . . . .

63

5.2

Three solo excerpts from the MGU solo. . . . . . . . . . . . . . . . . . .

69

5.3

Performance results for the proposed four algorithms and three benchmarks on the MGU solo Harp+Violin mixture, with c = 5 and K = 10.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

70

Performance results for the proposed four algorithms and three benchmarks on the MGU solo Piano+Violin mixture, with c = 10 and K = 20.

70

6.1

The source-filter model for a voiced sound. . . . . . . . . . . . . . . . .

82

6.2

Illustration of audio signals transferred from the time domain to the QSTC.
Audio signals from the UI note database (see Section 6.4.1 for more information) are in the first row, the corresponding cube root of spectrograms
are in the second row, and the 50th time frames of the corresponding
QSTC are in the third row. The first two columns are for the two sources
individually, and the last column is for the mixture of the two sources. . .

86

The QSTC of the mixture in Figure 6.2, after near 0 quefrencies are discarded. Black circles mark the peaks at the corresponding time frame. . .

87

The initialization values of the harmonic columns of R and W from the
QSTC in Figure 6.3 with NΩ = 5. The five columns of R are on the left
side, and the five columns of W are on the right side. . . . . . . . . . . .

89

The values of each column of R and each row of H after the first loop
update of the proposed Tri-ISNMF. . . . . . . . . . . . . . . . . . . . . .

92

The values of each column of R, W and each row of H after the second
loop update of the proposed Tri-ISNMF. . . . . . . . . . . . . . . . . . .

93

4.1
4.2

5.4

6.3
6.4

6.5
6.6

List of Figures
6.7

The recovered sources by the proposed algorithm Tri-ISNMF. In the timefrequency domain a) | Y1 |◦(1/3) and b) | Y2 |◦(1/3) ; in the time domain c)
the recovered source y1 (n) and d) the recovered source y2 (n). . . . . . . 94
6.8 Audio sources of the three databases: a) a segment of violin note from
the UI note database, b) a segment of solo violin from the MGU solo
database, c) a female utterance from the CMU speech database. . . . . . . 96
6.9 Illustration of the compression rate function on a 2-second violin segment
from the UI note database: a) the magnitude spectrogram, b) the cube
root of the magnitude spectrogram, c) the 5th root of the magnitude, d)
the decimal logarithm of the magnitude spectrogram. . . . . . . . . . . . 98
6.10 Convergence of the proposed contrast function (6.6) in two loops for four
experiments. The 50 iterations in the first loop update are on the left a),
c), e), g); the 50 iterations in the second loop update are on the right b),
d), f), h). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
6.11 Separation results for the proposed algorithm Tri-ISNMF and three benchmarks: isnmf2D mu, isnmf2D em and c isnmf. From left to right, the
first six groups of bars illustrate six experiments on the mixtures from the
MGU solo database, and the last group of bars illustrates an experiment
on the mixtures from the CMU speech database. . . . . . . . . . . . . . . 102

9

10

List of Figures

CHAPTER 1
Introduction
1.1

Motivation

The “cocktail party problem” was proposed by Cherry in the 1950’s, inspired by a
cocktail party, where a group of people are talking at the same time, but a listener can
follow one speaker by isolating his/her speech from the background sound [29]. It is concerned with “How do we recognize what one person is saying when others are speaking
at the same time? On what logical basis could one design a machine (filter) for carrying
out such an operation?” The human cognitive skill that can discriminate between multiple simultaneously active speakers is usually taken for granted. Since the “cocktail party
problem” was proposed, naturally it has been of great interest, and has motivated extensive studies to replicate the human auditory system, for discriminating between multiple
simultaneously active sources.

Figure 1.1: The cocktail party problem.
Since the mid 1980’s, blind source separation (BSS) has been formulated and developped to address the “cocktail party problem” [36]. In BSS, the unobservable sources
are mixed together in some way, which is unknown, and the only available data is the
observed mixtures. In this formulation, the aim of BSS is to recover the unobservable
sources from the observed mixtures. The lack of prior information is mainly compensated by the assumptions about the sources and the mixing model.
In the past three decades, much attention has been attracted from diverse research
fields, and numerous BSS algorithms have been proposed. Generally, the more the prior
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information, the easier the BSS problem. If the source distributions or source features are
known in advance, then the BSS problem becomes easier, but the application fields get
narrower. Furthermore, the mixing model has a significant role in the BSS problem. The
simpler the mixing model, the easier the BSS problem. Moreover, various assumptions
paired with a steady progress in the field of BSS have made it possible to efficiently
recover the sources for the simple model with satisfactory performance. For example, the
BSS problem with linear instantaneous mixtures of a determined model for statistically
independent sources, can be considered well-developed. Today, some software and code
of conventional algorithms for some simple BSS problems are publicly available.
The simple BSS model in particular the determined model and the assumption that
sources are statistically independent are stringent constraints in practical applications, and
practical conditions are usually more complicated. Therefore, for practical applications,
more sophisticated BSS models are required, and there is much scope of more advanced
algorithms for such BSS models. Furthermore, existing BSS algorithms are still ineffective and lagging far behind in many aspects that humans perform effortlessly, such as
recovering multiple sources from the monaural mixture, and recovering the sources which
are statistically dependent, as well as the nonlinear mixtures of the sources. These very
challenging BSS problems are usually core problems in various practical applications.
Initially, independent component analysis (ICA) algorithms dominated the literature
of BSS in the 1990’s, and can be considered as the main avenue for the linear instantaneous (LI) determined BSS. ICA algorithms rely on the statistical independence assumption of the sources, and do not constrain any specific distribution. Then, nonnegative matrix factorization (NMF) and sparse component analysis (SCA) have been proposed and
developed. NMF and SCA rely on the nonnegative assumption and the sparse assumption, respectively, and these two assumptions are also based on the statistics. Actually,
the techniques of NMF and SCA can be combined together, in order to address more
complicated BSS problems [36].
In addition to the statistical assumptions, geometric assumptions have been proposed
for BSS. Geometric techniques for BSS originated from hyperspectral unmixing, which
is concerned with identifying materials presented in a captured scene, as well as their
compositions, by using hyperspectral images [99] [14]. Moreover, under the geometric
assumption: the compactness of the component signals and Cartesian factorization of the
convex support, bounded component analysis (BCA) for the determined BSS model was
proposed in 2010 [38], which is generally credited to Cruces. After that, Erdogan developed a BCA algorithm based on the principal hyper-ellipsoid and the bounding hyperrectangle [53]. Additionally, BCA algorithms were extended to address the underdeter-

1.1. Motivation
mined BSS model [39] and the convolutive BSS model [78] [80].
Although Erdogan [53] provides a proof of the BCA contrast function, and BCA algorithms have achieved considerable success, some questions regarding BCA remain open.
Firstly, the link between Cruces’s geometric assumption and Erdogan’s geometric assumption. Secondly, the insight into the condition when the geometric assumptions are
not satisfied. Thirdly, a comparison of the BCA assumptions and the ICA assumptions.
Focusing on these questions, this thesis presents a new proof of a BCA contrast function,
and analyses in Chapter 3.
Due to the fact that determined BSS can be considered well-developed, this thesis moves to a more challenging BSS model: unsupervised monaural BSS (UMBSS).
UMBSS is an extreme case of underdetermined BSS, because the number of the sources
is greater than the number of the mixtures, and only the monaural mixture is observed.
The majority of monaural BSS research is in a supervised manner with the training data
of the sources [12] [122] [9], especially using deep learning in recent years [47]. In
contrast, UMBSS does not have access to the training data of the sources, so it has less
prior information than supervised monaural BSS, but it is an important research problem
with immense applications and more relaxed constraints. Despite the monaural mixture
of multiples sources being a more practical setting, existing UMBSS algorithms mainly
focus on the two-source mixture problem. The evaluation protocol which involves unmixing two different instrument notes (or different gender speech) mixed instantaneously
is quite commonly used, and utterances of female and male speakers are also widely used,
given that monaural BSS is quite challenging especially in an unsupervised manner where
no training data is available [137] [152].
Broadly speaking, existing monaural BSS algorithms are either based on the statistical
techniques or computational auditory scene analysis (CASA), so there are some supervised and unsupervised algorithms. Motivated by the human auditory system, CASA is a
powerful tool for BSS of audio sources [48] [89]. CASA algorithms rely on the perceptual
features and acoustic features, such as the fundamental frequency, amplitude modulation
or onsets, and then group the features according to the sources [95]. CASA algorithms
make full use of the perceptual features and acoustic features to replicate the remarkable
human cognitive capability. However, CASA algorithms may suffer, due to the overlap
of the sources.
The statistical techniques for BSS generally assume some statistical properties of the
sources. Bayesian BSS algorithms are derived from Bayes’ theorem by computing the
posterior probability of the source parameters, which are generally obtained in a supervised manner [111]. For example, the sources are assumed as Gaussian models or Lapla-
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cian models [12]. The Gaussian models for the sources have been extended to the log
spectrum and equipped with soft masks [122]. Additionally, the minimum mean square
error is used to estimate the log spectral vectors of the sources and soft masks [121]. In
an unsupervised manner, NMF algorithms attempt to represent the sources as parts of
nonnegative elements such that the representation error is minimized [57]. Some extra
constraints were incorporated into NMF for UMBSS [60] [146].
In summary, the statistical techniques and the CASA techniques have different disadvantages and advantages. If a UMBSS algorithm can combine the two kinds of techniques
together, it will possess both advantages of the two methods. In this way, this thesis proposes some NMF algorithms for UMBSS to replicate the human articulatory system.

1.2

Scope of Research

The broad scope of this PhD thesis is to tackle the challenges associated with unsupervised BSS based on the linear instantaneous mixing model. This thesis focuses on
two topics: the BCA assumptions and contrast functions, and the NMF techniques for
UMBSS.
Based on the geometric assumptions, BCA was developed in the past decade. A series of BCA algorithms have been proposed for various BSS models, and the articles of
BCA [38] [53] state that “BCA can be considered as a more general approach, covering
ICA as a special case for bounded sources”. For this statement, this thesis discusses the
key BCA assumptions, and compares the BCA assumptions with the ICA assumptions.
This thesis analyses the condition that the key BCA assumption is violated to provide a
comprehensive insight of BCA, and further discusses the application fields of BCA algorithms. We confirm that BCA is not a generalization of ICA. Furthermore, the BCA
contrast function was derived from the overall mapping, which is a product of the mixing
matrix and the separating matrix. Inspired by Erdogan’s BCA contrast function, this thesis makes use of elementary matrices to derive a contrast function reformulating second
order statistics for linear instantaneous BSS. Then, the optimization rules are derived for
the proposed contrast function.
This thesis then moves to UMBSS, which is a more challenging scenario for BSS,
because only the monaural mixture is available to recover multiple sources. The existing
algorithms for UMBSS can be classified into two categories: the statistical techniques,
and CASA. While existing NMF algorithms for UMBSS have an inherent permutation
problem, this thesis investigates perceptual features to address the permutation problem
by post clustering NMF components. Then, the Wiener filter is constructed for soft masking to recover the sources. Thus, this thesis proposes a family of ISNMF algorithms for
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UMBSS. Although the proposed algorithms improve the separation performance, there
remain three issues: the statistical models can not make full use of the acoustic cues, the
number of NMF components, and the random initialization of the NMF factors. Motivated by a speech production model, this thesis extends the proposed family of ISNMF
algorithms to a Tri-ISNMF algorithm for UMBSS to deal with the three issues. In this
Tri-ISNMF algorithm, three NMF factors represent three physical variables of the audio
sources, respectively. Inspired by pitch detection algorithms, acoustic features are extracted from the mixture for the initialization of the Tri-ISNMF factors, to replicate the
human articulatory system. This thesis also derives the update rules for the Tri-ISNMF
contrast function to estimate the three factors.

1.3

Thesis Structure

This thesis is organized as a series of chapters, which are extended versions of papers
published in or submitted to internationally refereed journals and a conference. Each
chapter contributes an independent study with minor overlaps, but these four chapters
together focus on a common setting of BSS, that is a linear instantaneous BSS model
without training data. Before a comprehensive overview in Chapter 2, a bird’s-eye view of
the thesis is presented below. From Chapter 3 to Chapter 6, we introduce the key focuses
and background. The frameworks and algorithms are detailed followed by experimental
results and comparisons with existing algorithms. The thesis is organised as follows.
1. Chapter 2 provides an insight into BSS algorithms and the corresponding assumptions. The conception and five key aspects of BSS are discussed. Traditional BSS
algorithms, such as ICA, NMF and the geometric techniques for BSS are recalled.
The extensions and current research are also introduced.
2. Chapter 3 derives a proof of a contrast function for BCA, and investigates the geometric assumption of BCA. Compared with the statistical assumption of ICA, insights into the limitations of the BCA algorithms are analysed. Evaluation of the
BCA algorithms on audio sources and comparison with classical ICA algorithms
are provided.
3. Chapter 4 reforms the BCA contrast function based on the elementary matrices, and
derives update rules by the gradient descent method to optimize the proposed contrast function. The proposed algorithm is evaluated on audio sources and compared
with classical ICA algorithms and recently proposed ICA algorithms.
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4. Chapter 5 moves beyond the BCA algorithms for determined BSS, and focuses
on UMBSS, especially for audio sources. We combine cepstrual coefficients with
Itakura-Saito NMF for post clustering to address the permutation problem with
NMF. Evaluation of the proposed family of algorithms and comparison with the
state-of-the-art NMF algorithms are provided and analysed.
5. Chapter 6 constructs a triple-factor NMF model as three factors for UMBSS are
motivated by a speech production model. The speech production model and acoustic features in the mixture are used for initialization of the proposed Tri-ISNMF
algorithm. This chapter derives the multiplicative update rules to estimate the three
NMF factors, and then the sources are recovered by the Wiener filter derived from
the estimated factors. The proposed algorithm is evaluated on audio sources and
compared with NMF-based algorithms for UMBSS.
6. Chapter 7 summarizes the study of the PhD thesis, and draws conclusions for the
proof and the proposed algorithms. Then, this chapter discusses the limitations of
current algorithms and presents some avenues for future work.

1.4

Thesis Contributions

The contributions of this thesis are:
1. A proof of the BCA contrast function is derived, which lends an insight into the
condition when the geometric assumption is not satisfied. A theoretical discussion
on the link between Cruces’s BCA assumption [38] and Erdogan’s BCA assumption [53] is provided. We make an interpretation on why the BCA algorithm suffers
when the geometric assumption is not satisfied. Experiments show how the instantaneous BCA algorithm suffers when applied to blind audio source separation. This
is introduced and evaluated in Chapter 3, and the work is also published in [63].
2. A contrast function based on the statistical assumptions is proposed, and it is not
based on measuring independence as in the conventional ICA algorithms. Exploiting the autocorrelation of the sources to trade off the cross-correlation, the contrast
function is robust to the partial correlation of the sources. A contrast function is
updated by a batch gradient descent method for optimization. Experimental results
show that the proposed algorithm outperformed benchmarks for music signals. This
is introduced and evaluated in Chapter 4, and the work is also published in [64].
3. A family of UMBSS algorithms for audio sources are proposed by clustering the
components by ISNMF. Each source is estimated by a Gaussian mixture model
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(GMM), and the mixture is transformed from the time domain to the time-frequency
domain such as the spectrogram and the cochleagram. The mixture is decomposed
by ISNMF, and then perceptual features are extracted from an ISNMF factor for
clustering to address the permutation problem incurred by the combination of NMF
and GMM. This is introduced and evaluated in Chapter 5.
4. A triple-factor NMF algorithm is proposed, based on a speech production model
to make use of statistical techniques and acoustic features together. A resonating
factor, a vibrating factor and a temporal factor can be used to duplicate the timefrequency representation of the mixture. The three factors in the human articulatory
system are simplified and approximated by the proposed Tri-ISNMF model. Then,
different constraints can be imposed on the three factors. Furthermore, the factors
can be initialized by the acoustic cues extracted from the mixture. The overlap
of the sources in the mixture can be then alleviated by the proposed Tri-ISNMF
algorithm. This is introduced and evaluated in Chapter 6, and the work has been
submitted for publication.

1.5

Publications

The peer-reviewed publications and an under-review submission arising from this thesis are listed below. For first-authorship papers, the candidate was responsible for the original idea and conception, the software implementation, as well as conducting the reporting
experiments. The candidate also wrote the all manuscripts, which were commented on by
the co-authors. The work arising from this thesis comprises original contributions except
where due reference is made.
Journal articles
1. W. Gao, S. Fan, R. Togneri, V. Sreeram, ‘A New Proof of a Contrast Function for
Bounded Component Analysis and Further Analysis’, Comput. Speech Lang. 51
(2018), 93-109. (Chapter 3 is an extended version of this paper)
2. W. Gao, R. Togneri, V. Sreeram, ‘Unsupervised Monaural Blind Source Separation
by Tri-ISNMF on a Speech Production Model with Entrywise Product’, submitted
for publication. (Chapter 6 is an extended version of this manuscript)
Conference proceedings
1. W. Gao, R. Togneri, V. Sreeram, ‘A Contrast Function and Algorithm for Blind
Separation of Audio Signals’, in Proc. Interspeech (2017), 1889-1893. (Chapter 4
is an extended version of this paper)
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CHAPTER 2
Overview of Blind Source Separation
This chapter provides a comprehensive overview of blind source separation (BSS) techniques. A wide range of BSS algorithms involve contrast functions and assumptions
based on various BSS models. The rest of the chapter is organized as follows. We begin
with the conception and introduction of BSS in Section 2.1. Section 2.2 is dedicated to
independent component analysis and related extensions. Section 2.3 is attributed to nonnegative matrix factorization and relevant variations. Section 2.4 focuses on the geometric
techniques for BSS. In Section 2.5, other techniques for BSS are analysed are discussed.
Finally, Section 2.6 summarizes these BSS algorithms.

Figure 2.1: Blind source separation.

2.1

Introduction to Blind Source Separation

BSS aims to recover the unknown sources from only the observed mixtures, without
prior information of the sources and in what way the sources are mixed, as the term
“blind” implies. When there is no prior information, BSS is an exciting challenge to
replicate a remarkable skill of the human cognitive system, and even an ill-posed problem
[36]. Additionally, BSS underpins a variety of practical applications. Numerous BSS
algorithms have been proposed in the past nearly four decades. The BSS problems differ
widely by the BSS models, which consist of five key aspects, as listed and discussed
below.
1. Characteristics of the sources. BSS has been applied to a wide variety of sources,
such as speech signals, music signals [36], images [32], hyperspectral images [14],
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functional magnetic resonance imaging (fMRI) [94], electroencephalogram (EEG)
[73] [103] and magnetoencephalography (MEG) [141], etc.. In some conditions,
noises are also considered to approximate real-world scenarios precisely. These
sources involve into different application fields, and have different characteristics.
2. Assumptions of the sources. The deficiency in source information is generally
compensated by some side information, like assumptions of the sources. A seminal paper [23] summarized the assumptions on the individual distributions of the
sources, in the statistical point of view from strong to weak as follows: 1) the source
distributions are known in advance; 2) some features are known (moments, heavy
tails, bounded support, etc.); 3) they belong to a parametric family; 4) no distribution model is available. In addition to statistics, some assumptions are based on
geometrics, e.g., the convex hull techniques [38], and some assumptions derived
from the physical features, e.g., the pixels of images are nonnegative. This chapter will recall the BSS algorithms in the following according to their assumptions.
Generally, the stronger the assumption, the narrower the applicability. However,
the stronger assumption implies more prior information of the sources, so the BSS
model is simpler and the BSS problem becomes easier.
3. The Mixing Model. The mixing model represents in some way how the sources
are mixed together, and can be defined in several aspects. According to the combination coefficients, The mixing model can be divided into two categories: linear
and nonlinear. For the linear mixing model, the mixtures are proportional to the
sources, so they can be approximated as linear combinations and expressed compactly as matrix multiplications. In contrast, for the nonlinear mixing model, the
mixtures are not proportional to the sources, so they can not be expressed as matrix
multiplications. The linear mixtures have been widely used due to simplicity, while
recently the nonlinear mixtures have attracted some attention [6] [51]. Depending
on the reverberant environment, from simple to complex the mixing model can be
divided into three categories: instantaneous [25], anechoic [156] and convolutive
also called echoic [110]. The two aspects of the mixing model can be combined
together, such as the linear instantaneous mixtures, the linear convolutive mixtures,
and the nonlinear instantaneous mixtures. The above mentioned mixing model is
constant or time-invariant, and the more challenging mixing model is time varying,
i.e., the mixing model coefficients are not fixed [88].
4. Number of the sources and number of the mixtures. If the number of the sources
is less than the number of the mixtures, BSS is overdetermined; if the number of the

2.2. Independent Component Analysis
sources is equal to the number of the mixtures, BSS is determined; if the number
of the sources is greater than the number of the mixtures, BSS is underdetermined.
An extreme case of underdetermined BSS is monaural also called single-channel
BSS, where only one mixture of multiple sources is observed. Because the mixtures
are the only information for the sources, the fewer the mixtures, the harder the BSS
problem. Given the other aspects are the same, underdetermined BSS is harder than
determined BSS, and monaural BSS is the most challenging.
5. Availability of the training data for the sources. Three levels of availability of
training data [9] from more to less are as follows: 1) the training data for all sources
is available, i.e., supervised BSS; 2) the training data is available only for some of
sources, i.e., semi-supervised BSS; 3) no training data for any source is available,
i.e., unsupervised BSS. Normally, the training data is the individual clean sources,
as the prior knowledge of the sources. Thus, less training data result in the less
prior information of the sources, and it can be expected that a BSS algorithm with
training data should outperform a BSS algorithm without training data.
It is clear that each BSS model consists of the five aspects, and each aspect presents
different cases. In the past couples of decades, a wealth of BSS models and corresponding
algorithms have been developed seeded in specific application fields. In most of the BSS
algorithms, the five aspects of a BSS model can be simplified and approximated by some
assumptions and a contrast function also called a cost function. Then, the BSS solutions
can be obtained by optimizing the contrast function under the assumptions. However, the
BSS solutions have inherent unavoidable ambiguities, that is the recovered sources are up
to a permutation and scaling. In other words, BSS can be considered as an inverse problem: the BSS problem approximates the sources and the mixing model in a mathematical
way, and inversely the observed mixtures are unmixed (directly or iteratively) based on
the mixing model by some mathematical techniques to recover the sources. The following
subsections provide insights into BSS algorithms according to their main assumptions.

