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ABSTRACT
Rock is often a brittle heterogeneous material containing a multitude of pre-existing internal cracks,
voids or weak microsurfaces (e.g., intergranular boundaries). In compression, these imperfections work as
sources of initiation and growth of what is termed as wing cracks. Under load, the growth of the wing crack
is believed to produce ultimate failure. Most of the crack growth studies in the literature have the aim of
shedding light on the fracturing mechanisms of rocks subjected to compression. In turn, in the experimental
studies in the field of rock mechanics, the crack growth theories were more or less adopted to analyse the
experimental outcomes. Given the three-dimensional nature of pre-existing defects in rocks, it is not possible
to reveal the fracturing mechanisms of rocks without comprehending the 3-D crack growth mechanisms in
different stress fields.
The findings from previously published studies are: the main feature of 3-D crack growth in uniaxial
compression is wrapping of the formed wing cracks around the initial crack, and the same can be found of
the wings produced from an initial spherical pore. The crack growth is limited and hampered by wing
wrapping around the initial crack. This distinguishes the 3-D crack growth from the 2-D case where the
wings generated in uniaxial compression can grow extensively.
The interaction between several cracks in uniaxial compression is essential when the initial cracks are
close to each other and located on a line normal to the loading axis. Then their combined stress field creates
a new crack extensively growing up to the sample ends causing splitting. In uniaxial compression growth of
3-D cracks made at the sample surface depends upon the depth of the initial crack penetration into the sample
as compared to the sample thickness: with large relative depth of penetration the subsequent crack pattern
resembles that of 2-D tests (with a through initial crack), while at the small depths the pattern of growth
resembles the one observed in 3-D tests.
In biaxial compression when the second load is approximately equal to the axial load and with one
direction free of load the wing wrapping gets suppressed thus enabling extensive crack growth up to the
sample ends.
Comprehensive numerical modelling of 3-D crack growth faces challenges related to the determination
of the direction of crack growth in 3-D as well as the considerable computational resources required for the
modelling of extensive crack growth.
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In many circumstances the rock in the field is subjected to biaxial loading conditions. That is the
minimum principal stress is zero while the intermediate principal stress is equal to or smaller than the major
principal stress. This is a condition typical in the vicinity of sidewalls, roof or backs, floors and the driving
faces of an excavation. Understanding of the rock failure behaviour near the excavation boundary is critical
for ensuring safety of tunnelling and underground mining as this can lead to the hazardous condition known
as strain-bursting.
In order to understand the specific failure mechanisms working in the stress conditions prevailing at the
excavation surface, the so-called true triaxial unloading tests have been reported in the literature. Essentially,
this type of test is modified from the conventional biaxial compression test: one surface of a prismatic rock
sample along the direction of the minimum principal stress is loaded in addition to the biaxial loading
condition while the opposite side is free of load. Our analysis of the published tests of this type of loading
based on the finite element method (FEM) showed that the results of the tests were strongly affected by the
end friction. The contact