2.2

Independent Component Analysis

Independent component analysis (ICA) is a main family of BSS algorithms, which
rely on the assumption of statistical independence of the sources. From the statistical point
of view, the key assumption of mutual independence of the sources does not require any
distribution model, so the assumption of mutual independence is weaker than the other
three types of statistical assumptions: 1) the source distributions are known in advance;
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2) some features are known (moments, heavy tails, bounded support, etc.); 3) they belong
to a parametric family [23].
2.2.1

Conventional Independent Component Analysis

The conventional ICA algorithms are mainly based on the simple BSS model: the
linear instantaneous and determined/overdetermined noiseless mixtures of the mutually
independent sources. The instantaneous mixing model indicates the sources arrive at the
microphones instantaneously with different signal intensities or attenuation factors. This
BSS model has a simple mathematical expression as
x(t) = As(t), t = 1, . . . , L,

(2.1)

where s(t) = [s1 (t), s2 (t), . . . , sN (t)]| denotes a random vector of N sources, and x(t) =
[x1 (t), x2 (t), . . . , xM (t)]| denotes a random vector of M observed mixtures, sampled at
time t, t = 1, . . . , L. Here A ∈ RM ×N denotes the mixing matrix, and the superscript
| denotes the transposition. Determined and overdetermined BSS models indicate the
mixing matrix is full-column rank, which requires M > N . The instantaneous BSS
model can be represented compactly as
X = AS,

(2.2)

where X ∈ RM ×L and S ∈ RN ×L denote the mixtures and the sources, respectively. The
L samples of the ith source are expressed as Si , which is the ith row of S. Similarly,
Xi and (·)i denote the ith row of X and the enclosed matrix, respectively. The solution
of BSS is considered as the (pseudo)inverse of the estimate of A, called the separating
matrix B ∈ RN ×M . To recover sources Y = BX = GS ∈ RN ×L , the overall mapping
G = BA ∈ RN ×N is up to a permutation and scaling of the original sources.
Let pi (Si ) denote the probability density function (pdf) of the ith source, and p(S)
denote the joint pdf of the source vector of N sources. By the definition of statistical
independence, the joint pdf of the source vector has a simple mathematical expression
Q
p(S) = N
i=1 pi (Si ). However, the probability distributions of the sources are not actually known, so the source assumption of mutual independence is mainly simplified as
measures of mutual independence, which are considered as contrast functions for ICA
algorithms.
The maximum likelihood (ML) principle leads to several contrast functions which can
be expressed via the Kullback-Leibler divergence. The Kullback-Leibler divergence between two probability density functions f (s) and g(s) on RN is defined as DKL (f |g) =
R
f (s)log[f (s)/g(s)]ds. Assume a particular pdf for the source vector, then the maxs
imum likelihood principle can be exploited as a contrast function DKL (BX|S), where
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Y = BX denotes the recovered sources. The connection between the ML and infomax
was identified by [23] that the infomax idea yields a similar contrast function to the ML.
The ML approach is based on a fixed hypothesis about the distribution of the sources, so
it becomes a problem if the hypothesized source distributions differ from the sources.
Furthermore, mutual information is one of the information-theoretic measures of independence, and it does not include any distribution of the sources. Negentropy and
nongaussianity are also measures of independence, and they are associated with mutual
information. Additionally, nongaussianity is fundamentally motivated by the central limit
theorem: the distribution of a sum of independent distributions tends to be Gaussian, given
some conditions. Hence, based on minimization of mutual information, maximization of
the negentropy and maximization of the nongaussianity, various ICA contrast functions
and algorithms were developed [36]. For example, FastICA is a classical and popular ICA
algorithm, using a simple set of nonlinear functions to approximate the negentropy [76].
Then, FastICA was extended for the linear instantaneous and determined mixtures with
noise [77]. An improved version of the FastICA algorithm was proposed to refine it
for better accuracy, using the residual error variance attaining by the Cramer-Rao lower
bound (CRB), and the error is thus as small as possible [87].
The canonical contrast functions for ICA include higher-order statistics (HOS) and
second order statistics (SOS), because they express the source independence and do not
require the distributions of the sources. ICA algorithms for BSS applications were further
developed by incorporating geometric techniques into HOS and SOS. For instance, JADE
combines Jacobi rotation with the fourth-order cumulant [25] [24]. For nonstatioanary
sources, a new joint diagonalization procedure was established based on the principles of
maximum likelihood and minimum mutual information [117]. To deal with data contamination, the gamma-ICA method with better robustness was proposed, and implemented
by a geometric framework based on gradient flows on a special orthogonal matrix [27].
The minimum-range approach analyses bounded sources, and a geometric interpretation
is exploited for contrast maximization over the group of special orthogonal matrices [148].
Similarly, under a certain boundedness assumption of sources, minimization of the infinity
norm approach is centered around the basic geometric fact of independent vectors [52].
Although ICA algorithms have achieved considerable successes rooted in statistically
independent or uncorrelated assumptions of the sources, there must be no more than one
source being a Gaussian distribution to guarantee ICA identifiability. Although some
ICA algorithms were established to address underdetermined BSS, conventional ICA algorithms are mainly used for determined BSS [59]. These are main drawbacks of ICA
algorithms.
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2.2.2

Extensions of Independent Component Analysis

Initially, the BSS model (2.1) is widely used, and useful for theoretical derivations.
However, in realistic environments there are reverberation effects, so an extension of the
instantaneous model is the anechoic mixing model. The linear anechoic mixing model
is more challenging than (2.1), because not only the different source intensities for the
mixtures are considered but also the different time delays between mixtures. Thus, each
mixture captures a linear combination of scaled and time-delayed sources, which can be
simplified in a mathematical expression as
xm (t) =

N
X

amn sn (t − τmn ),

(2.3)

n=1

where τmn denotes the discrete time delay between the nth source and the mth mixture,
and amn denotes the attenuation coefficient from the nth source to the mth mixture. Furthermore, the BSS model can be extended to the convolutive mixing model, which can be
expressed as
N X
X
hmn (p)sn (t − p),
(2.4)
xm (t) =
n=1

p

where hmn denotes the impulse response between the nth source and the mth mixture, p
denotes the discrete time delay of the nth source.
ICA has been extended for the convolutive determined BSS model. The convolutive model of the audio signals can be easily cast as the instantaneous matrix multiplication by the short time Fourier transform (STFT) subject to the narrowband assumption. Then, (2.4) can be represented in the time-frequency domain as Xm (f, t) ≈
PN
F ×T
denotes the time-frequency representan=1 Hmn (f )Sn (f, t), where Xm (f, t) ∈ C
F ×T
tion of the mth mixture, Sn (f, t) ∈ C
denotes the nth sources, and Hmn (f ) denotes
the impulse response between the nth source and the mth mixture. Thus, the convolutive
mixtures are transferred to multiple sets of complex instantaneous mixtures. ICA algorithms can be used to separate the sources for each frequency bin, up to the scaling and
permutation problem that is inherent in the bin-wise separation [130]. The scaling ambiguity has been resolved based on the minimal distortion principle, and the permutation
problem has been solved through maximization of a contrast function that exploits the
similarity of the temporal envelope of the speech spectrum [125].
Moreover, several applications constitute multiple data sets, which have some dependence among them and need to be jointly analysed. Examples include the analysis of
medical data such as fMRI collected from multiple subjects, and hyperspectral images
where each pixel has spectral information over multiple frequency bands. If one analy-
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ses these multiple data sets individually by ICA on each data set separately, one should
then use a permutation algorithm and a scaling algorithm to align and scale the estimated sources, due to inherent ambiguities of permutation and scaling with ICA. Such
an approach becomes computationally prohibitive as the number of data sets and sources
increases. Additionally, it fails to take advantage of the additional diversity and statistical
dependence across multiple data sets.
ICA has been generalized to independent vector analysis (IVA) for multiple data sets,
which assumes the sources are statistically independent within the same data set, while
across data sets the sources are dependent. Thus, IVA can exploit multi-set independence,
and it is considered as joint independent component analysis [28]. BSS for multiple data
sets is known as joint blind source separation (JBSS). By the IVA framework, the statistical dependence of each source across multiple data sets contributes to performance
beyond what is achievable with ICA algorithms applied separately to each data set. Additionally, IVA automatically aligns dependent sources across the data sets, so bypasses the
across-set scaling and permutation problem [2].
In statistics, canonical-correlation analysis (CCA) is a way of making use of crosscovariance matrices. If there are two vectors X = [X1 , ..., Xn ] and Y = [Y1 , ..., Ym ] of
random variables Xi and Yj , and the variables are correlated, then canonical-correlation
analysis can be used to find linear combinations of the Xi and Yj which have maximum
correlation with each other. A typical use for CCA is to take two sets of variables and see
what is common amongst the two sets. One can also use CCA to produce a maximum
correlation model. Multiset canonical correlation analysis (M-CCA) was developed for
JBSS of multiple datasets to construct a generative model of JBSS based on the correlation
of latent sources within and between datasets. The separability conditions were analysed
such that the group of corresponding sources from each dataset can be jointly extracted
by M-CCA through maximization of correlation among the extracted sources [94].
IVA can solve the JBSS problem, if the sources within every dataset are independent
of one another, and each source is dependent on at most one source within each of the
other datasets. Additionally, the IVA framework solves an essential problem of JBSS,
namely the identification of the dependent sources across the datasets. By exploiting a
novel nonorthogonal decoupling of the IVA contrast function, the multivariate Gaussian
sources as prior knowledge were incorporated into IVA, and Newton and quasi-Newton
optimization algorithms for the general IVA framework were proposed [4] [97].
IVA generalizes classical ICA in two directions. Firstly, relaxing the independent constraint on the sources, is termed independent subspace analysis (ISA). Secondly, jointly
analysing several ISA problems can be linked by statistical dependence among corre-
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sponding sources in different data sets [90]. JBSS can be solved by attempting to jointly
diagonalize cumulant matrices of any order higher than one, including the correlation
matrices and the fourth-order cumulant matrices [93].
A criterion for IVA was proposed based on the variance of the spectral flux (VSF).
VSF is a compound measure of the Kurtosis and across-time correlation for the timefrequency domain representations. The kurtosis is one the HOS cumulants, and the
across-time correlation represents dependence across different time frames. The maximization of VSF was employed to identify the speech direction-of-arrival (DOA), in
order to extract speech from the noisy observations. Then, a VSF-inspired contrast function was constructed and a complex-value fixed-point algorithm was developed for the
optimization [158].
The convolutive BSS model (2.4) in the time-frequency domain can be considered as
multiple sets of complex instantaneous mixtures, so it can be addressed by JBSS. By exploiting higher order frequency dependencies of the sources and assuming that dependencies exist between frequency bins, a JBSS contrast function was defined as an extension of
mutual information between multivariate random variables. A source prior is introduced
to model the inherent frequency dependencies for the convolutive BSS problem [84].
Several extensions of IVA were proposed. Based on the Bayesian feature enhancement (BFE) method, IVA can deal with speech corrupted by additive noise. Moreover,
the hidden Markov model (HMM) was incorporated into the BFE, which uses IVA and
reverberation parameter re-estimation (RPR) to remove additive and reverberant distortion components in speech acquired by multi-microphones [31]. Reweighted IVA can
employ a source prior from a multivariate generalized scale mixture distribution family,
and exploit second-order statistical information across datasets by learning intrasource
correlation matrix of each source component vector (SCV) along with higher order statistics [66].

2.3
2.3.1

Nonnegative Matrix Factorization
Conventional Nonnegative Matrix Factorization

The nonnegative assumption constrains the mixing matrix and/or the sources are nonnegative. This assumption has been widely used, since several practical BSS applications possess inherent nonnegativity [36]. Nonnegative matrix factorization (NMF) is a
commonly used avenue for BSS, and it obtains a useful part-based represenation of the
nonnegative data. To the best of our knowledge, the observations to find two nonnegative factors was first analysed in [92], and later positive matrix factorization (PMF) was
proposed [112]. Then, NMF was re-invented in 1999 and attracted much attention [91].
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Given a data matrix V of dimension F × T with nonnegative entries, NMF aims to
seek a factorization
V ≈ W H,

(2.5)

where W and H are nonnegative matrices of dimensions F × K and K × T , respectively.
K is usually chosen such that F K + KT  F T , so the given data is compressed. Other
than BSS, NMF has been used for various applications in several research fields. The
factorization (2.5) can be measured by different divergence to construct different NMF
contrast functions. The contrast function for measuring the divergence between V and
W H can be expressed as
D(V |W H) =

F X
T
X

d(Vf t | [W H]f t ),

(2.6)

f =1 t=1

where d(Vf t | [W H]f t ) is a scalar divergence. The simple divergence function studied by
Lee and Seung [91] is the squared error (also called Euclidean distance)
1
dEU C (Vf t | [W H]f t ) = (Vf t − [W H]f t )2 .
2
Another widely used divergence is the generalized Kullback-Leibler divergence [32] as
dKL (Vf t | [W H]f t ) = Vf t log

Vf t
− Vf t + [W H]f t .
[W H]f t

For audio sources, the Itakura-Saito (IS) divergence [56] is also widely used as
dIS (Vf t | [W H]f t ) =

Vf t
Vf t
− log
− 1.
[W H]f t
[W H]f t

Each divergence leads to a different NMF algorithm, which usually seeks to minimize the
divergence by alternating iterative update rules.
NMF can be used not only for unsupervised BSS, but also for semi-supervised and supervised BSS. For unsupervised NMF, the two factors are usually initialized by randomly
generated matrices of proper dimensions. For semi-supervised and supervised BSS, the
factor W is pre-learned from the training data, and H is randomly generated or also
pre-learned. In the update iterations, W is fixed and only H is updated at each iteration.
Typically, semi-supervised and supervised NMF can obtain better separation performance
than unsupervised NMF.
Compared with ICA, one of the advantages of NMF is that it can deal with underdetermined BSS. For audio signals, their time-frequency representations are typically factorised into W , denoting spectral basis patterns (sometimes referred to as atoms) across
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the frequency dimension, and H denoting time-varying activations across the time dimension. Nonetheless, the nonnegative assumption only is not sufficiently constrained
for unique solutions. Hence, to ensure convergence and uniqueness of NMF solutions,
various divergences and extra constraints have been proposed [161].
2.3.2

Extended Nonnegative Matrix Factorization

NMF has been extended to incorporate extra constraints, and combine with other techniques. Nonnegative ICA (nICA) merges ICA with nonnegative sources on a geodesic
search method driven by different geometric considerations [118]. For instance, sparseness [72] can be imposed on NMF [32]. Moreover, continuity and smoothness are also
widely studied extra constraints for NMF [146].
Extreme vector algorithm (EVA) interprets NMF by the language of geometry and
exploits the convex cone and convex hull to perform NMF [86]. In standard NMF, the
matrix factor W can be anything in that space. Convex NMF restricts the columns of
W to convex combinations of the input data vector. This greatly improves the quality
of the data representation of W . Furthermore, the resulting matrix factor H becomes
more sparse and orthogonal [44]. NMF can be combined with spatial localization via
the generalized cross correlation (GCC) method. Separation is performed on the mixture
signal, with separation subsequently achieved by grouping dictionary atoms, at each point
in time, according to their spatial origins [153].
NMF has an inherent clustering property, because it automatically clusters the columns
of the input data. This property drives most applications of NMF [43]. If additional orthogonality constraint is imposed on a factor, then the minimization of the divergence of
the given data and the product of two factors is mathematically equivalent to the minimization of K-means clustering. Furthermore, the computed H gives the clustering indicator, and the W gives the cluster centroids. If the divergence of NMF is the generalized
Kullback-Leibler divergence, NMF is identical to the probabilistic latent semantic analysis, which is a popular document clustering method [45] [144].
Additionally, NMF with the Itakura-Saito (IS) divergence underlies a statistical model
of superimposed Gaussian components. The Itakura-Saito NMF (ISNMF) based on the
Gaussian components for the sources can be optimized for underdetermined convolutive
BSS by two algorithms. One ISNMF algorithm maximizes the exact joint likelihood
of the multichannel data using an expectation-maximization (EM) algorithm. The other
ISNMF algorithm maximizes the sum of the individual likelihoods of all channels using
a multiplicative update algorithm inspired from the standard NMF methodology [110].
NMF was not only introduced into ICA [118], NMF was also combined with IVA [85].

2.3. Nonnegative Matrix Factorization
For hyperspectral images unmixing, the group-structured prior information of hyperspectral images is incorporated into NMF, where the data are organized into spatial groups,
and image segmentation is introduced to generate the spatial groups. These techniques
lead to an improvement in the decomposition stability [150].
NMF has been extended to two-dimensional deconvolution NMF (NMF2D). An approach based on adaptive regularization of 2-D nonnegative matrix factorization was proposed under the framework of maximum a posteriori probability, which is adaptively finetuned using the variational approach. The NMF2D approach enables: 1) a generalized
criterion for variable sparseness to be imposed onto the solution; and 2) prior information
to be explicitly incorporated into the basis features [61]. Furthermore, an unsupervised
NMF2D algorithm with approximated optimum model order was proposed under a hybrid
framework, to combine the generalized EM algorithm with the multiplicative update [3].
A probabilistic framework was proposed based on the local complex-Gaussian model
with NMF, to address the problem of separating audio sources from time-varying convolutive mixtures. The time-varying mixing filters are modeled by a continuous temporal
stochastic process. The variational expectation-maximization (VEM) algorithm employs
a Kalman smoother to estimate the time-varying mixing matrix, and jointly estimate the
source parameters. Then, the sources are separated by Wiener filters constructed with the
estimators provided by the VEM algorithm [88].
2.3.3

Nonnegative Tensor Factorization

NMF has been extended for the multi-dimensional array (tensor) as nonnegative tensor factorization (NTF). NTF is concerned with decomposing the multi-dimensional array
as a product of the corresponding multiple nonnegative factors also called slices, and it
is also a clear part-based representation [33]. NTF is closely associated with PARAllel FACtor (PARAFAC) and canonical polyadic decomposition (CPD) [34]. PARAFAC
was introduced in the 1970’s and slowly found its way in various disciplines. Originally, PARAFAC is a generalization of the matrix singular value decomposition (SVD)
for multi-dimensional array decomposition as multiple factors. CPD involves a decomposition of a tensor in a minimal number of rank-1 tensors. NTF, PARAFAC and CPD are
all powerful multilinear algebra tools for tensor decomposition in a sum of rank-1 tensors.
The main constraint of NTF is nonnegative, while the original constraint of PARAFAC
and CPD is orthogonal [128]. However, their decompositions are not unique, which is
similar to the unavoidable indeterminacies of the BSS problem.
Furthermore, NMF, NTF and PARAFAC can be used for more challenging BSS models. The main advantage of STFT is to transform the initial convolutive time-domain
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model into a set of instantaneous BSS models in the time-frequency domain, for which
several efficient BSS algorithms can be used. The multimodal soft nonnegative matrix
co-factorization (NMCF) was established for convolutive BSS. This algorithm assumes
modality of each source is similar, so the activation coefficient matrices of their NMF have
a similar form. The similarity of the activation coefficient matrices between the modalities
is considered for co-factorization in a soft manner by using penalty terms [127].
For multichannel audio source separation, the Gaussian model for each audio source
can be parametrized by source spectral variances and associated spatial covariance matrices. The beta-divergence is a family of contrast functions parametrized by a single shape
parameter beta that takes the Euclidean distance, the generalized Kullback-Leibler divergence and the Itakura-Saito divergence as special cases (beta = 2,1,0, respectively) [56].
NTF can minimize the beta-divergence through multiplicative update rules, based on prior
information on the source variances to estimate Gaussian model-based parameters [55].
In the time-frequency domain, PARAFAC techniques can be exploited for determined
convolutive BSS, with significantly reduced computational complexity; PARAFAC was
combined with time-varying beamforming techniques to derive a BSS algorithm for the
underdetermined convolutive model [107].
Without training data, a three-dimensional tensor factorization is able to take advantage of the modulation spectrogram (MS) domain to exploit underlying similarities in
patterns present across frequency. These redundant patterns in the MS domain are used
to separate a mixture into an approximated sum of components by minimizing a divergence cost. Furthermore, the basic tensor factorization can be extended with convolution
in time being to improve separation results and provide update rules to learn the components. Following factorization, sources are reconstructed in the audio domain from
estimated components using an approach based on reconstruction masks that are learned
using MS activations, and then applied to a mixture spectrogram [9].
For large-scale datasets, the tensor decomposition in a sum of rank-1 terms provides a
compact and informative model. The randomized block sampling canonical polyadic decomposition method was developed by combining ideas from randomization and stochastic optimization to tackle the computational problems. Instead of decomposing the full
tensor at once, updates are computed from small random block samples [140]. To cope
with large-scale data, low-rank matrix or tensor representations for signal compression
was proposed. This method exploits the low-rank structure and enables a unique separation of the sources. By reformulating the BSS problem as a tensor decomposition,
this deterministic tensorization technique is closely related to Hankel-based tensorization.
Moreover, this method exploits the underlying compactness of the sources and the mix-

2.4. Geometric Techniques for Blind Source Separation
tures simultaneously [17]. The compressible signals can be represented compactly with
low-rank matrix and tensor models, whose representation enable large-scale instantaneous
BSS. This strategy can be generalized to large-scale convolutive BSS. The compactness
of the low-rank models allows one to solve large-scale problems [18].

2.4

Geometric Techniques for Blind Source Separation

Geometric techniques for BSS have a rich history, and originate from hyperspectral
unmixing (HU). HU is concerned with identifying materials presented in a captured scene,
as well as their compositions, by using hyperspectral images [99]. Research on HU started
in the 1990’s in geoscience and remote sensing. In recent years, blind HU has attracted
much interest from other fields and combined with other BSS techniques, so blind HU is
a vibrant topic. On the other hand, HU can be viewed as an alternative avenue for BSS.
In particular, the convex geometry concepts are elegant and very different from statistical
independence-based BSS approaches [14].
Consider the hyperspectral camera’s measurement y[n] ∈ RM at pixel n, it can be apP
proximated by the linear mixing model (LMM) as y[n] = N
i=1 ai si [n] + v[n], where N
M
denotes the number of endmembers, and v[n] ∈ R is noise. The endmember signature
vector ai ∈ RM represents the spectral components of a specific material (indexed by i),
where M is the number of spectral bands. The fractional abundance is denoted as si [n],
which describes the contribution of material i at pixel n. This HU model is similar to the
linear instantaneous BSS model. In hyperspectral remote sensing, endmember extraction
belief on simplex [151] was proposed and various N-FINDR algorithms were formulated [26]. Moreover, convex analysis of mixtures of nonnegative sources (CAMNS) [44]
applies convex analysis to find the extreme points of an observation-constructed polyhedral set. CAMNS uses either linear programming or simplex geometry to fulfil separation. For the hyperspectral unmixing problem under the LMM and the pure-pixel assumption, a geometric cone is exploited to establish a family of fast and robust recursive
algorithms [65]. Requiring a weaker sparse assumption sufficient boundary sampling,
convex geometry (CG)-based method [155] proves the connection between the convex
hulls spanned by the mixing matrix and observations, and search the facets of the convex
hull spanned by the mapped observations to estimate the separating matrix by classical
convex optimization techniques [20].
The HU techniques have been incorporated into BSS. BSS algorithms derived from
convex geometry, and under sparse and nonnegative assumptions attracted much insterest [98]. For instance, successive projection algorithm (SPA) and volume minimization
(VolMin) are rooted in convex geometry under the local dominant and uncorrelated as-
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sumptions [58]. These two algorithms exploit a cross-correlation method to attenuate
the weak correlation of the sources. In addition, a minimum-range approach analyses
bounded sources, and geometric interpretation is exploited for contrast maximization over
the group of special orthogonal matrices [148].
Furhtermore, most realistic sources are limited in magnititude [36], so boundness has
been incorporated into BSS. Bounded component analysis (BCA) [38] was proposed under geometric assumptions: the compactness of the component signals and Cartesian factorization of the convex support. Other BCA algorithms were formulated on the principal
hyper-ellipsoid and the bounding hyper-rectangle [53]. This BCA assumption requires
that the samples of sources contain the vertices of all bounding hyper-rectangle. BCA
algorithms were further developed for instantanous underdetermined BSS [39]. Additionally, BCA algoirthms for convolutive mixtures were addressed [78] [80]. In Chapter
3, we investigate and detail the concept of BCA, and provide a proof of BCA. This is with
a specific interest in the practical applications of BCA, when confronted with high-tail
distributed sources (where ICA would work better). Chapter 4 considers the ICA framework, and provides an algorithm for the linear instantaneous BSS model with a weaker
independence assumption. The proposed algorithm was motivated by the framework used
to derive a contrast function for BCA, which was reformed based on an independence assumption instead of the BCA geometric assumptions.

2.5

Other Blind Source Separation Algorithms

BSS is an ill-posed inverse problem, and is unsolvable without prior information.
Bayesian approaches play a crucial role for BSS. The Bayesian approaches consider the
BSS problem as an inference problem and incorporating prior information in both the
source model and the prior probabilities of the model parameters. On the one hand, one
of the modelling advantages of the Bayesian BSS algorithms is that the source separation is derived from Bayes’ theorem by computing the posterior probability of the model
parameters based on both the prior information and the observed mixtures. On the other
hand, the separation performance of Bayesian BSS algorithms is highly dependent on the
assigned prior distribution or any simplifying assumptions made during the derivation.
Another advantage of Bayesian approach is that it enables one to fine-tune source separation algorithms for specific applications, where the source distributions are known [36].
The Bayesian approach can be incorporated into NMF techniques. For instance,
an adaptive sparsity nonnegative matrix factorization was proposed by decomposing an
information-bearing matrix into a two-dimensional convolution of factor matrices. The
factor matrices represent the spectral dictionary and the temporal activation. By a varia-

2.5. Other Blind Source Separation Algorithms
tional Bayesian approach, the sparsity parameters for optimizing the matrix factorization
is computed. This method can be exploited for single-channel source separation [60].
Based on statistical techniques, the compositional model (CM) generally assumes the
mixture is a linear combination of the spectral templates with certain statistical properties. There are a wide range of CM algorithms, such as sparse coding (SC) [159] and
NMF [91]. Generally speaking, CM algorithms can be used for unsupervised and supervised BSS problems. Supervised BSS algorithms generally outperform unsupervised
BSS algorithms, due to the training data as prior knowledge of the sources.
Note that sparse component analysis (SCA) is one of main avenues for BSS, but SCA
is only briefly introduced here, because the contributions of this thesis are not associated
with SCA techniques. SCA generally involves a sparsifying transformation and clustering
algorithms to transform the sources to be as sparse as possible and detect local dominant
slots [36] [156] [123]. The level of sparsity from strict to weak can be stated as the Wdisjoint orthogonality, local dominance also called pure-pixel assumption, and sufficient
boundary sampling assumption [155].
SCA involves a sparse representation in the form of a weighted sum of basic elements
termed as atoms and they compose a dictionary, which assumes the weight coefficients
are sparse [119]. One of the key principles of SCA is concerned with finding a sparse
dictionary for the sources, which can be from predefined dictionaries, such as the Fourier
transform and wavelet transforms. However, in practical applications a dictionary that is
learned to fit the sources can considerably improve the sparsity [82].
Robust speech recognition in real-world conditions requires the ability to handle multiple sources. Especially, speech recognition in the presence of a competing talker has
been studied for several decades. For the challenging case of monaural (single-channel)
speech separation and recognition, algorithms range from estimating both target and competing speech to speech separation using auditory grouping principles [37]. The auditory
grouping principles lead to computational auditory scene analysis (CASA). CASA algorithms are inspired by the human auditory system to replicate human perceptual properties
for audio source separation. Various CASA algorithms have been proposed for speech
signals or musical signals. Generally without statistical assumptions about the sources,
CASA algorithms rely on acoustic features. These algorithms mainly consist of three
steps: auditory periphery modelling, acoustic features extraction and grouping.
For example, a monaural speech segregation algorithm [74] transforms the timedomain mixture into a cochleagram using a gammatone filter bank. Then, temporal continuity, cross-channel correlation and common amplitude modulation as acoustic features
are extracted by a running autocorrelation. Finally according to the acoustic features,
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the time-frequency units of the cochleagram are grouped to construct a binary mask for
segregation of the sources. This algorithm was extended using the sinusoidal model for
monaural musical sound separation [96]. Another variation of this algorithm iteratively
estimates target pitches and segregates the target source in tandem [75]. Nonetheless, if
the sources overlap in short time frames or if the acoustic features of different sources are
similar, then the acoustic features overlap. Thus, grouping the acoustic features cannot
achieve satisfactory performance, and this is a shortcoming of CASA algorithms.

2.6

Summary

This chapter firstly analyses the BSS models, and then recalls existing BSS algorithms
to provide an in-depth insight into BSS. In Section 2.1, the five key aspects of BSS are
discussed. Because of several options for each aspect, there are diverse BSS models.
Section 2.2 recalls ICA, which is one of the main avenues for BSS. ICA is based on
the statistical independence assumption about the sources, and ICA has been extended to
IVA for joint BSS. The IVA algorithms are recently proposed BSS algorithms for multiple
data sets, by assuming the inter-set sources are independent but the cross-set sources are
dependent. Additionally, ICA has been exploited in the time-frequency domain for convolutive BSS, but these algorithms require post processing for the scaling and permutation
problem.
Section 2.3 focuses on NMF and extensions. NMF algorithms for matrices have been
generalized to NTF algorithms for tensors. NTF, PARAFAC and CDP are related, and
they can be combined with diverse techniques cross disciplines to develop algorithms for
sophisticated BSS models.
Section 2.4 recalls the geometric techniques for BSS. HU originated from geometric
assumptions and techniques. HU techniques have been incorporated into other avenues of
BSS algorithms. BCA algorithms are relatively new BSS algorithms, and this thesis will
present a proof of a BCA contrast function.
Section 2.5 reviews the other techniques for BSS. The Bayesian approaches and SCA
can be considered as statistical techniques for BSS, and they also play important roles
in the literature. CASA algorithms exploit acoustic features for BSS by replicating the
human auditory system.
From the development of BSS, it is clear that BSS algorithms were originated from
simple BSS models and then extended to sophisticated BSS models. These BSS algorithms are interrelated and the techniques for BSS are closely knitted together, so some
techniques can be transferred across to the other BSS application domains.

CHAPTER 3
Proof and Analysis of Bounded Component Analysis

Abstract
Bounded component analysis (BCA) solves the blind source separation (BSS) problem based on geometric assumptions. This chapter1 introduces a new proof of a BCA
contrast function, derived from elementary matrices, Gauss-Jordan elimination and convex geometry. The new proof and further analysis provide an in-depth insight into a key
assumption of BCA. In addition, an interpretation is presented to clarify one of the limitations of the instantaneous BCA algorithm. Experiments on audio sources support our
analysis.

3.1

Introduction

As this thesis depicts the BSS models and algorithms in Chapter 2, a wide variety
of assumptions and corresponding algorithms have been developed in diverse application fields. Initially, BSS models were simple, for instance the linear instantaneous and
determined model. In the 1990’s, independent component analysis (ICA) algorithms
originated from the field of neural networks [5] [70], and then dominated the literature
of BSS. Rooted in statistically independent or uncorrelated assumptions of the sources,
ICA algorithms exploit various measure of statistical independence to construct corresponding contrast functions, and then the contrast functions are optimized to recover
the sources. The ICA contrast functions based on minimizing the mutual information,
maximizing the negentropy and maximizing the nongaussianity, as well as higher-order
statistics (HOS) and second-order statistics (SOS) were developed [116]. For example,
SOBI [11], STOTD [42] and JADE [25] [24] combine Jacobi rotation with the secondorder, the third-order and the fourth-order cumulants, respectively. ICA algorithms were
further developed by incorporating geometric techniques.
However, some realistic sources are dependent or correlated. To relax the assumptions of the sources and address more complex BSS models, various assumptions and
algorithms were proposed, such as nonnegative matrix factorization (NMF) and sparse
component analysis (SCA) [36]. These algorithms mainly rely on statistical assumptions.
Compared with ICA, NMF and SCA, bounded component analysis (BCA) is a relatively
1

This chapter is an extended version of our paper: W. Gao, S. Fan, R. Togneri, V. Sreeram, ‘A New
Proof of a Contrast Function for Bounded Component Analysis and Further Analysis’, Comput. Speech
Lang. 51 (2018), 93-109.
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new avenue for BSS [36], and it does not depend on statistical assumptions about the
sources.
Relying on the assumptions of compactness and Cartesian decomposition of the convex support of the vector of the sources, an BCA algorithm was proposed by Cruces [38].
Still based on the convex hull of the sources, BCA algorithms were extended to address the underdetermined BSS model [39]. An alternative BCA framework proposed
by Erdogan utilises the principal hyper-ellipsoid and the bounding hyper-rectangle of
the sources [53], and Erdogan supports Cruces’s idea that BCA can be considered as
a more general approach, covering ICA as a special case for bounded sources [38].
Then, Erdogan’s BCA algorithms were further developed to address the convolutive BSS
model [78] [80]. Furthermore, the sparse BCA algorithm was proposed to consider the
sparsity of the sources [7]. Recently, a stationary point for the instantaneous BCA algorithms was analysed [79]. Although BCA algorithms have attracted much attention and
developed considerably, there remains a question whether BCA should be considered as a
more general approach than ICA. This chapter will show that BCA should be considered
as a complementary approach to ICA, rather than a more general approach covering ICA.
Cruces [38] assumed the following three properties to ensure the separability:
P1) Compactness and nondegeneracy of the sources: all the sources are nondegenerate2
random variables of compact support.
P2) Cartesian decomposition of the convex support of the sources: SŠ = SŠ1,: ⊗ · · · ⊗
SŠp,: , where ⊗ denotes the Cartesian product, SŠ denote the convex hull of the
support of the sources, and SŠi,: denote the convex hull of the support of the ith
source.
P3) Lossless mixing: the mixing matrix is full-column rank.
On the basis of P1)-P3), in [53] one more assumption A1) was introduced: S contains the
vertices of its bounding hyper-rectangle.
Erdogan [53] provided a proof of the BCA contrast function (3.4), and illustrated perfect separation by the BCA approach as long as A1) holds, e.g., on mixtures of quadrature
amplitude modulation (QAM) sources for a realistic digital communications scenario.
However, the existing literature of BCA lends little insight into the condition when assumption A1) is not satisfied. Section 3.3 presents a new proof of the contrast function
(3.4), and Section 3.4 provides a more in-depth analysis and insight into the following
five aspects regarding BCA:
2

A random variable can be considered degenerate if the support of its pdf consist in a single point.
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(i) Theoretical discussion on the link between the assumptions A1) and P2);
(ii) Although BCA is named by the boundedness of the sources, i.e., P1), the key and
stringent assumption of BCA is the Cartesian decomposition of the sources, i.e.,
P2);
(iii) A1) is likely to be stringent in some practical applications;
(iv) Interpretation on why the BCA algorithm suffers when A1) is not satisfied;
(v) Experiments show how the instantaneous BCA algorithm suffers when applied to
blind audio source separation.
The analysis and experiments provide a comprehensive insight of BCA, not only its advantages but also its limitations. Equipped with the comprehensive recognition of BCA,
readers have more opportunities to select a suitable BSS algorithm. Finally, our conclusions are drawn in Section 3.5.

3.2

Background

3.2.1

Models and Notation

Consider an instantaneous real-valued BSS model without noise. The observed signals
Y ∈ Rq×L are linear instantaneous mixtures of the sources S ∈ Rp×L such that Y = HS,
where H ∈ Rq×p denotes the mixing matrix. Here L, q and p indicate the number of
samples, mixtures and sources, respectively. Note that from the theoretical point of view
L can be assumed to be infinite, but in practical applications L is a finite integer. BSS
is concerned with finding a separating matrix W ∈ Rp×q to obtain the recovered sources
Z = W Y = GS, where G = W H represents the overall mapping. The L samples of the
ith source are expressed as Si,: , that is the ith row of S. Similarly, Zi,: and (·)i,: denote
the ith row of Z and the enclosed matrix, respectively. The jth sample of the sources are
expressed as S:,j , that is the jth column of S. Similarly, (·):,j denotes the jth column of
the enclosed matrix3 .
Let

3




mink∈{1,··· ,L} S1,k


..

l̂(S) = 
.


mink∈{1,··· ,L} Sp,k

(3.1)

Because various scenarios and diverse research fields span the BSS literature, the notation changes.
The notation in this chapter is consistent with the key references regarding BCA.
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maxk∈{1,··· ,L} S1,k


..

û(S) = 
.


maxk∈{1,··· ,L} Sp,k

(3.2)

denote the vectors containing the minimum values and the maximum values for the rows
of S, respectively. The bounding hyper-rectangle of S can be defined as
n
o
b
B(S)
= q : l̂(S) ≤ q ≤ û(S) ,
(3.3)
where ≤ denotes the Hadamard inequality, which is also called the entrywise inequality.
b
Thus, B(S)
is defined as the minimum volume box covering all samples of S and aligning
b
with the coordinate axes. Vertices of B(S)
are determined by the minimum and the
b
maximum of each row of S. Similarly, B(Z)
denotes the bounding hyper-rectangle of
Z.
Additionally, cov(·), abs(·) and det(·) express the covariance matrix, the absolute
value and the determinant, respectively. The center of the principal hyper-ellipsoid of
S is given by the sample mean of S, which is defined as
L

1X
S:,k .
µ̂(S) =
L k=1
The principal semiaxes directions are determined by the eigenvectors of the sample covariance matrix of S as
L
1X
cov(S) =
(S:,k − µ̂(S))(S:,k − µ̂(S))| ,
L k=1
where the superscript | denotes the transposition. Then, the principal hyper-ellipsoid of
S can be defined as
εb(S) = {q : (q − µ̂(S))| cov(S)−1 (q − µ̂(S)) ≤ 1}.
Under the above four assumptions P1)-P3) and A1), Erdogan [53] proposed a family
of contrast functions based on:
(
)
vol[b
ε(Z)]
vol[b
ε(GS)]
=
,
(3.4)
maximize
b
b
vol[B(Z)]
vol[B(GS)]
where vol[·] denotes the volume. The volume of the principal hyper-ellipsoid of Z is:
p
vol[b
ε(Z)] = Cp det(cov(Z)) = vol[b
ε(GS)] = abs(det(G))vol[b
ε(S)],
(3.5)

p
where Cp = π 2 /Γ p2 , and Γ(·) denotes the Gamma function. The volume of the bounding hyper-rectangle of Z can be expressed compactly as:
b
vol[B(Z)]
=

p
Y
i=1

b
{max [Zi,: ] − min [Zi,: ]} = vol[B(GS)].

(3.6)
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Preliminaries

In linear algebra, there are three types of elementary matrices E1 , E2 and E3 , which
are defined from the identity matrix I as follows:

E1 (Iu


1

 ·


0


Iv ) = 
·


1









1





0


· 
1

(3.7)

where Iu (the uth row of I) is switched with Iv (the vth row of I);




·
1




E2 (hIu ) = 












h
1

(3.8)

·
where Iu is multiplied by a non-zero scalar h 6= 0;




·
1




E3 (kIv → Iu ) = 




k









·
1

(3.9)

·
where k 6= 0 and Iv multiplied by k is added to Iu . For brevity of notation, the subsequent
elementary matrices are of appropriate dimensions for matrix multiplications, and the
parameters for the elementary matrices are omitted. Left multiplication by E1 , E2 and E3
correspond to reflection mapping, scale mapping and shear mapping, respectively.
A convex hull of a set X = {X:,1 , · · · , X:,L }, where X:,i ∈ RN denotes a point, can
be defined as
( L
)
L
X
X
Conv(X) =
X:,i θi
θi = 1 ∧ (∀i : θi ≥ 0)
i=1

i=1

Roughly speaking, Conv(X) is the smallest convex set that contains X. For a compact
finite set X, if A is a linear mapping (equivalent to a linear matrix in linear algebra), then

Chapter 3. Proof and Analysis of Bounded Component Analysis

30

Conv(A(X)) = A(Conv(X)) and vol[Conv(A(X))] = abs(det(A))vol[Conv(X)] [69]
[68].

3.3

Proof of Erdogan’s BCA

The new proof presented here assumes real-valued signals. The extension to complexvalued signals is relatively straightforward, albeit cumbersome, requiring the max[·] and
min[·] operations to be carried out on the real-part and imaginary-part of signals separately. This essentially treats complex-valued signals as paired real-valued signals. In this
section, we first analyse the mixing matrix and the overall mapping. Then our proof is
presented in three steps. Finally, our remarks following our proof are presented.
3.3.1

Analysis of the Overall Mapping

b
Note that the geometric concepts B(S)
and Conv(S) are formulated by viewing the
matrix S as a set composed of the columns of S, i.e., S = {S:,1 , · · · , S:,j , · · · , S:,L },
where S:,j represents a column of the matrix S. This view has been the basis of a scatter
plot in the BSS problem [36]. We exploit this view and geometric concepts to analyse the
BCA contrast function.
Under P1), “compactness” implies that each source Si,: attains a finite maximum and
minimum; “nondegeneracy” implies that for each source Si,: , its maximum is greater than
its minimum. It follows that max[Si,: ]−min[Si,: ] > 0, i ∈ {1, · · · , p}. Hence, substituting
E1 in (3.7) into (3.6), i.e., G = E1 , we get for any E1
h

b 1 S)
vol B(E

i

=

p
Y

{max[(E1 S)i,: ] − min[(E1 S)i,: ]}

i=1

=

Y

{max[Si,: ] − min[Si,: ]} , i = 1, · · · , v, · · · , u, · · · , p

=

Y

{max[Si,: ] − min[Si,: ]} , i = 1, · · · , u, · · · , v, · · · , p

b
= vol[B(S)].
Given abs(det(E1 )) = 1, we can state more generally that
h
i
b 1 S) = abs(det(E1 )) vol[B(S)],
b
vol B(E
∀E1 .

(3.10)

In the same way, substituting E2 in (3.8) into (3.6), and noting abs(det(E2 )) = abs(h),
we get
h
i
b 2 S) = abs(h) vol[B(S)]
b
b
vol B(E
= abs(det(E2 )) vol[B(S)],
∀E2 .

(3.11)
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Note that the elementary matrix has the property of full rank. Thus, if we consider an
elementary matrix as the simplest mixing matrix H or the simplest overall mapping G,
the equalities of (3.10) and (3.11) rely on P1) and P3).
b
Under A1) and P1), the bounding hyper-rectangle B(S)
is a nondegenerate p-dimensional
hyper-rectangle with edges aligning with coordinate axes in geometry. Under P3), G
is a full-rank square matrix, and it follows that G is invertible. Therefore, under G
b
the bounding hyper-rectangle B(S)
is mapped to a nondegenerate p-dimensional hyperb
parallelogram GB(S),
whose edges may not align with coordinate axes. We consider
the constraints on G that make “align with coordinate axes” preserved, in the following
Lemma.
b
Lemma 1. Under an invertible linear G, if GB(S)
is also a bounding hyper-rectangle
with edges aligning with coordinate axes, then there exist D and P such that G = DP ,
where D is an invertible square diagonal matrix, and P is an invertible square permutation
matrix.
Proof. The p column vectors e1 = [1, 0, · · · , 0]| , · · · , ep = [0, · · · , 0, 1]| denote p unitcoordinate vectors of Rp , such that ek is the kth column of an identity matrix I ∈ Rp×p .
Since the edges of the bounding hyper-rectangle are aligned with the coordinate axes, for
−−→
b
any vertex V0 of B(S),
there exists an edge V0 Vk starting from V0 to another vertex Vk
−−→
that is parallel to ek , k = 1, · · · , p. Let ak denote the length of V0 Vk , and we then have
−−→
V0 Vk = ak ek , k = 1, · · · , p,

(3.12)

where ak 6= 0 by P1).
0

0

0

Denote the images of V0 , V1 , · · · , Vp under G as V0 , V1 , · · · , Vp , which are still the
b
vertices of GB(S),
given G is an invertible linear mapping by P3). Then, the mapped
edge
−−
→0
−−→
0
V0 Vk = GV0 Vk , k = 1, · · · , p.
(3.13)
b
If GB(S)
is also a p-dimensional bounding hyper-rectangle, which means each edge of
−−
→0
0
b
GB(S) is aligned with a coordinate axis, there exists eik parallel to V0 Vk , where ik ∈
{1, · · · , p} is the index of the unit-coordinate vector, i.e., the linear mapping G maps ek
−−
→0
0
to eik . Denote bik the length of the edge V0 Vk , so
−−
→0
0
V0 Vk = bik eik , k = 1, · · · , p.

(3.14)

Since G is an invertible matrix, bik 6= 0, ∀k ∈ {1, · · · , p}, and i1 , i2 · · · ip is a permutation
of 1, 2, · · · , p.
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−−→
Combining (3.12),(3.13) and (3.14) together, we have GV0 Vk = ak Gek = bik eik , k =
b
1, · · · , p, and hence we get Gek = aikk eik . Given ek is the kth column of I, that is
[e1 , e2 , · · · , ep ] = I, we have
bi1
a1



0
·




G = G[e1 , e2 , · · · , ep ] = 




b ik
ak

·
bip
ap

0





 [ei1 , · · · , eip ],




Let D denote the square diagonal matrix


b i1
a1

0
·









bik
ak

·
0

bip
ap





,




and P denote the square permutation matrix [ei1 , · · · , eip ]. Since G is an invertible matrix,
bik 6= 0, ∀k ∈ {1, · · · , p}, and i1 , i2 · · · ip is a permutation of 1, 2, · · · , p. Thus, G = DP
where D is an invertible square diagonal matrix, and P is an invertible square permutation
matrix.
3.3.2

Proof of the BCA Contrast Function

Our proof of Erdogan’s contrast function (3.4) can be divided into three steps: Step1
b
b
proves that if G is a perfect solution, then vol[B(GS)]
= abs(det(G))vol[B(S)];
Step2
proves that if the condition in Step1 holds, then G is a perfect solution; Step3 combines
Step1 and Step2 together to derive a new proof of the contrast function (3.4).
Proof. Step1
Under P3), the overall mapping G is a full-rank square matrix, which can be classified
into two classes: the perfect solution denoted by Ḡ, and the imperfect solution denoted
by G. Due to unavoidable ambiguities of BSS, if G is up to row permutation and scaling
from an identity matrix, G is classified as a perfect solution. It follows that any perfect
solution Ḡ = DP [36], where D is an invertible square diagonal matrix, and P is an
invertible square permutation matrix.
According to Gauss-Jordan elimination, D can be simply factorized as a product of
F2
Q
finite E2 factors, D ,
E2f2 , where the superscript f2 denotes the f2 th factor, and F2
f2 =1
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is a non-negative integer denoting the total number of E2 factors. Note that , denotes
simply factorized, which requires that every elementary matrix factor impacts different
entries of I. In other words, any identity matrix and any elementary matrix should not be
further factorized to two or more elementary matrices.
F1
Q
E1f1 ,
Similarly, P can be simply factorized as a product of finite E1 factors, P ,
f1 =1

where the superscript f1 denotes the f1 th factor, and F1 is a non-negative integer denoting
the number of E1 factors. We can state more generally that, if and only if Ḡ is a perfect
solution,
F
Y
Ḡ ,
Eif , i ∈ {1, 2},
(3.15)
f =0

where the superscript f denotes the f th elementary matrix factor, and F = F1 + F2
denotes the total number of elementary matrix factors. If F1 = 0 and F2 = 0, Ḡ = I.
By Gauss-Jordan elimination, the total number of simply factorized factors of G is
finite. After finite transformations, the equality of (3.10) and (3.11) will still hold, under
P1) and P3). For the perfect solution Ḡ, substituting (3.15) into (3.6), and simplifying
sequentially by (3.10) and (3.11) together, we get
F2
F1
i Y
Y
f2
b
b
vol B(ḠS) =
abs(det(E2 ))
abs(det(E1f1 ))vol[B(S)]

h

f2 =1

f1 =1

b
b
= abs(det(D)) abs(det(P )) vol[B(S)]
= abs(det(Ḡ))vol[B(S)].

(3.16)

Step2
b
Under P1), by the definition in (3.1) (3.2) and (3.3), B(S)
is an intersection of a lower
b
orthant {q ≤ û(S)} and an upper orthant {l̂(S) ≤ q}. Thus, B(S)
is a compact convex
set that contains S. Since the convex hull Conv(S) is the intersection of all convex sets
b
containing S, Conv(S) ⊆ B(S).
With the addition of A1): S contains the vertices of
its bounding hyper-rectangle, and these vertices are the maximum and minimum values
b
of each row of S. It follows that the vertices of B(S)
are also the vertices of Conv(S).
b
b
Hence, the compact convex set B(S)
is the smallest convex set that contains S, and B(S)
is also the convex hull of S. This means that under P1) and A1),
b
B(S)
= Conv(S).

(3.17)

b
By definition, B(GS)
is a compact convex set that contains GS, so
b
Conv(GS) ⊆ B(GS).

(3.18)

Since G is a linear transformation, we have
GConv(S) = Conv(GS).

(3.19)

34

Chapter 3. Proof and Analysis of Bounded Component Analysis
Combining (3.17) (3.18) and (3.19) together, we get
b
b
GB(S)
= GConv(S) = Conv(GS) ⊆ B(GS).

(3.20)

b
b
Then, vol[GB(S)]
≤ vol[B(GS)],
where the “ = ” is of interest. We use contradiction to
b
b
b
b
prove that if vol[GB(S)]
= vol[B(GS)],
then GB(S)
= B(GS).
b
b
b
b
Assume to the contrary that when vol[GB(S)]
= vol[B(GS)],
GB(S)
6= B(GS).
By
b
b
b
(3.20), the contrary assumption follows that when vol[GB(S)]
= vol[B(GS)],
GB(S)
⊂
b
b
b
b
B(GS). Given GB(S) ⊂ B(GS), there must exist a vertex V of B(GS) such that
b
V ∈
/ GB(S).
On one hand, there exists a closed hyperball B(V, r) of radius r > 0
b
b
centred at V such that B(V, r) ∩ GB(S)
= ∅, which follows that vol[B(V, r) ∩ GB(S)]
=
b
0. On the other hand, V is a vertex of the hyper-rectangle B(GS),
so vol[B(V, r) ∩
b
b
b
B(GS)]
> 0. This leads to vol[GB(S)]
< vol[B(GS)],
which is a contradiction of the
b
b
b
above assumption that vol[GB(S)]
= vol[B(GS)].
Thus, we can prove if vol[GB(S)]
=
b
b
b
vol[B(GS)],
then GB(S)
= B(GS).
b
b
b
b
Furthermore, if GB(S)
= B(GS),
then vol[GB(S)]
= vol[B(GS)].
Hence, we can
b
b
b
b
conclude vol[GB(S)]
= vol[B(GS)],
if and only if GB(S)
= B(GS).
In addition,
b
b
since G is an invertible linear mapping and B(S)
is a convex set, we have vol[GB(S)]
=
b
abs(det(G))vol[B(S)].
Hence, we have
b
b
b
abs(det(G))vol[B(S)]
= vol[GB(S)]
≤ vol[B(GS)],

(3.21)

b
b
where the second “ = ” holds if and only if GB(S)
= B(GS).
It follows that
b
b
abs(det(G))vol[B(S)]
= vol[B(GS)],
b
b
b
b
b
if and only if G(B(S))
= B(GS).
Moreover, GB(S)
= B(GS)
means GB(S)
is a
bounding hyper-rectangle. By Lemma 1, for G such that
b
b
abs(det(G))vol[B(S)]
= vol[B(GS)],
there exists G = DP , which is a perfect solution. Therefore, we can conclude that G
b
b
such that vol[B(GS)]
= abs(det(G))vol[B(S)]
is a perfect solution.
Step3
In Step1, (3.16) indicates a perfect solution Ḡ is such that
b ḠS)] = abs(det(Ḡ))vol[B(S)].
b
vol[B(
b
b
Conversely, Step2 proves that when vol[B(GS)]
= abs(det(G))vol[B(S)],
G is a perfect
solution. Thus, we can conclude that if and only if G is a perfect solution that the second
“ = ” of (3.21) will hold. Combining (3.21) and (3.5) into (3.4), we have for any G
abs(det(G))vol[b
ε(S)]
vol[b
ε(S)]
vol[b
ε(GS)]
≤
=
,
b
b
b
vol[B(GS)]
abs(det(G))vol[B(S)]
vol[B(S)]

(3.22)
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where if and only if G is a perfect solution that the first “ = ” will hold. The right side of
(3.22) is independent of G, and only dependent on the sources. In BSS, the sources have
already existed and fixed when they are observed, so (3.22) is a constant for any perfect
solution Ḡ. Finally, one can conclude that the contrast function (3.4) is maximized if and
only if G is a perfect solution.
3.3.3

Remarks for the Proof

The above subsection presents an alternative proof of the contrast function (3.4) under P1), P3) and A1). Assumption P2) is not directly required although it was stated by
Erdogan [53]. We further analyse A1) and P2). Let VB(S)
, VS and VSi,: denote the
b
b
set of vertices of B(S),
Conv(S) and Conv(Si,: ), respectively. For any real-valued
vector Si,: , VSi,: = [min[Si,: ], max[Si,: ]]| , where i ∈ {1, · · · , p}. By definition, the
b
set of vertices of B(S)
is the Cartesian product of the set of vertices of each source
= VS1,: ⊗ · · · ⊗ VSp,: . Additionally, A1) means that VB(S)
= VS , so
Si,: , i.e., VB(S)
b
b
VS = VS1,: ⊗ · · · ⊗ VSp,: . On the other hand, it has been shown that P2) is equivalent
to ext SŠ = ext SŠ1,: ⊗ · · · ⊗ ext SŠp,: , where ext SŠi,: denotes the extreme points of
the ith source support set, and ext SŠ comprises all vertices of the convex hull [38]. The
support set is the set of points, for which the probability density function is non-zero. For
real-valued signals, the extreme point is equivalent to the vertex. Therefore, A1) assumes
that in the sample space, the vertices of the bounding hyper-rectangle of S should be observed. In contrast, P2) is a theoretical probabilistic assumption, and assumes that the
vertices have positive probability. Thus, A1) is actually only possible if P2) is satisfied.
Hence, the three assumptions P1), P3) and A1) imply the four assumptions P1)-P3) and
A1).
Our proof shows that elementary matrices and simple factorization of G contribute to
prove the contrast function (3.4). In this subsection, we analyse the imperfect solution
using these techniques. In contrast to (3.15), for any imperfect solution G, the simply
factorized product must contain at least one E3 factor. Let F3 denote the number of E3
factors, and then we have
F
Y
Eif , i ∈ {1, 2, 3},
(3.23)
G,
f =1

where F = F1 + F2 + F3 and F3 ≥ 1. It should be remembered that “,” requires that an
identity matrix and an elementary matrix should not be further factorized into two or more
elementary matrices. The simply factorized product of G is not unique, and a typical way
to simply factorize is factorizing as the steps of Gauss-Jordan elimination.
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Lemma 2. Under assumptions P1), P3) and A1), we can state that
b 3 S)] > abs(det(E3 ))vol[B(S)],
b
vol[B(E
∀E3 .
Proof. Recalling the definition of E3 in (3.9), we get


 

·
·
  

Su,:  Su,: + kSv,: 
  

 
.
E3 S = E3 
·
 · =

  

Sv,:
Sv,:  

·
·
From the above equation, E3 only affects the uth row of S, so we pay attention to the uth
row in the following. Substituting (3.9) into (3.6), we get
b 3 S)] =
vol[B(E

p
Y

{max[(E3 S)i,: ] − min[(E3 S)i,: ]}

(3.24)

i=1

= {max [(E3 S)u,: ] − min [(E3 S)u,: ]}

Y

{max[Si,: ] − min[Si,: ]} .

i6=u

Under A1) that S contains the vertices of its bounding hyper-rectangle, and as shown
in Figure 3.1, we can be assured the following samples of S (columns of S) exist:
Vmm = [ · · · , max[Su,: ], · · · , max[Sv,: ], · · · ]| ∈ S,
Vmn = [ · · · , max[Su,: ], · · · , min[Sv,: ], · · · ]| ∈ S,
Vnn = [ · · · , min[Su,: ], · · · , min[Sv,: ], · · · ]| ∈ S,
Vnm = [ · · · , min[Su,: ], · · · , max[Sv,: ], · · · ]| ∈ S.

∴

max [(E3 S)u,: ] − min [(E3 S)u,: ]

max[S ] + k max[S ] − min[S ] − k min[S ], k > 0
u,:
v,:
u,:
v,:
=
max[S ] + k min[S ] − min[S ] − k max[S ], k < 0
u,:
v,:
u,:
v,:

(3.25)

= max[Su,: ] − min[Su,: ] + abs(k){max[Sv,: ] − min[Sv,: ]}.
Under P1), max[Si,: ] − min[Si,: ] > 0, i ∈ {1, · · · , p}. Additionally, the definition of E3
implies k 6= 0. Hence, (3.25) leads to
max [(E3 S)u,: ] − min [(E3 S)u,: ] > max[Su,: ] − min[Su,: ].

(3.26)

Substituting (3.26) into (3.24), and given abs(det(E3 )) = 1, we can state more generally
b 3 S)] > abs(det(E3 ))vol[B(S)].
b
that vol[B(E
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Figure 3.1: Illustration of Lemma 2. The blue dots represent the samples, the regions
enclosed by the black rectangles represent the bounding hyper-rectangles, and the green
regions represent the convex hulls. On the left side, S contains four vertices expressed by
black circles. On the right side, the green parallelogram represents the reshaped bounding
hyper-rectangle by E3 , and also is the convex hull of the mapped samples.

Figure 3.1 illustrates Lemma 2 as p = 2, for visibility and without loss of generality.
As shown on the left side of Figure 3.1, the region contoured by the bounding hyperrectangle (the black rectangle) is the same as the convex hull (the green rectangle), which
b
b
shows that under A1) B(S)
= Conv(S) and vol[B(S)]
= vol[Conv(S)]. A shear mapping E3 reshapes the convex hull (the green rectangle) on the left side to another convex
hull (the green parallelogram) on the right side, and the volume of the two convex hulls are
the same, i.e., vol[Conv(S)] = vol[Conv(E3 S)]. Note that on the right side, corresponding edges are tilted with a shear angle ϕ by E3 , so these orthogonal edges become oblique
edges. The shear factor k is the cotangent of ϕ. Due to the shear angle ϕ, the maximum
and minimum operations of the bounding hyper-rectangle (the black rectangle) expand the
parallelogram Conv(E3 S) (the green parallelogram) to a new bounding hyper-rectangle
b 3 S) (the black rectangle). Then, vol[B(E
b 3 S)] > vol[Conv(E3 S)] = vol[B(S)],
b
B(E
as
shown that the bounding hyper-rectangle (the black rectangle) on the right side is larger
than that on the left side.
From a geometric point of view, since the edges of the bounding hyper-rectangle are
parallel to the coordinate axes, any edge of the bounding hyper-rectangle is orthogonal to
other edges that are connected at the same vertex. The shear mapping E3 tilts the corresponding edges from orthogonal to oblique, while the reflection mapping E1 and the scale
mapping E2 preserve the orthogonality of each pair of edges. These geometric features
lead to the inequality of Lemma 2 and the equalities of (3.10) and (3.11). Combining
with the simple factorization of G in (3.15) and (3.23), the inequality of (3.21) can be
interpreted by the geometric features of elementary matrices.
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3.4
3.4.1

Further Analysis
Analysis of Assumptions

In this subsection, we discuss the constraints in practical applications required by the
four assumptions. P1) requires the amplitude of each source varying over a bounded and
closed range. Realistic sources randomly vary in time or space over certain ranges, for
example audio signals. Therefore, assumption P1) can be regarded as weak. In fact, many
other BSS algorithms also require P1) implicitly. For instance, ICA algorithms use the
HOS4 of the sources, which implies the HOS of the sources are not infinite. It follows
that each source varies over a bounded and closed range, so ICA algorithms also assume
P1) implicitly. Assumption P3) requires that the BSS model is determined, and this case
is widely used. Thus, we turn our attention to the assumptions A1) and P2).
In [53], the BCA algorithm was shown to have the potential advantage of performance
improvement for short data records, and this advantage was supported by numerical experiments of artificial sources with Copula-t distributions of 10 sources and 5000 samples.
The sources with Copula-t distributions are continuous variables, and this is a good example to evaluate the BCA algorithm.
However, we consider the other aspect of the BCA algorithm from the constraint of
A1). For short records of continuous variables, A1) is a stringent assumption, in particular
for tailed distributions5 . Firstly, the vertex number of the bounding hyper-rectangle grows
exponentially with the number of the sources p: for p = 10, 2p = 1024. Secondly, A1)
implies that each edge of the convex hull is orthogonal to other edges connected with the
same vertex, as the name “rectangle” suggests. For tailed distributions, the probability
of each source attaining the extreme points is low, so the probability of more sources
attaining their extreme points at the same sample are much lower. Thus, for 10 sources
with 1024 vertices (extreme points), it is a stringent case for the real-world data that 5000
randomly generated samples contain all of the 1024 vertices.
Let us take audio signals as an example to analyse A1). As shown in Figure 3.2,
for two pairs of audio signals (p = 2), the black rectangles represent the bounding
hyper-rectangles which are external to the respective convex hulls, and neither the pair
of speech signals6 nor the pair of music solos7 contains any vertex of their bounding
4

HOS refers to functions which use the higher power of a sample. The third and higher moments, as
used in the skewness and kurtosis, are examples of HOS.
5
Roughly speaking, a tailed distribution is a probability distribution with large skewness or kurtosis,
compared to the normal distribution or the exponential distribution.
6
TIMIT database
7
https://archive.org/details/solo-piano-7
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Figure 3.2: Scatter plot of two pairs of realistic audio signals. Two speech signals sampled
at 16 kHz for 5 seconds are on the left side, while two music solos sampled at 44.1 kHz
for 5 seconds are on the right side. The blue dots represent samples, the black rectangles
represent the corresponding bounding hyper-rectangles, and the green lines with green
circles represent the corresponding convex hulls.

Figure 3.3: Scatter plot of long audio signals. Two speech signals sampled at 24 kHz for
20 minutes are on the left side, while two music solos sampled at 44.1 kHz for 9 minutes
are on the right side. The blue dots represent samples, the black rectangles represent the
corresponding bounding hyper-rectangles, and the green lines with green circles represent
the corresponding convex hulls.

hyper-rectangles. Even if the length of audio sources are increased, A1) is still stringent.
To demonstrate this, we take one pair of 20-minute Obama talks8 which are shown on
the left side of Figure 3.3, and one pair of 9-minute music solos9 which are illustrated
on the right side. Similar to Figure 3.2, neither the pair of speech signals nor the pair of
8
9

http://www.obamadownloads.com/obama-mp3s.html
http://www.mfiles.co.uk/classical-mp3.htm
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music solos contains any vertex of their bounding hyper-rectangles. Since A1) requires
the sources to contain all of vertices, and the vertex number grows exponentially with the
number of the sources, A1) can be considered stringent even for long duration of audio
sources.
Although the pairs of audio signals are simplistic, these represent the fundamental
signals which posed the BSS problem as the so-called “cocktail party problem”, and audio
signals have been one of the main applications of BSS over the past three decades.
On the basis of the above discussion, it is reasonable to assume that for BSS problems
on tailed distributions, P1) and P3) are satisfied, but A1) is unsatisfied. In such conditions,
(3.10) and (3.11) still hold, and it follows that (3.16) still holds. Therefore, even though
A1) is unsatisfied, under P1) and P3) the contrast function (3.4) is preserved for the perfect
solution Ḡ. Comparing (3.15) and (3.23), we can conclude that the key difference between
the perfect solution and the imperfect solution is the E3 factor.
For E3 given A1) is unsatisfied, Remark 2 does not hold. It follows that there likely exb 3 S)] < vol[B(S)].
b
ists an E3 such that vol[B(E
For such a condition, since abs(det(E3 )) =
1, we get
abs(det(E3 ))vol[b
ε(S)]
vol[b
ε(S)]
vol[b
ε(E3 S)]
=
>
(3.27)
b 3 S)]
b 3 S)]
b
vol[B(E
vol[B(E
vol[B(S)]
By comparing (3.27) and (3.22), the G that is obtained by maximizing (3.4) will contain
at least one E3 factor, and thus that G is an imperfect solution. As a result, the BCA
algorithm based on (3.4) will fail, given such E3 exists.
Given A1) is unsatisfied, from a geometric point of view, if there exists an E3 such that
it makes the bounding hyper-rectangle of S shrink, the G obtained by maximizing (3.4)
will be an imperfect solution. For visibility and without loss of generality, we provide
a simple two dimensional (p = 2) example to demonstrate that for tailed distributions
b
there likely exists an E3 that makes vol[B(S)]
shrink. Consider two outliers Vnm =
|
|
[−2c, 2c] , Vmn = [2c, −2c] , c > 0, representing the tails of an otherwise uniform
distribution in the range [−c, c]. It follows that S only contains two out of the four vertices
of its bounding hyper-rectangle. As Figure 3.4 shows, the E3 with k = 0.3 makes the
bounding hyper-rectangle shrink from 16c2 to 11.2c2 .
The existence of such an E3 is determined by the distribution of sources. For tailed
distributions, e.g., audio signals, the performance of BCA contrast function (3.4) is likely
to suffer, since A1) is likely to be unsatisfied.
Based on our new proof, we further analyse that the instantaneous BCA algorithm
is likely to suffer for tailed distributions, for instance audio signals, because A1) is a
stringent assumption for continuous sources of tailed distributions. It was briefly stated
by Erdogan in conclusion [80] that the performances of the convolutive BCA algorithm
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Figure 3.4: A simple example that E3 (shear mapping) makes the bounding hyperrectangle of tailed distributions shrink, given A1) is unsatisfied. The blue dots and the
black rectangles represent the samples of the corresponding bounding hyper-rectangles,
respectively. On the left side, S only contains two vertices Vmn and Vnm , expressed by
black circles. On the right side, E3 Vmn and E3 Vnm are the respective vertices mapped
by E3 left multiplication, and the green parallelogram is the bounding hyper-rectangle
reshaped by E3 .
is likely to suffer for tailed distributions. Our analysis indicates this limitation is also
for the originally instantaneous BCA and is likely to extend to other cases which rely on
A1). Although the BCA algorithm is termed as “bounded”, the key assumption of BCA
in practical applications is A1) (or associated P2)), rather than P1) which assumes each
source is in a bounded range.
Table 3.1: Assumptions of BCA and ICA
BCA assumptions

ICA assumptions

P1) (explicitly): Each source in a bounded range

P1) (implicitly): Each source in a bounded range

P3): Mixing matrix is determined

P3): Mixing matrix is determined

A1) or P2) (geometric assumption): Cartesian decomposition

Stochastic assumption: Statistical Independence

Although ICA algorithms do not explicitly require that each source is in a bounded
range, ICA algorithms use HOS and calculate HOS based on samples. Hence, ICA algorithms require that HOS of the sources are not infinite. It follows that ICA algorithms
implicitly assume each source is in a bounded range. In [53], BCA was considered as a
more general approach, covering ICA as a special case for bounded sources. However,
we consider that BCA is established based on the geometric assumption A1), while ICA
is established based on the stochastic assumption: statistical independence of the sources,
in addition to the bounded assumption P1) and the determined assumption P3).
Fundamentally, BCA and ICA are different from the geometric assumption A1) and
the stochastic assumption: statistical independence of the sources, as shown in Table 3.1.
As Figure 3.5 illustrates, there is an intersection where A1) is unsatisfied and independent.
Some audio sources can be considered independent but not satisfying A1), which will be
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shown in the next subsection. Therefore given each source in a bounded range, BCA can
be considered as a complementary approach of ICA, rather than a more general approach
than ICA.

Figure 3.5: Illustration of the sources divided by the geometric assumption A1) and the
stochastic assumption: statistical independence of the sources. The sources within the
green oval satisfy A1), while the sources within the red oval satisfy Statistical Independence.

3.4.2

Numerical Experiments

In order to investigate our theoretical analysis, we performed simulations on audio
sources. We evaluated the BCA algorithm using the Matlab code10 , which is provided
by the authors of [53]. Benchmarks were ICA algorithms: FastICA [76], JADE [25] and
SOBI [11]. One evaluation criterion is a classical BSS performance index (PI) for the
overall mapping G = W H [16] as
( p
!
p
X X
|G(i, j)|2
1
−1
P I(G) =
2p(p − 1) i=1 j=1 maxk |G(i, k)|2
!)
p
p
X
X
|G(i, j)|2
+
−1
.
2
max
|G(k,
j)|
k
j=1
i=1
The other criterion is the sum square error (SSE) for the separated sources [155] as
p

X Si,:
1
(W Y )πi
−
SSE(S, W Y ) = minπ∈Qp
p
kSi,: k k(W Y )πi k
i=1
10

http://aspc.ku.edu.tr/bcasoftware.html

2

,
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Q
where π = (π1 , . . . , πp )| , and p = {π ∈ Rp×1 |πi 6= πj , ∀i 6= j} is the set of all
permutations of {1, 2, . . . , p}. The permutation ambiguity is resolved by the Hungarian
algorithm [138] and the authors offer Matlab source code 11 online. The scaling ambiguity
is normalized by Euclidean norm like Si,: /kSi,: k. Directly, for the PI and SSE indices the
smaller they are, the better the separation quality.
Four experiments were conducted on realistic speech sources and music sources separately. In each experiment, 500 independent runs were performed and averaged. For each
independent run, the observed signals Y were artificially generated by randomly selected
sources and the mixing matrix H, which was generated randomly from a zero-mean unitvariance normal distribution.

Figure 3.6: Mean SSE and PI for 5-second speech sources by the number of sources p
The first experiment was conducted on 50 speech segments from the TIMIT dataset,
which were sampled at 16 kHz and truncated for 5 seconds. Figure 3.6 compares, the
performance of the three ICA algorithms and BCA algorithm, by the PI and SSE for different number of sources p = 2, . . . , 6. Although the performance of FastICA was worse
than the other two ICA algorithms, the three ICA algorithms all achieved satisfactory
separation performance. In fact, the determined instantaneous BSS problems on speech
sources have been well-developed [36]. However, the separation performance of the BCA
11

http://itakura.ite.tul.cz/zbynek/tddeconv.htm
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algorithm suffered. This result supports our theoretical analysis in Section 3.1.

Figure 3.7: Mean SSE and PI for 10-second music solos by the number of sources p
The second experiment evaluated the PI and SSE on 50 piano12 and violin13 segments,
which were sampled at 44.1 kHz and truncated for 10 seconds. Figure 3.7 illustrates the
PI and SSE of 10-second music solos separated by the BCA algorithm against the ICA
benchmarks for different number of the sources p = 2, . . . , 6. We can also see that the
three ICA algorithms outperformed the BCA algorithm on the two criteria, although there
were performance gaps between the ICA algorithms. The performance gaps between
the BCA algorithm and the worst benchmark are all approximate 10 dB. This result also
underpins our theoretical analysis in the previous subsection.
Furthermore, to study the separation performance for longer music sources, we conducted the third experiment on the 50 piano and violin segments truncated for 100 seconds. Figure 3.8 depicts the PI and SSE of 100-second music solos separated by the
BCA algorithm against benchmarks for different number of sources p = 2, . . . , 6. We
can also see that the three ICA algorithms also outperformed the BCA algorithm on the
two criteria. Compared with the separation performance of BCA for 10-second music solos as shown in Figure 3.7, there was not any substantial improvement for the separation
12
13

https://archive.org/details/solo-piano-7
http://www.tasminlittle.org.uk
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Figure 3.8: Mean SSE and PI for 100-second music solos by the number of sources p
performance on tenfold length music solos.
Similarly, we conducted the fourth experiment on longer speech sources. 65 speech
segments14 were sampled at 24 kHz and truncated for 100 seconds. Figure 3.9 depicts the
PI and SSE of 100-second speech sources separated by the BCA algorithm against benchmarks for different number of sources p = 2, . . . , 6. The performance gaps between the
BCA algorithm and the benchmarks are also significant. Compared with the separation
performance of BCA for 5-second speech sources as shown in Figure 3.6, there was not
any substantial improvement for the separation performance on twenty-fold length speech
sources.
To conclude, the four numerical experiments show that the ICA algorithms outperformed the BCA algorithm. These results support our view that the BCA algorithms based
on A1) will suffer for continuous tailed-distributed sources, and there are some bounded
sources that can be considered independent but not satisfying A1), e.g., audio sources.
We have taken audio signals as examples, but the BCA algorithms are also likely to suffer
on other tailed distribution signals, such as electroencephalography (EEG) signals and
magnetoencephalography (MEG) signals.
14

http://www.obamadownloads.com/obama-mp3s.html
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Figure 3.9: Mean SSE and PI for 100-second speech sources by the number of sources p

3.5

Conclusions

This chapter presents a new proof of Erdogan’s BCA contrast function (3.4), based
on the basic principles of linear algebra and convex geometry. The analysis framework
derived from elementary matrices and Gauss-Jordan elimination can be potentially useful
in other settings of BSS. Moreover, the link between the key assumptions A1) and P2)
is provided. This chapter analyses that A1) can be considered as a stringent assumption
for continuous sources with tailed distributions, and that A1) is stringent in some practical
applications, where the performances of the BCA contrast function are likely to suffer. For
example, audio sources can be considered are bounded and independent but not satisfying
A1). Numerical experiments on audio sources support our analysis. Hence for bounded
sources, BCA can be considered as a complementary approach to ICA, not a more general
approach than ICA.

CHAPTER 4
Second-order Statistics Ratio for Blind Audio Source
Separation

Abstract
This chapter1 presents a contrast function and associated algorithm for blind separation of audio signals. The contrast function is based on second-order statistics (SOS),
and is the ratio between the product of the diagonal entries and the determinant of the
covariance matrix. The contrast function can be minimized by a batch and adaptive gradient descent method to formulate a blind source separation algorithm. Experimental
results on realistic audio signals show that the proposed algorithm yielded comparable
separation performance with benchmark algorithms for speech signals, and outperformed
benchmark algorithms for music signals.

4.1

Introduction

As reviewed in Chapter 2, independent component analysis (ICA) algorithms can be
considered as the representation of the BSS solutions in the 1990’s [36]. ICA mainly relies
on the statistical independence assumption of the sources, but some real-world sources are
slightly dependent, especially in the practical applications when the sources are samplebased. Actually, the finite samples or the mixtures may introduce some stochastic bias
[23].
In Chapter 3, the BCA assumptions are compared with conventional ICA assumptions. Cruces’s BCA key assumption P2): Cartesian decomposition of the convex support
of the sources is associated with Erdogan’s key assumption A1): the sources contains
the vertices of its bounding hyper-rectangle. The two BCA key assumptions constrain
the sources from the geometric property, rather the independence assumption from the
statistical property. Based on the theoretical analysis and experimental results, it can be
concluded that some sources can be considered independent but not satisfying A1), e.g.,
audio sources.
Hence, for audio sources, BCA is not a more general approach than ICA. Inspired
by the BCA contrast function and the elementary matrices used for our new proof, this
chapter considers the second-order pair-wise correlation for a standard BSS model to
address audio source separation. As our simple BSS model does not require additional
1

This chapter is an extended version of our paper: W. Gao, R. Togneri, V. Sreeram, ‘A Contrast Function
and Algorithm for Blind Separation of Audio Signals’, in Proc. Interspeech (2017), 1889-1893.
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information on the statistical distributions of the sources, it has the potential for more
general applications. For convenience to compare with ICA algorithms, the BSS model
and notation are consistent with the conventional ICA algorithms.
The remainder of the chapter is organized as follows. Section 4.2 introduces the BSS
model and some notation. Section 4.3 presents a criterion function, which is extended
to a contrast function. Section 4.4 optimizes the contrast function by a gradient descent
method to formulate a BSS algorithm. Section 4.5 shows the experimental results to
evaluate the proposed algorithm. Finally, the conclusions are drawn in Section 4.6.

4.2

Problem Formulation and Notation

We consider a linear instantaneous BSS model without noise, wherein the observations are determined mixtures of the sources2 . Sampled at time t, we observe that
x(t) = As(t)

(4.1)

where s(t) = [s1 (t), s2 (t), . . . , sN (t)]| denotes a random vector from N sources, x(t) =
[x1 (t), x2 (t), . . . , xM (t)]| denotes a random vector from M observations, A ∈ RM ×N
denotes the mixing matrix, and the superscript | denotes the transposition. Here t =
1, . . . , L, and at a theoretical level the number of samples L can be assumed to be positive infinite, while in practical applications L is a finite integer. The BSS model can be
represented compactly as
X = AS

(4.2)

where X ∈ RM ×L and S ∈ RN ×L denote the mixtures and the sources, respectively. The
L samples of the ith source are expressed as Si , which is the ith row of S. Similarly,
Xi and (·)i denote the ith row of X and the enclosed matrix, respectively. Additionally,
cov(·) and det|·| express the covariance and the determinant, respectively. Hence, cov(Si )
is a scalar representing the covariance of the ith source; cov(Si , Sj ) is also a scalar representing the cross-covariance of the ith source and the jth source; cov(S) is a matrix
of dimension N × N , and the entry (i, j) of cov(S) represents the covariance of the ith
source and the jth source.
Due to unavoidable ambiguities of BSS, the goal of BSS is to the recover sources
Y = BX = GS ∈ RN ×L up to a permutation and scaling. Here B represents the
separating matrix, and G = BA ∈ RN ×N represents the overall mapping. This goal can
be posed as finding the separating matrix B such that G = BA = DP , where D is a
diagonal matrix with non-zero diagonal entries, and P is a permutation matrix.
2

The notation in this chapter is consistent with the key references regarding ICA.
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The audio signals considered in this chapter were emitted from independent sources,
so they can be assumed pairwise statistically independent at the theoretical level. However, for realistic audio signals that are sample-based, their cross-correlations are usually
not zero due to stochastic bias. Considering the properties of realistic audio signals, we
assume that
A1: the BSS model is determined, which follows that the mixing matrix A is fullcolumn rank.
A2: the sources are real-valued zero-mean random variables.
A3: the sources are uncorrelated.
We only consider the determined (M = N ) BSS model in this chapter, which can be
easily extended to the overdetermined (M > N ) BSS model. Speech is often weak and
intermittent [58], so speech signals approximately satisfy A3. However, music signals
usually do not satisfy A3, and are partially correlated. We will show that we can weaken
A3 to partially correlated sources, for example music signals.

4.3

The Proposed Contrast Function

Instead of deriving the contrast function from statistical independence of the sources
as the existing ICA algorithms, we consider the overall mapping G, as Erdogan did to formulate a BCA contrast function [53]. Exploiting the assumption of uncorrelated sources,
we can formulate a criterion function first based on G as follows:

N
Q




 Λi [cov(GS)] 
(4.3)
min{CR(GS)} = min i=1

det|cov(GS)| 




where Λi [·] returns the (i, i)th diagonal entry of the enclosed square matrix. For the BSS
problem, the sources S have been fixed when they are observed. Thus, CR(GS) is a
function of the variable G.
Let Ḡ a perfect solution to distinguish from an imperfect solution G. A perfect solution can be represented as Ḡ = DP due to unavoidable ambiguities of BSS, and Ḡ is full
rank by the assumption A1.
Firstly, we analyse P in the criterion function. For the denominator of CR(P S)
we have det|cov(P S)| = (det|P |)2 det|cov(S)| = det|cov(S)|, given the determinant
of a full-rank permutation matrix det|P | = ±1. For the numerator of CR(P S), we
N
N
N
Q
Q
Q
have
Λi [cov(P S)] =
cov(Si ) =
Λi [cov(S)]. Combining the denominator and
i=1

i=1

i=1

numerator of CR(P S) together, we can conclude that
CR(P S) = CR(S)

(4.4)
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Secondly, we consider the diagonal matrix D, which is also full-rank. For simplicity and without loss of generality, we can express D = diag[d1 , . . . , dN ], where diag[ ]
returns a square diagonal matrix with the entries of the enclosed vector on the main diagonal. For the denominator of CR(DS), we have
N
Y
det|cov(DS)| = (det|D|) det|cov(S)| =
(di )2 det|cov(S)|.
2

(4.5)

i=1

For the numerator of CR(DS), we have
N
Y

Λi [cov(DS)] =

i=1

N
Y

N
N
Y
Y
2
cov(di Si ) =
(di )
Λi [cov(S)] .

i=1

i=1

(4.6)

i=1

Combining the denominator and the numerator of CR(DS) together, we can conclude
that
N
N
Q
Q
(di )2
Λi [cov(S)]
i=1
i=1
= CR(S)
(4.7)
CR(DS) = N
Q
(di )2 det|cov(S)|
i=1

Considering that the equality of (4.4) and (4.7) rely on the assumption A1, we can have
CR(ḠS) = CR(DP S) = CR(S)

(4.8)

The above analysis demonstrates that the criterion function is preserved for any permutation and scaling. Therefore, for simplicity and without loss of generality, we discuss
a simplified G irrespective of the permutation and scaling. We take a simple example of
the imperfect solution that only one recovered sources is not separated perfectly, that is




G=






·
1

k









·
1

(4.9)

·
where k 6= 0 at the position (u, v), other off-diagonal entries equal zero, and diagonal entries equal one. Thus, G satisfy A1. For the denominator of CR(GS), we have
det|cov(GS)| = det|cov(S)|, given det|G| = 1. For the numerator of CR(GS), we have
N
Y
i=1

Λi [cov(GS)] = cov(Su + kSv )

Y
i6=u

cov(Si )

(4.10)
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and cov(Su + kSv ) = cov(Su ) + 2kcov(Su , Sv ) + k 2 cov(Sv ), where cov(Su , Sv ) denotes
the cross-covariance of row vectors Su and Sv . The assumption A2 implies that any
source is not a constant, so cov(Su ) > 0 and cov(Sv ) > 0. The assumption A3 leads to
cov(Su , Sv ) = 0, which can be approximately satisfied by realistic speech signals. Thus,
under A1, A2 and A3, we can conclude that cov(Su + kSv ) > cov(Su ). This can be
inserted into (4.10), and we get that
N
Y

Λi [cov(GS)] >

N
Y

Λi [cov(S)]

(4.11)

i=1

i=1

Combining (4.11) and the denominator of CR(GS) together, we can conclude that
CR(GS) > CR(S)

(4.12)

Based on this inequality for the simplified imperfect solution, it is reasonable to estimate
that the inequality holds for a general imperfect solution. Comparing (4.8) and (4.12), it is
reasonable to estimate that the G obtained by minimizing CR(GS) is a perfect solution,
under the assumptions A1, A2 and A3.
We further consider partially correlated sources, that is cov(Su , Sv ) 6= 0. The inequality of (4.12) will still hold, if
2kcov(Su , Sv ) + k 2 cov(Sv ) > 0

(4.13)

By the assumption A2 and k 6= 0, we have k 2 cov(Sv ) > 0. Thus, if the signs of
cov(Su , Sv ) and k are the same, (4.13) holds. Even though for the worst situation that
the signs of cov(Su , Sv ) and k are different, the definitely positive auto-correlation item
k 2 cov(Sv ) contributes to trade off the cross-correlation item 2kcov(Su , Sv ), when the
sources are partially correlated.
Additionally, robustness is increased by processing series partitioned observations
rather than the observations as a matrix, as [11] analysed. We can partition S under
an l-length time window and let S[w] = [s(wl + 1), . . . , s(wl + l)] ∈ RN ×l denote the wth
partitioned time window. Thus, we can incorporate the time windows into the criterion
function (4.3) to propose a contrast function as
CF (GS[w]) =

Y

{CR(GS[w])}

(4.14)

w∈W

where W denotes the set of time windows, and the time window can be overlapped or
non-overlapped. Observe that if the window length l is small, in some time windows
det|cov(S[w])| ≈ 0. It follows that the denominator of the contrast function is nearly
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zero within these time windows, and these time windows should be removed from the
calculation of the contrast function. Because S is unobservable, we filter off the time
window when det|cov(X[w])| ≈ 0, which is equivalent to det|cov(S[w])| ≈ 0, given
det|A| =
6 0 by the assumption A1. Hence, we refer to W as only containing time windows
such that det|cov(X[w])| =
6 0. The choice of l is important, which we will discuss in
Section 4.5.1.
We compare our proposed contrast function with the existing ICA algorithms. On
the basis of statistical independence, SOBI zeros off-diagonal entries of several covariance matrices by Jacobian rotation. However, for some signals their cross-covariances are
not zero due to stochastic bias or harmonic consistency, so the separation performance of
SOBI is likely to suffer for these sources. In the same way, the cross higher-order statistics
of realistic sources are not zero, so zeroing these off-diagnal entries of higher-order statistical matrices [117], for example STOTD [42] and JADE [25] [24], leads to separation
bias. The sample-based bias usually lead to the sources are partially correlated. Given the
sources are at most partially correlated, our contrast function exploits the autocorrelation
of a source to trade off the corresponding cross-correlation. Hence, the trade-off effect
help us to weaken the assumption A3 to partially correlated sources, and our proposed
function have the potential to separate partially correlated sources.

4.4

The Proposed Algorithm

In the previous section, we derived the contrast function (4.14) of G, but for the BSS
problem the mixing matrix A is unavailable and only the observations X are available.
Firstly, we recast the contrast function to relying on X and updating the separating matrix
B as CF (BX[w]) = CF (BAS[w]) = CF (GS[w]). This section presents an associated algorithm to minimize the modified contrast function. Since the contrast function is
first-order differentiable, we exploit a gradient descent method to minimize the contrast
function.
Furthermore, for computational simplicity of the first-order derivative, the contrast
p
function can be modified to log( CF (BX[w])), due to the monotonicity of the square
root function and the natural logarithm function. Thus, a perfect solution will be obtained
by
p
B̄ = arg min{log( CF (BX[w]))}
(4.15)
B

Numerous BSS algorithms use whitening as a preprocessing step to denoise or transform from an overdetermined case to a determined case [36]. Whitening exploits eigenvalue decomposition of the covariance matrix cov(X) or singular value decomposition of
the observations X to transform X by a whitening matrix Q into an uncorrelated matrix

4.4. The Proposed Algorithm

53

Z = QX such that cov(QX) = I, where I is an identity matrix. For more details of
whitening a matrix see [36] [76]. Our algorithm applies whitening to obtain Z = QX
first, and we can thus set the initial value B (1) = I.
Let CZ [w] = cov(Z[w]),
N
X
DI(w) =
log(Λi [BCZ [w]B | ]),
i=1

DE(w) = log(det|BCZ [w]B | |).
X
p
0.5{DI(w) − DE(w)}
∴ log( CF (BZ[w])) =

(4.16)

w∈W

Within a time window w, we have

∂{0.5DI(w)} 
=

∂B

B1 CZ [w]
B1 CZ [w]B1|



·





BN CZ [w]
|
BN CZ [w]BN

(4.17)

∂{0.5DE(w)}
= [BCZ [w]B | ]−1 BCZ [w]
(4.18)
∂B
where Bi denotes the ith row of B. Combining (4.17) and (4.18) together, we get the
gradient of (4.16) within a time window w as


B1 CZ [w]
B1 CZ [w]B1|


Gra[w] = 


·
BN CZ [w]
|
BN CZ [w]BN


 − [BCZ [w]B | ]−1 BCZ [w]


(4.19)

Therefore, by the gradient descent method, we can update B by a batch of gradients
as
B (U +1) = B (U ) − η (U )

X

Gra[w]

(4.20)

w∈W

where η (U ) denotes the U th step size. The step size affects convergence and computational
burden [10]. Typically an adaptive step size is better than a fixed step size, and one widely
used method for calculating adaptive step sizes is linear search, which usually increases
computational cost [160]. To balance computational burden and convergence, we set the
adaptive step size as
p
log( CF (B (U ) Z[w]) )
(U )
P
(4.21)
η =
norm( w∈W Gra[w])
where norm(·) denotes the Frobenius norm of the enclosed matrix. Additionally, we
optimize the contrast function by summing up gradients across several time windows, as

Chapter 4. Second-order Statistics Ratio for Blind Audio Source Separation

54

a batch gradient descent method. The batch gradient descent further reduces the variance
of the gradient [115], so the batch gradient can mitigate the zig-zag phenomenon of the
gradient descent method to speed up convergence [124]. Furthermore, the denominator
det|cov(GS)| = (det|G|)2 det|S| = (det|D|)2 det|S| cancels the scaling (det|D|)2 in the
numerator of the contrast function. Hence, we do not need to normalize B (U ) in each
updating iteration.
Finally, the separating matrix can be obtained from B = B (U ) Q due to the whitening
[36]. The recovered sources are then Y = BX/norm(B), where a scaling norm(B) is
applied. The pseudo code of the proposed algorithm is presented in Table 4.1.
Table 4.1: Pseudo Code of the Proposed Algorithm
Step1: Whiten observations Z = QX, and initialize B (1) = I
Step2: Calculate CZ [w] = cov(Z[w]), w ∈ W
Filter off ∀w such that det|cov(Z[w])| ≈ 0
Step3: Update separating matrix B (U ) until convergent
P
Step3.1: Calculate gradient
Gra[w] (4.19)
w∈W

Step3.2: Calculate the step size η in (4.21)
Step3.3: Update B (U +1) in (4.20)
Step4: Results B = B (U ) Q, and then Y = BX/norm(B).

4.5

Experimental Results

4.5.1

Experimental Settings

In order to evaluate our proposed algorithm, we present experimental results for both
realistic speech and music signals. Our speech dataset contains 50 speech segments from
the TIMIT database of length 6 seconds and frequency 16 kHz. Our music dataset contains 70 piano 3 or violin 4 solos of length 6 seconds and frequency 44.1 kHz. In each
simulation, 200 independent runs were performed and averaged. For each independent
3
4

https://archive.org/details/solo-piano-7
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run, the sources were randomly selected from our datasets, and the entries of A were
generated randomly from a zero-mean unit-variance normal distribution.
We benchmarked the proposed algorithm against the ICA algorithms: FastICA [76],
SOBI [11] and JADE [25], and two sparsity-based algorithms: SPA and VolMin [58]. The
BSS performance index PI [16] has been used as an evaluation measure:
( N
!
N
X X
1
|G(i, j)|2
P I(G) =
−1
2N (N − 1) i=1 j=1 maxk |G(i, k)|2
!)
N
N
X
X
|G(i, j)|2
−1
+
2
max
|G(k,
j)|
k
j=1
i=1
A smaller P I implies a better separation performance. One issue we have not addressed is
the window length l. If the window length is small, the sources are more likely to satisfy
the assumption A3. However, the determinant of a covariance matrix within a small
time window is more likely to be zero. These nearly zero-determinant time windows
will be filtered off for the calculation of the contrast function. Additionally, the small
window length generates more time windows, which usually increase computational cost.
In contrast, if the window length is large, the total computational cost may be reduced,
but the sources are less likely to satisfy the assumptions A3. Our experiments show that
the best results were obtained with window lengths between the interval [500, 1000]. To
decrease computational burden, this chapter exploits non-overlapped time windows.
4.5.2

Experimental Results

Figure 4.1: Mean PI for music by the number of sources N . The legend is the same as the
legend of Figure 4.2.
Figure 4.2 depicts the PI of speech sources recovered by the proposed algorithm
with different window lengths of w = 500, 800, 1000 and the number of sources N =
3, . . . , 10. We can see that for 8 sources and less, the proposed algorithm yielded better
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separation performance than the benchmarks. In general, the separation results of all these
algorithms were under −30dB, which can be considered satisfactory in practical applications. In fact, blind source separation of speech signals has been well-developed for the
determined BSS model, because speech signals can approximately satisfy the assumption
A3 and W-disjoint orthogonal.

Figure 4.2: Mean PI for speech by the number of sources N . The results of the proposed
algorithm are labelled as “w=500”, “w=800” and “w=1000” corresponding to the window
lengths.
Our focus here is on music signals. Figure 4.1 shows the PI of music signals with different window lengths of w = 500, 800, 1000 and the number of sources N = 3, . . . , 10 as
before. As expected the proposed algorithm outperformed all the benchmark algorithms,
although the overall separation performance was worse than that obtained with speech.
This is because music signals are more likely to be partially correlated rather than uncorrelated as is the case with speech. The separation performance of our proposed algorithm
was under −21dB, which in practical applications can be considered promising. These
results support that our contrast function is robust to the partial correlation of the sources.

4.6

Conclusions

In this chapter, we analyse the overall mapping G to introduce a contrast function,
which is not based on measuring independence as in the conventional ICA algorithms.
Exploiting the autocorrelation of the sources to trade off the cross-correlation, the contrast
function is robust to the partial correlation of the sources. A BSS algorithm is presented
by a batch gradient descent method to optimize the contrast function. Experimental results
show that the proposed algorithm outperformed benchmarks for music signals.

CHAPTER 5
ISNMF with Perceptual Features for Unsupervised
Monaural BSS

Abstract
This chapter presents a family of algorithms for unsupervised monaural blind source
separation (UMBSS). UMBSS is a challenging problem because the original sources are
unobservable and only the monaural mixture is observed, and no training data is available
for any source. Based on a conventional or perceptually-inspired time-frequency domain,
the proposed algorithms decompose the mixture by Itakura-Saito nonnegative matrix factorization (ISNMF). Then, perceptual features are extracted from the decomposed vectors
by ISNMF for clustering. Experiments conducted on real-world instrumental solos and
speech, and the experimental results compare favourably with the NMF-based algorithms
for UMBSS.

5.1

Introduction

Monaural blind source separation (MBSS) is concerned with recovering sources from
the monaural mixture, without any knowledge of the sources [36]. The MBSS problems
differ widely by the availability of training data for sources. The training data contains
clean sources individually, as prior knowledge of the sources. Three levels of availability
of training data [9] from more to less are:
1. supervised MBSS: training data for all sources is available,
2. semisupervised MBSS: training data for a part of sources is available,
3. unsupervised MBSS: no training data for any source is available.
Generally speaking, training data available for more sources will improve separation performance, so it can be expected that a supervised MBSS algorithm should outperform an
unsupervised MBSS algorithm. The less training data available, the harder the MBSS
problem. In principle, the unsupervised MBSS problem is the most difficult amongst the
three levels of MBSS.
The MBSS problem is ill-posed [12], and the unsupervised MBSS (UMBSS) problem is very challenging, due to the lack of training data. However, the no training data
case should not be considered as a drawback, because it usually leads to wider and more
practical applications. Since nonnegative matrix factorization (NMF) can operate without
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any prior information about the sources, it has been used for unsupervised BSS problems [131]. NMF represents the signal as a sum of purely additive sources, to obtain a
part-based representation [91].
Because the Itakura-Saito (IS) divergence is scale invariant, Itakura-Saito NMF (ISNMF) is well suited for audio signals [134] [1]. ISNMF can be combined with a Gaussian mixture model (GMM) for semisupervised MBSS, where the GMM parameters of
one source are pre-learned from the training data [111]. In constrast, for UMBSS without
training data, components of the GMM belonging to different sources are permuted together after NMF, due to the unavoidable permutation of NMF [131] [111]. To learn much
of the semantics from a long polyphonic excerpt, ISNMF can decompose one mixture
into multiple components, but the decomposed components outnumber the sources, without mapping from each decomposed component to its corresponding source [56]. Without
training data, the GMM combined with NMF is subject to the permutation problem, which
is usually resolved by a post processing of clustering the decomposed components. Thus
for UMBSS, the problem of clustering is indispensable for the NMF algorithms combined
with the GMM.
NMF is usually followed by binary masking to recover the sources [131]. The binary
masking assigns each slot in the time-frequency domain dominated by only one source.
Therefore, perfect separation via binary masking is possible, provided the sources are
sparse. A seminal paper [156] proposes a sparsity assumption: W-disjoint orthogonality,
and defines two criteria: the preserved-signal ratio (PSR) and the signal-to-interference
ratio (SIR), to measure the sparsity.
NMF had been extended to nonnegative matrix factor two-dimensional deconvolution (NMF2D), which was firstly proposed for music source separation [126]. Several
contributions improved this initial NMF2D. In [62], the sparsity of W-disjoint orthogonality is termed as “separability”, and the two sparse criteria (PSR and SIR), as well as
binary masking are also used with the cochleagram, in order to extend NMF2D to two ISNMF2D algorithms for UMBSS. The two ISNMF2D algorithms replace the GMM with a
simpler Gaussian model (GM), that is each source is represented by a Gaussian distribution, instead of a sum of multiple Gaussian distributions. In other words, one component
decomposed by ISNMF2D represents one source, so the two ISNMF2D algorithms can
bypass the problem of clustering.
Recently, complex ISNMF extends ISNMF by refining the phase based on a Bayesian
anisotropic Gaussian source model [100]. However, the experimental results show that the
complex ISNMF algorithm did not significantly outperform the benchmark algorithms in
terms of the evaluation metrics. This is explained by the fact that the phase recovery
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technique has less impact on the evaluation metrics than magnitude estimation strategy.

The two ISNMF2D algorithms [62] assume each source as a GM, to bypass the clustering problem incurred by the GMM. However for realistic sources, the GMM is usually
more accurate than the GM. The GMM has been verified to be a satisfying model for practical applications on audio sources, and has been widely used in signal processing [56].
If assuming the GMM for each source without training data, the post clustering is necessary. Nonetheless, NMF obtains a part-based representation, and the parts of one source
may be different. For instance, one source contains different parts for different temporal
activations. Hence, it is in principle not easy to cluster the components decomposed by
ISNMF.

This chapter proposes a family of UMBSS algorithms for audio sources, by clustering
the components of the GMM after ISNMF. Each source is estimated by the GMM, and
the mixture is transformed from the time domain to the spectrogram or the cochleagram,
and decomposed by ISNMF. Then, perceptual features are extracted from the factorized
W matrix for clustering to address the permutation problem incurred by the combination
of NMF and the GMM. The feature extraction is motivated by the fact that the colunms
of W can be considered as the spectral template and include pitch information [56]. Mel
frequency cepstral coefficients (MFCCs) and gammatone cepstral coefficients (GTCCs)
are extracted to capture the perceptual information inspired the human auditory system.
MFCCs and GTCCs have been successfully employed in speech and speaker recognition [40] [109] [59]. In particularly, MFCCs have been used to cluster NMF components
for BSS [133]. Finally, the clustering results are used to estimate Wiener filters, which
are applied on the mixture to recover the sources. At a theoretical level, the NMF-based
algorithms can be directly extended to an arbitrary number of sources by increasing the
number of components in NMF. Due to the lack of information of the sources and the significant overlaps between the sources, in an unsupervised condition the separation performance on a mixture of multiple (more than two) sources may not be satisfactory. Similar
discussion and analysis are provided in [152].

The remainder of this chapter is organized as follows. Section 5.2 describes the model
and preliminaries, and Section 5.3 details our proposed algorithms. Then, Section 5.4
presents the simulation results, which were evaluated and compared with benchmark algorithms. Finally, Section 5.5 concludes and suggests some future work.
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5.2

Models and Preliminaries

5.2.1

Models

The mixture model considered in this chapter is linear instantaneous, and mixed of two
sources by time-invariant mixing coefficients without noise. Sampling at n, we observe
only one mixture
x(n) = s1 (n) + s2 (n), n = 1, . . . , N,

(5.1)

where s1 (n) and s2 (n) denote the two sources, and N denotes the maximum number of
samples1 . The UMBSS model can be represented compactly as x(n) = [1, 1] × s(n),
where s(n) = [s1 (n), s2 (n)]| , n = 1, . . . , N denotes a matrix of the sources, and the
superscript | denotes the transpose of the matrix. Due to unavoidable ambiguities of BSS,
the aim of UMBSS algorithms is to recover the sources s(n) up to a permutation and
scaling, and the recovered sources are denoted as y(n). Each source is represented by the
GMM, which have been widely used for audio sources [56].
We focus on the monaural mixture of two sources without pre-learned parameters for
the GMM, and without training data for any source, so it is unsupervised. In principle, the
proposed family of algorithms can be generalized to more than two sources, because NMF
can address multiple components. However, when recovering multiple sources from the
monaural mixture, relying solely on randomly initialized ISNMF may not be sufficient,
due to overlaps of multiple sources. Furthermore, the two sources in the mixture are
considered equally important.
5.2.2

Cepstrum and MFCCs

In the 1960’s, Bogert, Healy and Tukey coined the cepstrum, which is an anagram of
the spectrum and has been widely used in signal processing [15]. The power cepstrum of
a signal x(n), was defined as | {DFT−1 log (| DFT{x(n)} |2 )} |2 , where DFT and DFT−1
denote the discrete Fourier transform (DFT), and the inverse discrete Fourier transform
(IDFT), respectively.
The cepstrum plays a significant role in audio signal processing. An alternative to the
cepstrum is the mel-frequency cepstrum (MFC) [40]. The MFC is based on calculating
the cepstrum from the logarithm of the spectrum obtained from a filter bank with center
frequencies and bandwidths determined by mel-frequency intervals. There are various
mel-scale formula, and one popular formula for converting from frequency to mel scale
is m = 1127 × ln(1 + f /700) and f = 700 × (em/1127 − 1), where f denotes the center
frequency and m denotes the mel scale. The mel scale relates to the perceptual frequency,
1

The notation in this chapter is consistent with the key references regarding NMF.
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inspired by the human auditory system. Humans are much better at discerning small
changes in pitch at low frequencies than they are at high frequencies [149].
5.2.3

Cochleagram and GTCCs

A gammatone filterbank performs a spectral analysis and converts the signal into a
multi-channel representation termed the cochleagram, which is modelled from the human cochlea response. The computation process of the cochleagram by a gammatone
filterbank is analogous to computing the spectrogram by the short time Fourier transform
(STFT) [41].
The gammatone filter is defined in the time domain by its impulse response
g(t) = atd−1 e−2πbt cos(2πf t + φ), t > 0,

(5.2)

where b determines the effective duration of the impulse response and the bandwidth, and
the order d determines the tuning. For g(t), b and d are primary parameters. Here f (in
Hz) denotes the center frequency, φ (in radians) denotes the phase of the carrier, a denotes
the amplitude, and t (in seconds) denotes time. This is a sinusoid (a pure note) with an
amplitude envelope which is a scaled gamma distribution function.
The magnitude characteristic of the gammatone filter with order d = 4 is similar to the
reox function (normally used in representing the magnitude response of the human auditory filters), and commonly used to represent the magnitude characteristic of the human
cochlea [139]. Thus, in this chapter d = 4. The gammatone filterbank, as an auditory filterbank, has been proposed to perform the initial frequency analysis in models of human
hearing, and has been applied for speech and speaker recoginition [114] [71] [157] [129].
The GTCCs use gammatone filters with equivalent rectangular bandwidth (ERB) bands,
and the gammatone frequency scale is geometrically spaced. The GTCCs are appealing
alternatives to the traditional MFCCs; they offer a time-frequency resolution more closely
related to the human perception. The computation process of the GTCCs by a gammatone
filterbank is as follows:
1. Divide the signal x(n) into T Coch short time frames xt (n), which denotes the tth
time frame;
2. Convolve the consecutive T Coch time frames with a G-channel gammatone filterCoch
bank, to obtain a cochleagram Xf,t
;
Coch
3. Take the logarithm of the magnitude or the power of Xf,t
;
Coch 2
4. Take the discrete cosine transform (DCT) of the log of |Xf,t
| for each short time
frame, and extract some coefficients according to applications.
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Note that the cochleagram for each short time frame is considered as a waveform, although the frequencies of the cochleagram are geometrically spaced rather than linearly
spaced. Thus, the DCT should be taken directly on the log of the power of the cochleagram for each short time frame to extract the periodic information.

5.2.4

ISNMF

The IS divergence was proposed by Fumitada Itakura and Shuzo Saito in the 1960’s
[81]. The expression of the IS divergence is given by
dIS (x|y) =

x
x
− log − 1.
y
y

(5.3)

The IS divergence is a Bregman divergence generated by minus the logarithmic function,
but it is not a true metric since it is not symmetric and it does not fulfil the triangle
inequality. Although the IS divergence is not a perceptual measure, it is intended to reflect
perceptual similarity.
By the IS divergence, ISNMF was proposed in [1], and then a NMF problem resolved by minimizing the contrast function DIS (V |W H), where DIS denote the IS divergence in [134]. ISNMF has been linked with maximum likelihood (ML) estimation by a
GMM [56], where each source is assumed as a sum of multiple Gaussian models. The
link between ISNMF and ML inference of GMM parameters provides an method of reconstructing the components by the expectation maximization (EM), which is represented
by ISNMF/EM. By contrast, ISNMF using the multiplicative update rules to estimate the
factors W and H is denoted by ISNMF/MU. Then given W and H, the minimum mean
square error (MMSE) estimate can be obtained through the Wiener filter, which ensures
the decomposition is conservative.
The multiplicative gradient descent algorithm for NMF was firstly proposed in 1999
[91]. Details of the ISNMF by multiplicative update ISNMF/MU see [56]. While the
conventional EM algorithm updates all parameters simultaneously, the space-alternating
generalized EM (SAGE) method updates the parameters sequentially. For ISNMF/EM,
see [56] for more details of derivation. The basic Matlab code of the two algorithms
ISNMF/EM and ISNMF/MU are available online2 . However, the experiments in [56] only
showed how much of the semantics ISNMF can learn from a long polyphonic recording,
but did not cluster the components according to their sources to recover the sources.
2

https://www.irit.fr/∼Cedric.Fevotte/publications.html
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The Proposed UMBSS Algorithms

This section presents a framework for UMBSS, based on the techniques introduced in
the previous section. The framework involves five main steps:
Input: the monaural mixture x(n) in the time domain
Step1: transfer x(n) to the time-frequency domain Xf,t .
Step2: set V = |Xf,t |2 , and decompose by ISNMF to obtain V ≈ W H.
Step3: extract perceptual features on each column of W as cepstral coefficients of W .
Step4: cluster the cepstral coefficients of W , and construct the Wiener filter.
Step5: apply the Wiener filter on Xf,t to obtain the recovered sources Yf,t , which are
inversely transformed to the time domain.
Output: the recovered sources y(n) equals s(n) up to a permutation and scaling.
Figure 5.1: Schematic diagram of the proposed framework for UMBSS

The schematic diagram is illustrated in Figure 5.1. The framework exploits cepstral
coefficients to cluster the ISNMF decomposed components for UMBSS. Based on the
proposed framework for UMBSS, four algorithms are constructed and detailed in the
following subsections.
5.3.1

Spectrogram and Cochleagram

The time-frequency domain used for the first step has two choices: the spectrogram
by the STFT and the cochleagram by a gammatone filterbank. The spectrogram has been
widely used for signal processing. The cochleagram can better follow the human auditory
response for the spectral analysis.
Consider the instantaneous mixing model, and by the STFT we can get
Xf,t ≈ S1 f,t + S2 f,t , f = 0, . . . , F, t = 1, . . . , T,

(5.4)

where f and t denote the frequency bin and the time frame, respectively. In this chapter,
F and T are the maximum values of the frequency bin and the time frame, respectively.
As introduced in Section 5.2.3, the calculation of the cochleagram is analogous to
the spectrogram by the STFT. By (5.2), we convolve the consecutive time frames with a
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gammatone filterbank to obtain the cochleagram
Coch
Coch
Xf,t
≈ S1Coch
f,t + S2 f,t ,

(5.5)

where f = 1, . . . , G denotes the G-channel frequency bin, and t = 1, . . . , T Coch denotes
the short time frame of the cochleagram. This chapter uses a 128-channel gammatone
filterbank, i.e., G = 128.
5.3.2

ISNMF

NMF algorithms are powerful tools for decomposing signals. The IS divergence is
scale invariant, that is dIS (kx|ky) = dIS (x|y), where k denotes a scale. Thus, it is well
suited for audio signals, because audio spectrograms vary widely in magnitude. According to [56], we set V as the power of spectrogram as (5.4), that is
V = |Xf,t |2 , f = 1, . . . , F, t = 1, . . . , T.

(5.6)

Alternatively, we can set V as the power of cochleagram as (5.5), that is
Coch 2
V = |Xf,t
| , f = 1, . . . , G, t = 1, . . . , T Coch .

(5.7)

In this chapter, each source is estimated by the GMM, that is a sum of c Gaussian models
(or Gaussian components). Here, c denotes the number of Gaussian models for each
source, and it is a key tuning parameter, which we will investigate in Section 5.4 with our
simulation experiments. Because there are two sources, K = 2c, where K denotes the
number of components for the mixture.
According to the two efficient ISNMF algorithms [56], one can decompose V by
two update rules: ISNMF/EM and ISNMF/MU. Then, one can obtain the ISNMF/EM
decomposition of
V ≈ WEM HEM .

(5.8)

Alternatively, one can obtain the ISNMF/MU decomposition of
V ≈ WM U HM U .

(5.9)

Here WEM and WM U are nonnegative matrices of dimension F × K for the spectrogram,
or nonnegative matrices of dimension G × K for the cochleagram. Similarly, HEM and
HM U are nonnegative matrices of dimension K × T for the spectrogram, or nonnegative
matrices of dimension K × T Coch for the cochleagram.

5.3. The Proposed UMBSS Algorithms
5.3.3
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Cepstral Coefficients

In the field of audio signal processing, if V is set as the magnitude/power spectrogram,
one can interpret W as a dictionary of spectral templates, and H as a matrix of temporal
activations [100]. Experiments with the ISNMF algorithms applied to the spectrogram of
a short monophonic piano sequence shows that some of the columns of W have a structure
characteristic of individual musical notes [56]. The interpretation and experimental results
indicate that each column of W contains some spectral properties.
Inspired by this point, we extract cepstral coefficients on each column of W to obtain
the spectral properties. As mentioned in Section 5.2.2 and Section 5.2.3, MFCCs and
GTCCs have been used for speech and speaker recognition as perceptual features. In this
chapter, we investigate the MFCCs and GTCCs, but other perceptual features can also
been considered.
For each column of W , MFCCs can be calculated in the following steps:
1. Apply the mel-scale filters on each column of W , and sum the energy in each filter
to obtain the mel-scale energy Mel(W ).
2. Take the logarithm of all mel-scale energies for each column of W , and then obtain
log[Mel(W )].
3. Take the DCT of log[Mel(W )] for each column of W .
Finally, one can obtain the MFCCs of W for each column as
MFCCs(W ) = DCT{log[Mel(W )]}

(5.10)

In this chapter, we use a 24-channel mel-scale filterbank, and obtain 24 MFCCs for
each column of W . For speech signals, the vocal tract exhibits wide resonance regions,
while the glottal excitation consists of a harmonic comb spectrum for voiced phonemes.
Therefore, the lower-order cepstral coefficients, called the low quefrences, correspond
to the spectral properties of the vocal tract. In contrast, the higher-order cepstral coefficients, called the high quefrencies, represent the glottal excitation [46]. We keep only the
higher-order coefficients from the 13th to the 23th, because glottal excitation is helpful
for speaker recognition.
Similarly, we can calculate the GTCCs for each column of W Coch , which is obtained
by ISNMF based on the cochleagram. The main steps of the GTCCs calculation are as
follows. Firstly, take the logarithm of each column of W Coch to obtain log[W Coch ], and
then take the DCT of log[W Coch ]. Finally, one can obtain the GTCCs on each column of
W as
GTCCs(W ) = DCT{log[W Coch ]}
(5.11)
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We keep from the 2nd to the 12th GTCCs, which can be considered a commonly used
selection for audio signal processing.
5.3.4

Clustering and Wiener Filter

Once the MFCCs of W or the GTCCs of W Coch are obtained, we use an unsupervised
clustering algorithm to group the columns of W or W Coch , because we have no prior
information of the cepstral coefficients for any source. This chapter exploits a k-means
clustering algorithm, which is a simple and widely-used hard clustering algorithm. More
commonly used clustering algorithms can also been useful, such as fuzzy c-means (FCM)
clustering or the GMM-based clustering algorithms [154]. Note that a FCM algorithm
obtains soft membership, and the clustering results can be converted to a hard partition
by thresholding. We prefer a hard partition of the columns of W . Some experiments, not
reported in this chapter, used a FCM algorithm and yielded similar separation results to
that by a k-means clustering algorithm.
After the clustering, one can obtain Ci , which denotes the set of W columns belonging
to the ith source. Let WCi and HCi denote the components corresponding to the ith source.
This chapter considers two sources, so we can construct the Wiener filter as
WCi HCi
, i = 1, 2.
(5.12)
WH
The Wiener filter is the weight between a sum of the components belonging to the ith
source and the sum of all components. For each time-frequency slot (f, t), Mi f,t ∈ [0, 1],
so Mi can be considered as a soft mask. The Wiener filter ensures conservativity of the
separation, that is y1 + y2 = x. Note that by the Wiener filter, the phase of the mixture
is assigned to each source. Moreover, the Wiener filter, as a kind of soft mask, does not
require sparsity of the sources. In contrast, the binary mask requires the sparsity of the
sources to ensure perfect separation. We can view the binary mask as a simplified form
of the soft mask.
The ith source can be recovered by Mi , that is
Mi =

Yi f,t = Mi f,t • Xf,t , i = 1, 2,

(5.13)

where • denotes the entrywise product also known as the Hadamard product. Finally, the
recovered sources are obtained by the inverse STFT as
yi (n) = ISTFT{Yi f,t }

(5.14)

Alternatively, the recovered sources based on the cochleagram can be resynthesized by
soft masking on the mixture based on the cochleagram, that is
Coch
yi (n) = SYN{Mi f,t • Xf,t
},

(5.15)

5.4. Simulations
where SYN denotes resynthesizing the signals based on the cochleagram to the time domain, for which Matlab code is available online3 .
In summary, we have the following four algorithms that we can construct by the proposed framework.
1. EM MFCC: x(n) is transformed to the spectrogram by (5.4) and (5.6), and decomposed by ISNMF/EM as (5.8); then one can extract MFCCs by (5.10) for clustering, to construct the Wiener filter as (5.12). Finally, one can recover the sources by
(5.13) and (5.14).
2. MU MFCC: x(n) is transformed to the spectrogram by (5.4) and (5.6), and decomposed by ISNMF/MU as (5.9); then one can extract MFCCs by (5.10) for clustering, to construct the Wiener filter as (5.12). Finally, one can recover the sources
by (5.13) and (5.14).
3. EM GTCC: x(n) is transformed to the cochleagram by (5.5) and (5.7), and decomposed by ISNMF/EM as (5.8); then one can extract GTCCs by (5.11) for clustering, to construct the Wiener filter as (5.12). Finally, one can recover the sources
by (5.15).
4. MU GTCC: x(n) is transformed to the cochleagram by (5.5) and (5.7), and decomposed by ISNMF/MU as (5.9); then one can extract GTCCs by (5.11) for clustering, to construct the Wiener filter as (5.12). Finally, one can recover the sources
by (5.15).
Although we do not have a strict mathematical proof of the framework, we can evaluate the separation performance of the proposed framework against the benchmark algorithms.

5.4

Simulations

In order to evaluate the proposed algorithms comprehensively, this section presents
experiments conducted on real-world audio sources and with practical settings. Three
database of real-world audio sources were used in this chapter as follows: 1. the McGill
University master samples (MGU solo), 2. the CMU ARCTIC speech synthesis database
(CMU speech), 3. the TIMIT speech database (TIMIT speech) [162].
Each excerpt of the three databases was truncated at l seconds fixed length for convenience of evaluation. For the MGU solo and the CMU speech l = 4, and for the TIMIT
3

https://web.cse.ohio-state.edu/∼wang.77/pnl/shareware/cochleagram/
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speech l = 5. Mixtures were generated by a randomly-chosen excerpt from one of the
databases, and then summed up with another randomly selected excerpt from the same
database. In other words, our simulations were conducted on the three databases independently.
The BSS EVAL toolbox4 has been widely used for evaluation performance in the field
of BSS [143], and selected as the metrics for the public test Signal Separation Evaluation
Campaign (SiSEC). There are three appropriate objective metrics: the source to distortion
ratio (SDR), the source to interferences ratio (SIR), and the source to artifact ratio (SAR).
The SDR is usually considered as the most important and commonly used metric amongst
the three metrics, and a higher value indicates better separation performance. To evaluate
separation performance we computationally evaluated the separation for 100 independent
runs in each simulation, and calculated the metrics on average.
We evaluated in terms of SDR and compared with three state-of-the-art UMBSS algorithms as benchmarks: Quasi-EM IS-NMF2D (isnmf2D em), MGD IS-NMF2D (isnmf2D mu) [62], and complex ISNMF (c isnmf) [100]. The two benchmarks isnmf2D em
and isnmf2D mu were run on the Matlab code5 provided by Bin Gao et al., and were implemented using the same parameters as used in [62], except for the sample frequency
and the corresponding frame length for the MGU solo, according to the sample frequency
of the sources.
The benchmark c isnmf was proposed for an unsupervised setting, and the Matlab
code6 provided by Paul Magron et al. also has the option to be executed for an unsupervised setting, so c isnmf were run on the Matlab code for an unsupervised setting with
the same parameters as in [100], to compare with our proposed unsupervised algorithms.
5.4.1

Experiments on MGU Solo

The excerpts in the MGU solo are real-world instrumental solos sampled at 48 kHz
from the McGill University master samples7 . Three instrument datasets were collected:
solo harp, solo violin and solo piano, and each dataset contained 18 excerpts. Each MGU
solo excerpt was truncated of length 4 seconds, and it was composed of note sequences,
rather than a single note.
Generally speaking, the solo excerpts are more complicated than equal-pitched notes,
because the solo excerpts are rather dynamic and fluent over time, as shown in Figure
4

http://bass-db.gforge.inria.fr/bss eval
https://au.mathworks.com/matlabcentral/fileexchange/48622-cochleagram-and-is-nmf2d-for-blindsource-separation
6
https://github.com/magronp/complex-isnmf
7
https://www.mcgill.ca/music/about-us/hire-student-musicians/audio-samples
5
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Figure 5.2: Three solo excerpts from the MGU solo.

5.2. Usually, an instrumental solo is less sparse than real-world speech, because the
instrumental solo is played continuously, whereas real-world speech is intermittent and
involves numerous stops and pauses. On the other hand, an instrumental solo generally
contains highly harmonic content, but real-world speech does not.
For spectrogram calculation, the time-domain mixture was divided into 1024-point
frames with 50% overlap. A 1024-point Hamming window was applied to each frame,
and a 1024-point DFT was computed from it. A sequence of 513-point power spectral
vectors for the frames were obtained as the resulting spectrum. As far as the cochleagram
was concerned, a 128-channel gammatone filterbank was used, and the gammatone filters
were spaced on the ERB [67] in the range of 50-8000 Hz. The mixture was divided into
20-ms time frames, that is a length of 960 samples for the MGU solo sampled at 48 kHz.
The consecutive frames were 50% overlapped.
In the first experiment, we tested on the mixtures of the MGU solo Harp+Violin.
In each iteration, randomly selected a sample excerpt from the solo harp dataset, and
then randomly selected a sample excerpt from the solo violin dataset. Then, one can
instantaneously sum the two selected excerpts together. The Harp+Violin mixtures were
generated by 100 simulation runs and the separation results were the average.
The proposed algorithms involve the parameter c, which denotes that each source is a
sum of c Gaussian components. At a theoretical level, a higher value of c results in better
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separation performance, because more Gaussian components can estimate the real-world
sources more accurately. However, in practical applications, a higher value of c led to an
expensive computational burden, and the separation performance was not proportional to
the value of c. The best value for c was task-dependent, and associated with the length and
complication of the sources. In contrast, the benchmarks isnmf2D em and isnmf2D mu
estimate each source by a Gaussian component, which implies that c = 1 for each source.
The benchmark c isnmf consists of a parameter Kj as the column number of W for the
jth source, and the Kj is similar to c in our proposed algorithms. We still set Kj = 50 as
the same as the original setting for c isnmf in [100].

Figure 5.3: Performance results for the proposed four algorithms and three benchmarks
on the MGU solo Harp+Violin mixture, with c = 5 and K = 10.
We tested the proposed four algorithms with c = 5, that is five components for each
source. It follows that K = 10 components for the mixture by ISNMF. One may chose
other values for c to obtain better results. Figure 5.3 illustrates the performance results
for the MGU solo Harp+Violin mixture. The proposed four algorithms outperformed the
three benchmarks. The proposed algorithm MU GTCC obtained the best separation, and
there were slight performance gaps between the proposed four algorithms. The benchmark algorithm isnmf2D em performed best amongst the three benchmarks, but the improvements of the proposed algorithms compared with isnmf2D em were slight.

Figure 5.4: Performance results for the proposed four algorithms and three benchmarks
on the MGU solo Piano+Violin mixture, with c = 10 and K = 20.
We then tested on the MGU solo Piano+Violin mixture in the second experiment. The
experimental setting was such as to replicate the first experiment, except that c = 10.

5.4. Simulations
We conducted 100 simulation runs and the final results were the average. As shown in
Figure 5.4, the proposed algorithms based on the cochleagram yielded more stable separation performance than the proposed algorithms based on the spectrogram. The proposed
four algorithms outperformed the benchmark c isnmf, but the SDR of the proposed algorithm MU MFCC was negative, and less than the SDR of benchmarks isnmf2D em and
isnmf2D mu. The benchmark algorithm isnmf2D em performed best amongst the three
benchmarks. Compared with the results of the first experiment as shown in Figure 5.3, the
overall SDR decreased, because the characteristics of the sources impact the separation
performance.
5.4.2

Experiments on CMU Speech

We collected 100 excerpts from the CMU speech8 , where each excerpt is sampled at
16 kHz. From the dataset of US English male (bdl) in the CMU speech, 50 utterances
longer than 4 seconds were selected and truncated at a 4-second length to form the male
speech dataset. In the same manner, 50 utterances longer than 4 seconds were selected
from the dataset of female (slt) in the CMU speech, and truncated at a 4-second length to
form the female speech dataset.
For the CMU speech, each Male+Female speech mixture was generated by summing
up a randomly selected excerpt from the male speech dataset with a randomly selected
excerpt from the female speech dataset. The Male+Female speech mixtures were generated and tested with 100 iterations, and the final results were the average. The UMBSS
problem for speech mixtures is a more challenging task, because the properties of speech
tend to be more similar than that of instrumental solos, and real-world speech signals are
non-stationary and less harmonic. Thus, we tested more components for each source, as
c = 6, 7, 8, 9, 10. The STFT was calculated on 1024-point time frames with 50% overlap
by the 1024-point Hamming window. The cochleagram was computed with 50% overlap
on 20-ms time frames, i.e., 320-point for sources sampled at 16 kHz. The 128-channel
gammatone filterbank in the range of 50-8000 Hz was used.
Table 5.1 shows the experimental results on average obtained by 100 simulation runs
of the CMU Male+Female speech mixture. In Table 5.1, the three benchmarks are in
the bottom three rows, and the other rows are for our proposed algorithms with different
values of c. We marked the best results for each value of c, and the best results by the
benchmarks.
The best result in SDR was obtained by the proposed algorithm MU GTCC with
c = 10, and the SDR was slightly reduced for EM GTCC with c = 6. The proposed
8

http://www.festvox.org/cmu arctic
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Table 5.1: Separation performance on the CMU speech Male+Female mixture
Components

Algorithms

SDR (dB)

c=6

EM MFCC
MU MFCC
EM GTCC
MU GTCC

-0.0837
-0.6278
0.6316
0.3343

c=7

EM MFCC
MU MFCC
EM GTCC
MU GTCC

-0.1491
-0.4824
0.4301
0.4649

c=8

EM MFCC
MU MFCC
EM GTCC
MU GTCC

-0.2884
-0.4269
0.5093
0.3806

c=9

EM MFCC
MU MFCC
EM GTCC
MU GTCC

-0.2678
-0.3448
0.4376
0.3229

c=10

EM MFCC
MU MFCC
EM GTCC
MU GTCC

0.0039
-0.1334
0.4093
0.6520

Benchmarks

isnmf2D mu
isnmf2D em
c isnmf

-0.1733
-0.3994
-1.1277

algorithms based on the cochleagram outperformed the three benchmarks in terms of
SDR, and the proposed algorithms based on the cochleagram obtained better performance
than the proposed algorithms based on the spectrogram. The benchmark algorithm isnmf2D mu performed best amongst the three benchmarks. On the whole, the results obtained by the proposed algorithms with different values of c outperformed the benchmark
c isnmf in SDR. It can be seen that the parameter c can affect the separation performance,
but a higher value of c did not imply better performance, according to the experimental
results. The best value for c on the CMU Male+Female speech mixture was also taskdependent.
5.4.3

Experiments on TIMIT Speech

The segments from the TIMIT database are English utterances of male and female
speakers, and sampled at 16 kHz. We collected 50 speech segments, and truncated each
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segment at a 5-second length to form the TIMIT speech. Each mixture was generated
by summing up two randomly selected segments from the TIMIT speech. We conducted
100 simulation runs and the final results were the average. The speech mixtures from
the TIMIT speech can be viewed as a more challenging separation task than the CMU
Male+Female mixture, because utterances spoken by the same gender speakers are more
similar than utterances spoken by different gender speakers. The experimental setting was
the same as the setting for the experiment on the CMU speech.
Table 5.2: Separation performance on the TIMIT speech mixture
Components

Algorithms

SDR

c=6

EM MFCC
MU MFCC
EM GTCC
MU GTCC

-0.3053
-0.7881
0.0309
-0.2518

c=7

EM MFCC
MU MFCC
EM GTCC
MU GTCC

-0.4412
-0.8376
0.1020
-0.1579

c=8

EM MFCC
MU MFCC
EM GTCC
MU GTCC

-0.3339
-0.9765
0.0601
-0.2200

c=9

EM MFCC
MU MFCC
EM GTCC
MU GTCC

-0.0127
-1.0741
-0.2988
-0.1634

c=10

EM MFCC
MU MFCC
EM GTCC
MU GTCC

0.2970
-1.0752
0.3136
-0.1639

Benchmarks

isnmf2D mu
isnmf2D em
c isnmf

-0.3841
-0.4918
-1.3578

As Table 5.2 shows, the experimental results on the TIMIT speech obtained by the
proposed four algorithms with all tested values of c outperformed the benchmark c isnmf
in SDR. In addition, the proposed algorithm EM GTCC with all tested values of c outperformed the three benchmarks. In terms of SDR, EM GTCC with c = 10 obtained the best
separation. On the whole, the proposed algorithms based on the cochleagram obtained
better results than the proposed algorithms based on the spectrogram.
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According to all simulations, one can see that the proposed algorithms using the
cochleagram obtained better results on average for the three databases of audio sources.
With more components for each source, i.e., c was higher, the separation performance improved, but the improvements were not proportional to c. Hence, the best value for c can
be considered task-dependent. If the two sources were more complex or similar to each
other, then the separation performance of the proposed algorithms and three benchmarks
were degraded.
The proposed algorithms achieved better separation performance than the benchmarks
on the whole. However, there are various issues with NMF, as indicated in [54]: with
random initialization, the template matrix W seems to represent the note combinations,
and the activation pattern H indicate mixtures of notes. Thus, the musical notes cannot
readily be separated by a NMF decomposition. Moreover, the real-word music and speech
are much more complicated than the monophonic musical notes, that are one note after
one note individually. Therefore, UMBSS for the real-word music and speech are much
more challenging. Indeed, high-quality UMBSS for real-word music and speech remains
an active research.

5.5

Conclusions

This chapter presents a family of UMBSS algorithms for audio sources, which is a
challenging task, because only the monaural mixture is available, without training data
for the sources. The proposed algorithms use ISNMF in the time-frequency domain, and
post process the decomposed components by MFCCs or GTCCs for clustering; then the
clustering results are exploited to construct the Wiener filter for recovering the sources.
Each source is assumed as the GMM, which can approximate practical and complicated sources more accurately than the GM, but the GMM combined with NMF is subject
to the permutation problem. The proposed algorithms address the permutation problem
by clustering the cepstral coefficients of W . This integration of cepstral coefficients into
UMBSS is motivated by the human auditory system. The cepstral coefficients MFCCs or
GTCCs have been successful adopted as features that discriminate speakers and recognize
speech. Experimental results show that the proposed algorithms achieved better results
with appropriate parameters, compared with the NMF-based UMBSS algorithms.
There remains considerable scope to improve the proposed algorithms further. Firstly,
NMF decomposition can be improved by more constraints. The current algorithms can
incorporate the constraint such as temporal information or sparsity [72] [146]. Secondly,
other perceptual-inspired time-frequency representations and perceptual features can be
exploited, for instance, constant Q transform (CQT) and constant Q cepstral coefficients
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(CQCCs), which have been used for anti-spoofing [113]. Moreover, prior information
of the sources can easily be incorporated into NMF through statistical models, e.g., a
hidden Markov model. However, if incorporating more prior information of the sources,
the applications will be more restricted.
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CHAPTER 6
Tri-ISNMF with Entrywise Product on a Speech
Production Model

Abstract
This chapter1 presents a triple-factor Itakura-Saito NMF (Tri-ISNMF) algorithm consisting of three factors: a vibrating factor, a resonating factor and a temporal factor, for unsupervised monaural blind source separation (UMBSS). Inspired by a speech production
model, the product between the vibrating factor and the resonating factor is an entrywise
product, and the product between the resonating factor and the temporal factor is a matrix
product. Firstly, acoustic features are extracted from the mixture to initialize the vibrating factor with a harmonic structure and the resonating factor with a spectral envelope.
To estimate the factors with desirable properties from an audio perspective, continuity
constraints are imposed on the resonating factor and the temporal factor, and then the
three factors are updated by alternating multiplicative update rules. Finally, perceptual
features are extracted from the factors for clustering to recover the sources. The proposed
algorithm was extensively evaluated and compared with the state-of-the-art NMF algorithms on real-world audio signals, and experimental results show the proposed algorithm
outperformed the benchmark algorithms in most of the cases.

6.1

Introduction

Although Chapter 5 proposes a family of ISNMF algorithms, these algorithms have
some shortcomings:
1. The number of components K is task-dependent, and its appropriate value is unknown for an unsupervised scenario.
2. The NMF factors W and H are randomly initialized, which may affect the separation performance.
3. Assuming each source as the statistical Gaussian mixture model (GMM), it does
not take advantage of the spectral information and acoustic information.
1

This chapter is an extended version of the manuscript: W. Gao, R. Togneri, V. Sreeram, ‘Unsupervised
Monaural Blind Source Separation by Tri-ISNMF on a Speech Production Model with Entrywise Product’,
submitted for publication.
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Concerned with the above three shortcomings, this chapter incorporates a speech production model into NMF to formulate an unsupervised monaural blind source separation
(UMBSS) algorithm.
Without requiring access to any training data of the sources, UMBSS is concerned
with recovering sources from one mixture [61]. To address the variety of scenarios encountered in different applications, several UMBSS algorithms have been proposed [152]
[137] [100] [62], and in principle can be classified by implicit and explicit models into
two categories [135]: computational auditory scene analysis (CASA) [21] and underdetermined BSS [36].
Inspired by the human auditory system, CASA algorithms replicate the human auditory system [102] for audio source separation, and generally rely on acoustic features,
such as the fundamental frequency, amplitude modulation or onsets, rather than on statistical assumptions about the sources [74]. CASA algorithms mainly consist of three steps:
auditory periphery modelling, acoustic cues extraction and grouping [48] [96] [75]. In
contrast, underdetermined BSS mainly relies on prior assumptions about the sources, and
the number of the mixtures is less than the number of the sources, so determined BSS
algorithms cannot work properly, e.g., conventional independence component analysis
(ICA) [35] [76]. For underdetermined BSS, diverse algorithms have been proposed for
various scenarios, such as sparse coding (SC) [119] and nonnegative matrix factorization
(NMF) [91] [161].
NMF techniques have achieved considerable success for audio source separation [145].
Conventional NMF is a versatile technique for rank-reduction and part-based representation under nonnegativity constraints, by minimizing a contrast function of a nonnegative
matrix V and two nonnegative factors W and H, such that V ≈ W H. Because audio
signals in the time-frequency domain are complex-valued, V is usually set as the magnitude/power of the spectrum, and the columns of W can be viewed as spectral templates,
while the rows of H can be interpreted as temporal activations. Commonly used discrepancy measures for NMF are the Euclidean distance [91], the generalized Kullback-Leibler
(KL) divergence [32] and the Itakura-Saito (IS) divergence [134]. The IS divergence is
scale invariant, so Itakura-Saito nonnegative matrix factorization (ISNMF) is well suited
for audio signals [100] [56]. Extra constraints have been proposed for the NMF factors,
such as sparsity [72], temporal continuity [146] and smoothness [161], to promote a decomposition with desirable properties from an audio perspective.
To exploit dependence between neighbour frequencies, NMF has been extended to
nonnegative matrix factor two-dimensional deconvolution (NMF2D), which was firstly
proposed for music source separation [126]. In addition, two NMF2D algorithms with
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the IS divergence were proposed by assuming each source as a Gaussian distribution [62].
However, the harmonic property of sound implies dependence between integer multiples
of the fundamental frequency, rather than neighbour frequencies, so NMF2D does not
make full use of the harmonic property of audio sources.
Moreover, NMF has been extended to nonnegative tensor factorization (NTF) by a
multiple channel filterbank in the modulation spectrogram (MS) domain [9]. Additionally, another variation of NTF was proposed based on magnitude spectrograms, which can
be seen as an alternative to the MS, to reveal spectral and temporal modulation textures
for separation of unison musical mixtures [136]. However, reconstructing of the sources
from the MS domain is a challenge, because the MS is not directly invertible. Furthermore, NMF has been used in conjunction with phase to contruct complex ISNMF as a
Rayleigh + von Mises (RVM) model [100]. However, the RVM is not tractable, so the
RVM is approximated by a Gaussian model to exploit phase recovery. As noted in the
experimental evaluation, the phase recovery technique has less impact on the evaluation
metrics than differences in terms of the magnitude estimation strategy.
To take advantage of both acoustic cues and prior assumptions about the sources,
speech production models have been used to structure NMF, because a harmonic property
cannot easily be estimated by an extra constraint. A source-filter NMF model was proposed to analyse polyphonic audio signals [147], and several variations were proposed for
supervised or informed source-filter NMF [106] [105] [19] [104]. In addition, a harmonic
property has been combined with NMF for polyphonic pitch transcription [120] [142].
For the estimation and extraction of the main melody from polyphonic audio signals,
a specific source-filter NMF model [50] was proposed to explicitly represent a leading
source, which is predominant over the other source, and the leading source spectra dictionary is pre-learned. Additionally, the specific source-filter NMF model was extended for
a mid-level representation, under a supervised condition with a dictionary of pre-defined
spectral shapes, to extract a main melody and separate a leading source [49]. However,
in practical applications, two sources of one mixture are usually equally important, and
pre-learned dictionaries of the sources are not available.
For a more challenging UMBSS problem: the sources are equally important and without pre-learned dictionaries, the proposed triple-factor ISNMF (Tri-ISNMF) can be considered an extension of previous works on source-filter-based NMF [50] [49] [13]. This
chapter reinvigorates the framework of source-filter-based NMF with new contributions:
1. A triple-factor NMF model inspired by a source-filter model: the resonating factor
R for the vocal tract, the vibrating factor W represents the harmonic property, and
the temporal factor H denotes the temporal activation. Compared with the six-
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factor NMF in [50] and the seven-factor NMF in [49], the proposed Tri-ISNMF
model is much simpler and the corresponding computational cost decreases.
2. Incorporation of extra constraints on the resonating factor R and the vibrating factor W . By further decomposing the spectral template in conventional NMF as R
and W , it opens the possibility of enforcing the harmonic property on W , and imposing the continuity constraint on R, to estimate audio sources more accurately.
Compared with [13] where pitch patterns are fixed, the vibrating factor W can be
estimated by update rules.
3. Initialization of the resonating factor R and the vibrating factor W by the pitches
extracted from the mixture, because the source spectra dictionary in [50] and the
pre-learned dictionary for the leading source in [49] are not available in an unsupervised scenario.
The remainder of this chapter is organized as follows. Section 6.2 describes the
UMBSS model and preliminaries. Section 6.3 derives the proposed algorithm: the TriISNMF model is constructed and initialized in Section 6.3.1 and Section 6.3.2, respectively; Section 6.3.3 presents multiplicative update rules for optimization, and based on
the estimated Tri-ISNMF factors, Section 6.3.4 provides the re-synthesis steps to recover
the sources. Section 6.4 describes the experimental results on real-world audio signals.
Finally, conclusions are drawn in Section 6.5.

6.2

Models and Preliminaries

6.2.1

UMBSS Model

The observed mixture consists of two sources, x(n) = s1 (n) + s2 (n), n = 1, . . . , N ,
where x(n), s1 (n), s2 (n) and N denote the observed mixture, the first source and the
second source, and the length sampled in the time domain, respectively. Using the shorttime Fourier transform (STFT), X, S1 and S2 denote the mixture, the first source and the
second source in the time-frequency domain, respectively. Given a matrix X ∈ CF ×T of
dimension F × T , X:,t denotes a column at the time frame t, Xf,: denotes a row at the
frequency bin f , and Xf,t denotes a slot at the entry (f, t) in the time-frequency domain.
Similar notations are used for S1 and S2 . In this chapter, the two sources of the mixture
are considered equally important, and y1 (n) and y2 (n) denote the two recovered sources2 .
The useful notations are listed in Table 6.1.
2

The notation in this chapter is consistent with the key references regarding NMF.
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Table 6.1: Summary of notation
Notation

Meaning

[ ]|

The transposition of the enclosed matrix

,

The equality up to a permutation and scaling

×

The scalar product

•

The entrywise product also called the Hadamard product

||

Absolute value of each entry of the enclosed matrix

[ ]◦z

The entrywise power of z of the enclosed matrix
The complex number

C
[ ]:,t

The tth column of the enclosed matrix

[ ]f,:

The f th row of the enclosed matrix

[ ]f,t

The entry (f, t) of the enclosed matrix

log

The logarithm

Q:,t

The mean of the under vector Q:,t

DCT, DFT

The discrete cosine and the Fourier transform, respectively

x, s1 , s2

In the time domain, the mixture, the first source, and the second source, respectively

X,S1 ,S2

In the time-frequency domain, the mixture, the first source, and the second source, respectively

R,W ,H

The vibrating, resonating and temporal factor, respectively

K

The number of components of NMF

NΩ

The cardinality of the set Ω

DIS (z|ẑ)
DC ( )
λ, µ
DT ( | )

6.2.2

The IS divergence between z and ẑ
The continuity constraint of the enclosed factor
The weights of DC (R) and DC (H | ), respectively
The proposed contrast function for Tri-ISNMF

Speech Production Model

A speech production model is concerned with mimicing the remarkable ability of human articulatory system to estimate speech sounds, and several speech production mod-
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els have been proposed for speech analysis and synthesis [132]. This chapter considers a
source-filter model [30], which is a reasonable approximation, and has been widely used
in the literature for speech production modelling.
The source-filter model assumes a speech sound as a combination of a sound source
and a linear acoustic filter, which are independent and convolved together in the time
domain. The sound source is generated by a vibrating system, e.g., the vocal cords; the
acoustic filter estimates a resonating system, e.g., the vocal tract. Due to the periodic
glottal excitation, the sound source for a voiced sound is approximated by an impulse
train, whereas the sound source for an unvoiced sound is approximated by a turbulent
noise.

Figure 6.1: The source-filter model for a voiced sound.

In the frequency domain, the source-filter model is represented as the product of a
source spectrum and a vocal-tract filter, as shown in Figure 6.1. Generally, a harmonic
is a sound with a frequency that is a positive integer multiple of the fundamental frequency, and the source spectrum of a voiced sound comprises several harmonics, which
are all periodic at the fundamental frequency. In contrast, the source spectrum of an unvoiced sound, without the fundamental frequency, can be approximated as a white noise.
The vocal-tract filter resonates certain frequencies and attenuates others, so the frequency
curve of the vocal-tract filter shows a small number of resonant peaks called formants. The
generation of musical sounds is similar to the generation of speech, so musical sounds can
also be estimated by the source-filter model.

6.3

Proposed Tri-ISNMF Algorithm

This section presents the proposed algorithm Tri-ISNMF. Note that the proposed algorithm is unsupervised, i.e., no training data about the sources is required, and parameters
of the sources are not pre-learned, so the pitches and spectral curves are exacted from the
mixture for the initialization of the factors.

6.3. Proposed Tri-ISNMF Algorithm
6.3.1
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Within a short time frame, real-world audio signals can be considered quasi-stationary,
so within each time frame the spectrum of a source can be viewed fixed. At the time
frame t, we can obtain |X:,t | ≈ |[S1 ]:,t | + |[S2 ]:,t |, and this approximation is widely used
in the literature of NMF for audio sources [62]. According to the source-filter model
in the time-frequency domain, at the time frame t the magnitude spectrum of a source
can be approximated as |[S1 ]:,t | ≈ r • w, where the F -length nonnegative columns w
and r denote a vibrating factor and a resonating factor, respectively. Here • denotes
the entrywise product, also called the Hadamard product. Each audio source consists of
multiple sounds, and the mixture contains two sources, so each column of W represents
a vibrating factor of a sound, and each column of R represents a resonating factor of a
sound. The nonnegative matrices W and R are of dimension F × K, and K denotes the
number of components. Therefore, the sounds of the mixture can be represented by the
columns of R • W .
Similar to conventional NMF algorithms, for the mixture in the time-frequency domain, each row of H represents the temporal activation of the corresponding component, where H is a nonnegative matrix of dimension K × T . Therefore, according to the
source-filter model, the magnitude of the mixture in the time-frequency domain can be
approximated by a triple-factor NMF model as
|X| = V ≈ R • W H,

(6.1)

where the first product is the entrywise product, which is different from conventional
multi-layer NMF algorithms. Hence, the UMBSS problem casts this as a triple-factor
NMF model.
Although the audio spectra have the harmonic property, real-world audio sources are
not strictly harmonic, because the spectral magnitude decreases quickly as the frequency
increases. Thus, it is necessary to compress the dynamic range and reduce the magnitude
differences in the time-frequency representation, which can be performed by taking the
logarithm, as happens with the calculation of the cepstrum [15]. However, the logarithm
leads to negative values, which are not allowed by NMF. Instead of the logarithm, this
chapter uses the compression rate function [ ]◦(1/p) , p ∈ (1, +∞), which is the entrywise
pth root, and it has been used for musical source separation [83]. The value of p can be a
positive integer, for convenience of the subsequent steps to recover the sources. By using
the compression rate function on |X| in (6.1) this becomes
|X|◦(1/p) ≈ R • W H,

(6.2)
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Because the IS divergence is scale invariant and has been successfully used for audio
source separation [56] [134], this chapter uses the IS divergence for the NMF contrast
function as
DIS (|X|◦(1/p) |R • W H) =

X |Xf,t |◦(1/p)
|Xf,t |◦(1/p)
− log
− 1.
[R
•
W
H]
[R
•
W
H]
f,t
f,t
f,t

(6.3)

Imposing different constraints to factors is an advantage of the proposed algorithm.
Conventional NMF models mix the vibrating factor and the resonating factor together as
the spectral template, which exhibits sparsity due to the source excitation, so conventional
spectral templates were proposed to be constrained by sparsity. However, it is commonly
accepted that the acoustic filter representing a resonating system exhibits continuity from
a frequency bin to the neighbour frequency bins. To take into account this property,
the continuity contrast function proposed in [146] is exploited in this chapter to enforce
continuity on R as
F
K
X
1 X
(Rf,k − Rf −1,k )2 ,
(6.4)
DC (R) =
2
δ
k
f =2
k=1
q
P
2
where δk = (1/F ) Ff=1 Rf,k
denotes the standard deviation of each component k =
1, . . . , K, and it is used to avoid the scaling indeterminacy. Similarly, the temporal activation exhibits a limited variation from a time frame to the neighbour time frames in terms
of energy and interval, so we also impose a continuity on H as
K
T
X
1 X
DC (H ) =
(Hk,t − Hk,t−1 )2 ,
2
σ
k=1 k t=2
|

(6.5)

q
P
2
where the superscript denotes the transposition. Here σk = (1/T ) Tt=1 Hk,t
denotes
the standard deviation of each component k = 1, . . . , K, and it is also used to avoid the
scaling indeterminacy.
Combining (6.3) with (6.4) and (6.5) together, this chapter proposes the Tri-ISNMF
contrast function as
|

DT (|X|◦(1/p) |R • W H) = DIS (|X|◦(1/p) |R • W H) + λDC (R) + µDC (H | ),

(6.6)

where λ and µ denote the weights of the two continuity constraints for R and H, respectively. Note that the harmonic property on W is implemented by initialization.
6.3.2

Initialization of Tri-ISNMF

The initialization is an essential step, because the proposed contrast function is nonconvex, and NMF solutions are non-unique and sensitive to initialization. Generally
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speaking, in unsupervised NMF algorithms the factors are randomly initialized, and updated to optimize the contrast function. However, there remains considerable scope to
improve unsupervised NMF algorithms for audio source separation [54]. The proposed
algorithm Tri-ISNMF makes use of the harmonic property extracted from the mixture
to initialize two factors R, W and the number of components K, for better separation
performance.
Pitch Detection Real-world audio signals are non-stationary, so their fundamental
frequencies are time-varying. Additionally, in some time frames both of the two sources
are active, so the fundamental frequency and/or the harmonic property of the two sources
may overlap. Therefore, extracting the harmonic property for a source from the mixture
is a difficult task [8].
Because W represents the harmonic property and the fundamental frequency, which
is closely related to pitch, pitch detection techniques can be used for extraction of acoustic features. Various pitch detection algorithms have been proposed, e.g., autocorrelation methods and cepstrum methods, and a simple cepstrum-based algorithm is used
here. A variety of alternative implementations of the complex cepstrum have been developed [15] [109]. The standard cepstrum for a short time frame of z(n) is given by
DCT{log|DFT{z(n)}|}, where log denotes taking the logarithm, and DCT and DFT denote the discrete cosine transform and the discrete Fourier transform, respectively. Because the cepstrum has a strong peak corresponding to the pitch of the voiced-speech time
frame being analysed [108], a cepstrum-based pitch detection algorithm is used to detect
the peak.
As mentioned in Section 6.3.1, the logarithm can be replaced by the compression rate
function to compress the dynamic range and reduce the magnitude differences. Therefore,
the compression rate function makes the sequence of peaks roughly periodic, and does not
change the location of the peaks. Given X denotes the time-frequency representation of
x(n) by the STFT, the discrete Fourier transform can be extended to the STFT by shorttime windows, so we can obtain the quasi-short-time cepstrum (QSTC) of X as
Q = DCT{| X |◦(1/p) },

(6.7)

where Q is a matrix of dimension F × T . The entry (q, t) of the matrix Q is a slot Qq,t
in the time-quefrency domain, where q denotes the quefrency bin and t denotes the time
frame. A column Q:,t denotes a cepstrum at the tth time frame. Figure 6.2 compares two
audio sources and a mixture, which are transferred from the time domain to the QSTC.
Note that the sources are not available for UMBSS, so Figure 6.2 is for illustration and
comparison.
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Figure 6.2: Illustration of audio signals transferred from the time domain to the QSTC.
Audio signals from the UI note database (see Section 6.4.1 for more information) are in
the first row, the corresponding cube root of spectrograms are in the second row, and the
50th time frames of the corresponding QSTC are in the third row. The first two columns
are for the two sources individually, and the last column is for the mixture of the two
sources.
To avoid noises and other bias, the peaks near 0 quefrencies are discarded [108], and
at each time frame a maximum is considered instead of all peaks. Furthermore, at each
time frame for peak picking we set a threshold, whose appropriate value is task-dependent
and is set empirically in the experiments. At the tth time frame Q:,t , if a maximum Qq,t is
greater than its threshold θt , then the peak (q, t) is picked as
(q, t) = arg max{Q:,t } ∧ Qq,t > θt .

(6.8)

q

Given the window size of the STFT is L-point, the (q, t) in the time-quefrency domain
corresponds to the frequency bin Bt = Round[L/q] in the time-frequency domain, where
Round[x] returns the nearest integer to x. Thus, Bt is detected as the fundamental frequency bin at the tth time frame.
As shown in Figure 6.3, a black circle marks the picked peak (q, t) by (6.8), and some
black circles are connected together. Thus, in the time-quefrency domain there exists a
set of picked peaks {(qi , ti ), . . . , (qj , tj )} such that qi = · · · = qj at different time frames
ti , . . . , tj , corresponding to the fundamental frequency bin Bti = · · · = Btj in the timefrequency domain. To further discard small peaks, unique values of the corresponding
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Figure 6.3: The QSTC of the mixture in Figure 6.2, after near 0 quefrencies are discarded.
Black circles mark the peaks at the corresponding time frame.
frequency bins are selected, and then for each unique value of the frequency bin Bt ,
we only collect at most the two largest peaks Bt1 = Bt2 . Finally, we can collect the
corresponding fundamental frequency bins in the time-frequency domain as the set Ω,
where NΩ denotes the cardinality of the set Ω. For instance, from the QSTC in Figure
6.3, five peaks are collected in the set Ω, and NΩ = 5.
Initialization of the Three Factors and K The initialization of the factors are based
on pitches detected from the mixture, to avoid false pitches, so only dominant pitches
are considered for initialization of the harmonic columns of R and W . On the other
hand, there may exist a peak which is not detected because small peaks are discarded.
Thus, some columns of R and W are randomly initialized to compensate for the lost
peaks and non-harmonic sounds. Furthermore, the overlap pitches of the two sources
can be addressed in the subsequent step by updating the Tri-ISNMF factors. Hence, the
initialization is only an approximate estimation of the factors.
According to the source-filter model, some columns of W represent the harmonic
property for the voiced sounds, as the source spectrum illustrated in Figure 6.1. However,
real-world audio sources are continuous, rather than a sequence of discrete impulses.
Thus, this chapter exploits a periodic sequence of window functions to initialize the harmonic columns of W . The Hamming window function is a nonnegative, smooth, and
“bell-shaped” curve, which can be expressed as



2πn

0.54 − 0.46 cos
, 0 6 n 6 Nw .
Nw
(6.9)
Hamm(n) =

0,
otherwise.
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where the window length Lw = Nw +1. It is symmetric around the middle of the window,
and near a maximum in the middle.
For the kth collected peak (q, t) ∈ Ω, we can obtain its corresponding fundamental
frequency bin Bt = Round[L/q]. Then, the kth column of W can be initialized by the
concatenated Hamming window functions, such that the middle of each Hamming window function is located at the harmonic frequency bin mBt , where m = 1, . . . , M denotes
the count of the harmonic property. The maximum harmonic count M is task-dependent,
and can be set as M = Round[L/2/Bt ]. The initialization can be expressed compactly as
Wf,k

M
X



2m − 1
Bt , f = 1, . . . , F,
=
Hamm f −
2
m=1

(6.10)



2m − 1
where 0 6 f −
Bt 6 Nw , and Nw = Bt . In this way, for each member of
2
the collected set Ω, a corresponding column of W can be initialized. Then, we obtain NΩ
columns of W .
The kth column of R is also initialized according to the kth collected peak (q, t) ∈
Ω and its corresponding fundamental frequency bin Bt . Let fh = [Bt , 2Bt , . . . , M Bt ]
denote the harmonic vector, and it is used to extract a spectral vector Xfh ,t . Then, Xfh ,t
is interpolated as a smooth F -length spectral curve, as the initialization of the kth column
of R. In this way, we obtain NΩ columns of R, and the columns of R are aligned as the
corresponding columns of W . For example, based on the set Ω with NΩ = 5 collected
from the QSTC in Figure 6.3, the harmonic columns of R and W are initialized as shown
in Figure 6.4.
For unvoiced sounds, some columns of W are initialized randomly to approximate
white noises. The number of columns Nu for the unvoiced sounds is task-dependent. This
chapter uses three columns of W for unvoiced sounds, i.e., Nu = 3. Correspondingly,
three columns of R are initialized randomly for the unvoiced sounds. Finally, K = NΩ +
Nu is the number of columns of W , and also the number of components of the Tri-ISNMF.
For the initialization of H, each row can be interpreted as the temporal activation.
According to temporal continuity of the acoustic property, each row of H is smooth and
continuous. The temporal factor H is randomly initialized and then smoothed by a moving smooth filter, e.g., a Gaussian filter or a flat filter.
6.3.3

Update Rules of Tri-ISNMF

After the Tri-ISNMF factors are initialized, this subsection updates them to minimize
the contrast function (6.6). Multiplicative update rules have been widely used for NMF
algorithms, based on the partial derivatives. The partial derivative of the contrast function
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Figure 6.4: The initialization values of the harmonic columns of R and W from the QSTC
in Figure 6.3 with NΩ = 5. The five columns of R are on the left side, and the five columns
of W are on the right side.
with regard to a factor is divided into two parts: a positive part and a negative part. In each
updating iteration for the factor, a previous value of the factor is entrywise multiplied by
the ratio of the negative part and the positive part. Then, each factor is updated iteratively.
We can divide each partial derivative into a positive part and a negative part, for instance
∂DIS (|X|◦(1/p) |R • W H)
+
−
,
(6.11)
= OH DIS
− OH DIS
∂H
+
−
where OH DIS
and OH DIS
denote the positive part and the negative part of the partial
−
+
derivative with regard to H, respectively. Similarly, OR DIS
and OR DIS
denote the positive part and the negative part of the partial derivative with regard to R, respectively;
+
−
OW DIS
and OW DIS
denote the positive part and the negative part of the partial derivative with regard to W , respectively. Then, we can derive the partial derivatives for (6.3)
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with regard to each factor as follows:


◦(1/p)
∂DIS (|X|◦(1/p) |R • W H)
)
| (R • W H − |X|
= (R • W )
,
∂H
(R • W H)◦2


(R • W H − |X|◦(1/p) )
∂DIS (|X|◦(1/p) |R • W H)
=
H | • W,
◦2
∂R
(R • W H)


(R • W H − |X|◦(1/p) )
∂DIS (|X|◦(1/p) |R • W H)
=
H | • R.
∂W
(R • W H)◦2

(6.12)

(6.13)
(6.14)

From the partial derivatives (6.12), (6.13) and (6.14), we can obtain
+
OH DIS
= (R • W )| (R • W H)◦−1 ,

(6.15)

−
OH DIS
= (R • W )| [(R • W H)◦−2 • |X|◦(1/p) ],

(6.16)

+
OR DIS
= (R • W H)◦−1 H | • W,

(6.17)

−
OR DIS
= [(R • W H)◦−2 • |X|◦(1/p) ]H | • W,

(6.18)

+
OW DIS
= (R • W H)◦−1 H | • R,

(6.19)

−
OW DIS
= [(R • W H)◦−2 • |X|◦(1/p) ]H | • R.

(6.20)

Using the continuity constraint and corresponding derivatives derived in [146], this
chapter imposes the continuity constraint on R and H. Let ODC (R)+ and ODC (R)−
denote the positive part and the negative part of the derivative of DC (R) as in (6.4),
respectively. Similar derivative notations are for the continuity constraint on H as in
(6.5). Then, one can obtain
4F × Rf,k
ODC (R)+ = PF
2
f =1 Rf,k
#
PF
2
R
×
(R
−
R
)
R
+
R
f,k
f
−1,k
f,k
f −1,k
f +1,k
f =2
ODC (R)− = 2F ×
+
PF
PF
2
2
( f =1 Rf,k
)2
f =1 Rf,k

(6.21)

"

4T × Hk,t
ODC (H | )+ = PT
2
t=1 Hk,t
"
#
P
Hk,t−1 + Hk,t+1 Hk,t × Tt=2 (Hk,t − Hk,t−1 )2
| −
ODC (H ) = 2T ×
+
PT
P
2
2 2
( Tt=1 Hk,t
)
t=1 Hk,t

(6.22)
(6.23)

(6.24)

Combining (6.15)-(6.20) and (6.21)-(6.24) together, we have the partial derivatives of
the proposed contrast function (6.6). This chapter derives the multiplicative update rules
as follows:
−
OH DIS
+ µODC (H | )−
H←H•
.
(6.25)
+
OH DIS
+ µODC (H | )+
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R←R•

−
OR DIS
+ λODC (R)−
,
+
OR DIS
+ λODC (R)+

91

(6.26)

−
OW DIS
(6.27)
+ ,
OW DIS
where the division is the entrywise division. Note that the continuity constraint is not
imposed on W , because W represents the harmonic property. As conventional NMF
algorithms do, our proposed algorithm includes a normalization step at every iteration,
which can eliminate trivial scale indeterminacies. In each iteration, H is normalized such
that the Euclidean norm of each row of H is equal to 1, and the corresponding column of
R is scaled accordingly.
This chapter uses two loops to optimize the Tri-ISNMF contrast function (6.6). In the
first loop, we only update R by (6.26) and H by (6.25) iteratively, and keep W fixed in
each iteration. In the second loop, we update all the three factors iteratively according to
(6.25)-(6.27). The first loop keeps W fixed, so the harmonic property represented by W
is strict. The second loop estimates W alternating with R and H, to optimize the contrast
function more accurately.
Continuing on the example in Section 6.3.2, Figure 6.5 shows after the first loop, the
columns of R and the corresponding rows of H. One can see the harmonic columns of R
of Figure 6.5 still keep the main shape of the R initialization of Figure 6.4. In Figure 6.5
the non-harmonic columns of R are more non-stationary than the harmonic columns of R,
because the non-harmonic columns are randomly initialized to represent white noises. In
the second loop, R, W and H are all updated as shown in Figure 6.6. Comparing Figure
6.5 and Figure 6.6, one can see the harmonic and non-harmonic columns of R have been
slightly adjusted, and become more smooth due to the continuity constraint. Compared
with Figure 6.4, the harmonic columns of W become partially harmonic in Figure 6.6
after the second loop; the non-harmonic columns of W are also not harmonic after the
second loop.
Although a theoretical convergence proof of ISNMF is still an open problem, convergence of ISNMF has been observed in practice and analysed extensively. The multiplicative update rules have been verified to be convergent in several NMF algorithms [161] [32]
[56] [33], and the convergence of the proposed Tri-ISNMF algorithm is experimentally
demonstrated in Section 6.4.2.

W ←W•

6.3.4

Recovered Sources

Due to the inherent permutation problem of NMF, post clustering is necessary to align
the components according to their sources. Perceptual features have been used for speech
and speaker recognition; in particular, the mel-frequency cepstrum coefficients (MFCCs)
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Figure 6.5: The values of each column of R and each row of H after the first loop update
of the proposed Tri-ISNMF.

are effective in practial applications [40] [22]. Thus, MFCCs had been used to cluster
NMF components for BSS [133]. Because R • W approximates the spectral template,
the perceptual features can be extracted from R • W , based on the compressed magnitude
|X|◦(1/p) ≈ R • W H.
This chapter proposes the quasi-MFCCs as MFCC(R•W ) = DCT{log[Mel(R•W )]},
where Mel( ) denotes taking a 24-channel Mel filterbank on. Empirically, from the 13th
to the 23rd coefficients of MFCCs are selected for clustering by the k-means clustering
algorithm [154]. Then, one can obtain the set Ci , which contains the label of components
that belong to the ith source, i = 1, 2. To ensure the conservativity of the recovered
sources Yi , i = 1, 2, such that Y1 + Y2 = X. To recover Yi , i = 1, 2, we use a generalized
Wiener filter
Yi =

(RC1

(RCi • WCi HCi )◦p
• X,
• WC1 HC1 )◦p + (RC2 • WC2 HC2 )◦p

(6.28)
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Figure 6.6: The values of each column of R, W and each row of H after the second loop
update of the proposed Tri-ISNMF.

where the clustered components as the base number to the power of p are used to calculate
the ratio, because the compression rate function |X|◦(1/p) is involved in (6.2). Finally, the
sources yi are recovered by taking the inverse STFT on Yi . The proposed Tri-ISNMF
algorithm is summarized in Table 6.2.
Figure 6.4 - Figure 6.7 exemplify the proposed algorithm in the separation process
for the mixture in Figure 6.2. Notice that the factor H and parts of R and W are randomly initialized, so in multiple runs of separating the same mixture, the initialization of
the three factors and the following calculations are slightly different. Thus, the random
initialization leads to slight separation differences in multiple runs of separating the same
mixture. As shown in Figure 6.7, the recovered two sources are similar to the original
sources in Figure 6.2, and the separation performance is satisfactory, because an excerpt
from the UI note database is a single note. Nonetheless, there are more complicated audio
signals in the real world, so our proposed algorithm will be evaluated comprehensively in
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Section 6.4.

Figure 6.7: The recovered sources by the proposed algorithm Tri-ISNMF. In the timefrequency domain a) | Y1 |◦(1/3) and b) | Y2 |◦(1/3) ; in the time domain c) the recovered
source y1 (n) and d) the recovered source y2 (n).
Table 6.2: Summary of the Proposed Algorithm Tri-ISNMF
Input: the monaural mixture x(n) in the time domain
Step1: transfer x(n) to |X|◦(1/p) in the time-frequency domain.
Step2: initialize the three factors by the pitches of the mixture
Step2.1: calculate the QSTC by (6.7) and collect the peaks into the set Ω,
Step2.2: initialize W : NΩ harmonic columns for voiced sounds by (6.10),
and Nu random columns for unvoiced sounds,
Step2.3: initialize R: NΩ columns interpolated Xfh ,t from the peaks in Ω,
and Nu random columns for unvoiced sounds,
Step2.4: initialize H randomly as K = NΩ + Nu , and then smooth H.
Step3: Tri-ISNMF optimization by alternating multiplicative update rules
First loop: update H by (6.25) and R by (6.26); keep W fixed.
Second loop: update H, R and W by (6.25), (6.26) and (6.27), respectively.
Step4: soft masking in (6.28) and then inverse STFT to recover yi .
Output: the recovered sources yi , si .

6.4. Experimental Results and Discussion

6.4

Experimental Results and Discussion

This section presents experiments on real-world audio signals to evaluate the proposed
algorithm Tri-ISNMF. Section 6.4.1 outlines the experimental data, benchmarks and the
evaluation metric; Section 6.4.2 describes algorithmic issues and convergence; and Section 6.4.3 presents experimental evaluation conducted on three databases.
6.4.1

Evaluation Data, Metrics and Benchmarks

Three publicly available databases were considered for the audio sources.
1. UI note: the University of Iowa Musical Instrument Samples Database3 provides
monophonic music samples of various instruments, and each sample plays a single
note, sampled at 44.1 kHz. For each instrument 10 segments were collected as a
dataset, and each segment was truncated at a 2-second length. From the UI note
database, we obtained instrument datasets: flute, violin, horn, bass clarinet, alto
flute, bassoon, alto saxophone (alto sax), soprano saxophone (sop sax) and cello.
2. MGU solo: the McGill University master samples4 consists of excerpts of instrumental solos, sampled at 48 kHz. From the MGU solo database, four instrument
datasets were collected: solo harp, solo cello, solo violin and solo piano, and each
dataset contains 10 segments of length 4 seconds.
3. CMU speech: the CMU ARCTIC speech synthesis database5 consists of utterances
of English speakers, sampled at 16 kHz. From the dataset of US English male (bdl),
10 segments were selected and then truncated at a 4-second length to form a male
speech dataset: CMU speech male. Similarly, 10 utterances were selected from the
dataset of female (slt), and then truncated at a 4-second length to form a female
speech dataset: CMU speech female.
Figure 6.8 shows examples from the three audio databases. Each segment of the UI
note is an individual note, which can be considered as the simplest audio source. The
segments from the MGU solo and the CMU speech are real-world music and speech, respectively, so they are non-stationary and more complicated than the individual note from
the UI note. The characteristics of the sources have a significant effect on the separation
performance, which will be discussed in Section 6.4.3.
3

http://theremin.music.uiowa.edu
https://www.mcgill.ca/music/about-us/hire-student-musicians/audio-samples
5
http://www.festvox.org/cmu arctic
4
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Figure 6.8: Audio sources of the three databases: a) a segment of violin note from the
UI note database, b) a segment of solo violin from the MGU solo database, c) a female
utterance from the CMU speech database.
In all experiments, the mixtures of two datasets were generated in the following manner. To generate a mixture, a segment from a dataset was instantaneously summed up with
a segment from another dataset. Every segment from a dataset was sequentially summed
up with every segment from another dataset, so 100 mixtures of the two datasets were generated. Notice that each mixture was an instantaneous sum of two audio sources, whose
amplitudes are in similar ranges, so the two sources can be considered equally important.
In order to assess the separation performance of the proposed algorithm, the source
to distortion ratio (SDR) from the BSS EVAL toolkit6 [143] was used. The SDR is a
widely used BSS metric, and has been used for the Signal Separation Evaluation Campaign (SiSEC), because it is applicable to most of the BSS algorithms, and it can deal
with the permutation and scaling problem inherent in the field of BSS.
The proposed algorithm was compared with the three state-of-the-art NMF algorithms: Quasi-EM IS-NMF2D and MGD IS-NMF2D [62], as well as complex ISNMF
[100]. The Quasi-EM IS-NMF2D and MGD IS-NMF2D were run on the Matlab code7
provided by Bin Gao et al.. The Quasi-EM IS-NMF2D and MGD IS-NMF2D were
6

http://bass-db.gforge.inria.fr/bss eval
https://au.mathworks.com/matlabcentral/fileexchange/48622-cochleagram-and-is-nmf2d-for-blindsource-separation
7
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implemented using the same configuration parameters as used in [62], except for the
sampling frequency and the corresponding frame length for the samples from the MGU
solo database and the UI note database, based on the sampling frequencies of these two
databases.
The complex ISNMF was proposed for an unsupervised setting: W can be randomly
initialized without pre-learning and updated in each iteration [100]. Additionally, the
Matlab code8 provided also has the option to be executed for an unsupervised setting,
so this chapter implemented the complex ISNMF for an unsupervised setting, with the
same configuration parameters as used in [100]. Note that to obtain better separation
performance, the experiments on the complex ISNMF in [100] were simulated for a supervised semi-informed setting: the dictionary W was pre-learned from the training data
of all sources and fixed in each iteration without updating. For convenience we denote
the Quasi-EM IS-NMF2D as isnmf2D em, the MGD IS-NMF2D as isnmf2D mu, and the
complex ISNMF as c isnmf.
6.4.2

Algorithmic Issue and Convergence

For the STFT calculation, the time frame length and the window function have effect
on the separation performance, but these are not the key issues of the proposed algorithm,
and the appropriate settings are task-dependent, so the widely used setting was selected in
the experiments. The time-domain mixture was divided into 1024-point frames with 50%
overlap, and a Hamming window function was applied to each frame.
The compression rate function can compress the dynamic range and reduce magnitude
differences of the spectrogram, as shown in Figure 6.9. In the magnitude spectrogram of
a 2-second violin note in Figure 6.8 a) from the UI note database, the ripples in the high
frequency region correspond to a harmonic property, and in Figure 6.9 b) the cube root
and c) the 5th root illustrate more ripples, compared with a) the magnitude spectrogram
of the UI note violin. Empirically, the appropriate range for audio sources is p ∈ [2, 5],
and in the following experiments p = 3. Moreover, the threshold θt for peak picking in
the initialization is also set empirically as θt = 3 × |Q:,t |, where the over line denotes the
mean, i.e., the mean of the absolute value of Qq,t over the quefrency bins at the tth time
frame. In addition, the number of components for the unvoiced sounds Nu = 3.
To investigate the separation performance with respect to the continuity constraint,
two experiments were conducted. In the first experiment, the 100 mixtures of the flute
dataset and the violin dataset from the UI note database were generated as described in
Section 6.4.1, and the separation results in terms of SDR were averaged over the 100 mix8

https://github.com/magronp/complex-isnmf
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Figure 6.9: Illustration of the compression rate function on a 2-second violin segment
from the UI note database: a) the magnitude spectrogram, b) the cube root of the magnitude spectrogram, c) the 5th root of the magnitude, d) the decimal logarithm of the
magnitude spectrogram.
tures. As Table 6.3 shows, the continuity constraint on R as λ ∈ {0, 5, 10, 15, 20} and the
continuity constraint on H as µ ∈ {0, 5, 10, 15, 20} were tested. The SDR increased gradually as the values of continuity constraints on R and on H rose, with some exceptions.
Hence, the two continuity constraints can improve the separation performance, and in
principle the greater value of the continuity constraint the better separation performance.
Table 6.3: Tri-ISNMF separation on mixture Flute+Violin from UI note
SDR (dB)

µ=0

µ=5

µ=10

µ=15

µ=20

λ=0

4.85

6.33

6.85

7.47

7.07

λ=5

4.75

6.66

7.83

9.35

8.89

λ=10

5.54

7.13

8.33

9.44

8.74

λ=15

6.18

8.35

9.14

8.96

9.38

λ=20

6.13

8.00

9.21

9.70

9.85

Similarly, the second experiment was implemented on 100 mixtures of the piano
dataset and the violin dataset from the MGU solo database, and separation results with
respect to continuity constraints λ and µ were averaged over the 100 mixtures. As shown
in Table 6.4, in principle the greater value of the continuity constraint the better separation performance, but there was no significant improvement with λ > 10 and µ > 10.
Therefore, the best values of the two continuity constraints λ and µ are task-dependent,
and in the following experiments we set λ = 10 and µ = 10 empirically.

6.4. Experimental Results and Discussion

99

Table 6.4: Tri-ISNMF separation on mixture Piano+Violin from MGU solo
SDR (dB)

µ=0

µ=5

µ=10

µ=15

µ=20

λ=0

0.68

1.33

1.89

2.24

2.32

λ=5

1.20

1.79

2.35

2.81

2.98

λ=10

1.09

1.90

2.24

2.77

2.43

λ=15

1.20

1.86

2.44

2.54

2.44

λ=20

1.29

1.91

2.34

2.54

2.52

To investigate the convergence of the proposed algorithm, four experiments were conducted: three experiments on the UI note database and one experiment on the MGU solo
database. In each experiment, 100 mixtures were generated as described in Section 6.4.1.
On each mixture the proposed contrast function (6.6) was updated in two loops, and in
each loop there were 50 iterations. Finally, the proposed contrast function in the two loops
were averaged over the 100 mixtures.
As can be seen in Figure 6.10 on the convergence of the four experiments, our proposed contrast function (6.6) in both of two loops decreased along the 50 iterations.
Hence, the convergence of the proposed algorithm was verified by the experiments. Generally speaking, a criterion for terminating iterations is an ideal iteration count or a certain
threshold for the contrast function. The iteration count was set as 50 for both of the two
loops in this chapter.
To investigate the initialization effect on the separation performance, we simulated
with three kinds of initialization:
1. Tri-ISNMF: the initialization by our proposed algorithm: harmonic columns of R
and W were initialized by the pitches extracted from the mixture; other columns of
R and W and all rows of H were randomly initialized.
2. TriHarmon: all columns of R and all rows of H were randomly initialized with
K = 10, and seven columns of W were harmonically initialized with pitches equal
to [4, 6, 8, 10, 12, 14, 16], and the three other columns were randomly initialized.
Here the values of K and pitches are pre-set and fixed experimentally, because for
an unsupervised scenario one does not have access to these values.
3. TriRandom: all columns of R and W , and all rows of H were randomly initialized
with K = 10.
Except for the initialization, the configuration parameters are the same for each experiment. Five experiments were conducted on the mixtures: MGU solo Piano+Cello, MGU
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Figure 6.10: Convergence of the proposed contrast function (6.6) in two loops for four
experiments. The 50 iterations in the first loop update are on the left a), c), e), g); the 50
iterations in the second loop update are on the right b), d), f), h).
solo Piano+Violin, MGU solo Cello+Violin, MGU solo Piano+Harp, CMU speech Male+
Female; in each experiment 100 mixtures were generated as described in Section 6.4.1,
and the separation results were averaged over 100 mixtures. From Table 6.5, the experimental results with the proposed initialization Tri-ISNMF slightly outperformed the two
other kinds of initialization.
Table 6.5: Comparison of three kinds of the initialization
SDR (dB)

Three kinds of the initialization

Mixture

Tri-ISNMF

TriHarmon

TriRandom

MGU solo Piano+Cello

1.75

1.36

1.41

MGU solo Piano+Violin

2.33

2.01

1.91

MGU solo Cello+Violin

3.09

2.67

2.29

MGU solo Harp+Piano

3.41

3.01

2.67

CMU speech Male+Female

0.70

0.29

0.14
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Experimental Evaluation

On the UI note database, 21 experiments were conducted to evaluate the proposed
algorithm and compared with the benchmarks. In each experiment, 100 mixtures of two
datasets were generated as described in Section 6.4.1, and then separation results on these
mixtures were evaluated in terms of SDR and averaged over 100 mixtures.
Table 6.6: Twenty-one separation results on the mixtures from UI note for the proposed
algorithm Tri-ISNMF and three benchmarks.
SDR (dB)

Alogrithm

Mixture

Tri-ISNMF

isnmf2D mu

isnmf2D em

c isnmf

Flute+Horn

6.9929

5.2995

6.0707

3.3092

Flute+Bassoon

7.5363

4.1207

4.3171

3.8828

Flute+Violin

8.1117

5.8062

4.7820

2.3837

Flute+Cello

6.4830

1.2413

4.9655

3.0521

Flute+AltoFlute

6.2555

3.6474

5.7286

3.2612

Flute+AltoSax

9.8521

3.7905

5.6206

3.4211

Flute+SopSax

8.0851

3.8462

5.0653

3.1894

Violin+Horn

6.6729

3.0845

1.2465

1.7317

Violin+Bassoon

5.4211

2.6463

1.0883

2.2034

Violin+Cello

6.6810

3.8489

0.8604

1.3930

Violin+AltoFlute

7.9912

4.3279

2.4899

2.2037

Violin+AltoSax

7.6969

4.5228

2.6219

1.5026

Violin+SopSax

9.3118

5.1441

4.1119

2.5494

Violin+BassClarinet

8.5841

5.1375

4.1674

1.6682

AltoFlute+BassClarinet

6.0445

3.0117

3.2491

2.6176

AltoFlute+AltoSax

4.9262

3.1723

3.1052

2.0389

Cello+AltoSax

2.5022

1.0338

2.8659

1.1040

Cello+Horn

2.4081

1.0146

0.9528

1.6025

AltoSax+SopSax

4.7536

1.4227

4.6747

1.9665

AltoSax+Horn

5.5357

3.1889

2.4766

1.8953

AltoFlute+Cello

3.1408

1.6771

2.2672

2.0424

Table 6.6 outlines the 21 separation results on the UI note database, and for each
experiment the best result is marked in bold. In terms of SDR, the proposed algorithm TriISNMF outperformed the three benchmarks, except for the mixtures of the cello dataset
and the alto sax dataset. In the first seven experiments including the flute dataset, TriISNMF improved the separation performance in the range from 0.5269 dB to 4.2316
dB in terms of SDR. In the second seven experiments including the violin dataset, the
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separation results of Tri-ISNMF were better than the benchmarks by at least 2.7748 dB
and at most 4.1676 dB in SDR. In the last seven experiments across other instruments, TriISNMF slightly outperformed the benchmarks in terms of SDR, except for the mixtures of
the cello dataset and the alto sax dataset, on which the benchmark algorithm isnmf2D em
obtained the best result.
Notice that from the results in Table 6.3 for the mixtures of the flute dataset and the
violin dataset from the UI note database with λ = 10, µ = 10, the separation result was
8.33 dB; whereas in Table 6.6 for the same mixtures and parameters, the separation result
was 8.1117 dB. The two separation results were slightly different, because the factor
H and parts of R and W were randomly initialized, which results in slight separation
differences across different runs of separating the same mixture.

Figure 6.11: Separation results for the proposed algorithm Tri-ISNMF and three benchmarks: isnmf2D mu, isnmf2D em and c isnmf. From left to right, the first six groups of
bars illustrate six experiments on the mixtures from the MGU solo database, and the last
group of bars illustrates an experiment on the mixtures from the CMU speech database.
Furthermore, six experiments were implemented on the MGU solo database, and one
experiment was implemented on the mixtures of the CMU speech male dataset and the
CMU speech female dataset. In each experiment, 100 mixtures were generated as mentioned in Section 6.4.1, and the SDR separation results were evaluated and averaged over
the 100 mixtures.
Figure 6.11 compares the separation results of the proposed algorithm Tri-ISNMF
and three benchmarks: isnmf2D mu, isnmf2D em and c isnmf, in terms of SDR on the
MGU solo database and the CMU speech database. The proposed algorithm Tri-ISNMF
outperformed the three benchmarks in SDR, except that on the mixtures of the solo harp
dataset and the solo violin dataset, where the benchmark isnmf2D em was comparable
with Tri-ISNMF. Generally speaking, speech mixtures are a more challenging separation
task compared to the mixtures of instrumental solos, because the harmonic property in
speech sources is not as dominant as in instrumental solos. Thus in terms of SDR, the
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separation results of the four algorithms on the MGU solo database were better than the
separation results of the four algorithms on the CMU speech database.
Compared with the benchmarks, the proposed algorithm Tri-ISNMF enforces the
pitch on the vibrating factor and imposes a continuity constraint on the resonating factor,
so Tri-ISNMF can take advantage of the harmonic property of audio sources to improve
the separation performance. This can be explained by the basic music knowledge that
instruments have additional and different harmonic properties in addition to the fundamental frequency. It is the number and relative strength of these various harmonics that
give each instrument its distinctive sound: its quality or timbre.
In summary, the proposed algorithm Tri-ISNMF outperformed the three benchmarks
in most of the experiments. Furthermore, the separation performance of the proposed algorithm and the three benchmarks decreased as the mixtures became more challenging:
from the stationary single note of the UI note database, to the non-stationary instrumental solo of the MGU solo database, to the partial-harmonic speech of the CMU speech
database.

6.5

Conclusions

This chapter proposes an algorithm Tri-ISNMF for UMBSS as an extension of the
source-filter-based NMF. Tri-ISNMF consists of three factors: R represents the resonance
spectrum to estimate the vocal tract of the human or the resonating system of the instrument, W represents the harmonic property to estimate the vocal cord excitation of the
human or the vibrating system of the instrument, and H denotes the temporal activation.
The harmonic property is estimated roughly from the mixture by a cepstrum-based pitch
detection algorithm, to initialize the harmonic columns of W and R. The initialization
enforces the continuity constraint on R and H, and W represents the harmonic property,
to promote a decomposition with desirable properties from an audio perspective.
Although the harmonic properties of sources generally overlap in the mixture, the
three factors of Tri-ISNMF are updated by alternating multiplicative update rules, to estimate the factors more accurately and alleviate the overlap issue. Finally, the perceptual
feature MFCCs are extracted from the Tri-ISNMF factors for clustering to recover the
sources. The proposed algorithm was comprehensively evaluated and compared with
NMF-based UMBSS algorithms. Experimental results show that the proposed algorithm
Tri-ISNMF outperformed the benchmark algorithms in most of the cases.
Furthermore, the proposed algorithm Tri-ISNMF only uses the magnitude information
and ignores the phase information. The speech production models containing phase information have been developed, and complex NMF algorithms have attracted much attention
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in the recent years. The proposed triple-factor NMF has the potential to take advantage
of the phase information for future research.

CHAPTER 7
Conclusions and Future Work
7.1

Conclusions

The thesis commenced with the conception of BSS, and then introduced five key
aspects of BSS. An overview of BSS algorithms was presented according to their key
assumptions and contrast functions. Early techniques for BSS based on ICA were introduced with the extensions of ICA. Additionally, NMF techniques and geometric techniques for BSS were recalled, as well as other BSS algorithms. Since a focus of the thesis
is NMF, we presented a comprehensive review of NMF from its origins to the current
state-of-the-art algorithms.
The contributions to the thesis began with a proof of Erdogan’s BCA contrast function, which was derived from elementary matrices and Gauss-Jordan elimination, as well
as some basic principles from convex geometry. We discussed the link between Erdogan’s
assumption A1) and Cruces’s assumption P2). We investigated that A1) can be considered
as a stringent assumption for continuous sources with tailed distributions. Furthermore,
we compared the assumptions of BCA and ICA, and analysed that BCA and ICA are
different from the geometric assumption A1) and the statistically independent assumption, and there is an intersection where the independent assumption is satisfied and A1)
is unsatisfied. Some audio sources could be considered independent, but do not satisfy
A1). We conducted evaluations on audio sources, and for all conditions the BCA contrast function suffered from reduced separation performance, while the ICA algorithms
obtained satisfactory separation performance. Hence for bounded sources, BCA could be
considered as a complementary approach to ICA, not a more general approach than ICA.
Inspired by the derivation of BCA contrast functions, we analysed the overall mapping
G, and introduced a contrast function based on SOS, such that the autocorrelation of the
sources can be used to trade off the cross-correlation. We proposed a batch gradient descent method to optimize the contrast function. We evaluated the proposed algorithm on
the real-world audio sources: speech and music. The proposed algorithm obtained comparable separation performance with the classical ICA algorithms on the speech sources,
while it outperformed the classical ICA algorithms on the music sources.
Furthermore, we focused on a challenging problem UMBSS. NMF is a powerful tool
to address the matrix decomposition and provides a part-based representation, but there
is a permutation problem with NMF. We extracted the perceptual features on a NMF
factor for clustering to deal with the permutation problem. This combination of NMF
and the perceptual features integrated into UMBSS, led to a family of ISNMF algorithms.
The family of ISNMF algorithms resulted in substantial improvements in the separation
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performance on real-world audio sources.

Although the improvements were achieved by our proposed ISNMF algorithms, they
had three shortcomings. Firstly, each source was assumed as a statistical model GMM,
which did not take advantage of the spectral information and acoustic information. Secondly, the NMF factors W and H were randomly initialized, which had an impact on
the separation performance. Thirdly, for the number of components K, its appropriate
value was unknown for an unsupervised scenario. Considering the three shortcomings,
we incorporated a speech production model into a triple-factor NMF, and established a
Tri-ISNMF algorithm for UMBSS. In the Tri-ISNMF algorithm, R represents the resonance spectrum to estimate the vocal tract of the human or the resonating system of the
instrument, W denotes a harmonic structure to estimate the vocal cord excitation or the
vibrating system of the instrument, and H denotes the temporal activation. According to
the resonance properties R was constrained by continuity, and a harmonic structure was
enforced on W . Thus, different constraints can be imposed on different factors, to estimate the audio sources more accurately. Secondly, the Tri-ISNMF factors were initialized
by the fundamental frequency extracted from the mixture. Thirdly, the fundamental frequency in the mixture also contributed to determine the appropriate value of K. Thus,
the proposed algorithm Tri-ISNMF could address the above mentioned three shortcomings. We conducted evaluations on three audio databases including monophonic music
samples, realistic instrumental solos and realistic speech utterances, and the Tri-ISNMF
algorithm obtained highly encouraging results.

7.2

Limitations and Future Work

As with any research, the work in this thesis has its limitations and we must consider these. Firstly, the proposed contrast function based on SOS assumes the sources are
uncorrelated, which could be relaxed slightly to address the partially correlated sources.
However in some realistic applications, the sources are heavily correlated, so conventional ICA algorithms and the proposed algorithm may suffer. Secondly, the proposed
UMBSS algorithms improved the separation performance compared with existing NMF
algorithms, but actually there is still a gap to the satisfactory separation performance.
There are a number of possible future directions for research. Firstly, other perceptrualinspired time-frequency domains and perceptual features could be exploited to extend the
proposed family of ISNMF algorithms, e.g., the constant Q transform (CQT) and cepstral
analysis. The constant Q cepstral coefficients (CQCCs) are an appealing alternative to
traditional MFCCs. They offer a time-frequency resolution more closely related to that of
human perception, and have been successfully used for anti-spoofing [113]. They could
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be incorporated into the proposed family of ISNMF algorithms, and have the potential to
improve separation performance.
Secondly, the number and relative strength of these various harmonics that give each
instrument its timbre, and the proposed algorithm Tri-ISNMF involves a harmonic structure. Hence, the proposed Tri-ISNMF could exploit the harmonic structure to separate the
sources according to the sources’ timbre. Thus, the proposed Tri-ISNMF algorithm has
the potential to make use of the harmonic structure for post clustering of the decomposed
NMF factors to address the permutation problem.
Existing NMF algorithms for audio source separation mainly rely on the magnitude or
power of the time-frequency representation, and ignore phase information. Nonetheless,
the phase information plays a significant role in the time-frequency representation. Given
the success of the source-filter model for UMBSS, we could investigate more advancing
speech production models to incorporate phase information into NMF for UMBSS. For
instance, the sinusoidal model improves on the speech production model since it incorporates the phase information compared with the source-filter model [101] [132]. Hence, it
is therefore recommended to combine the sinusoidal model with NMF such that incorporating phase information into NMF for better separation performance.
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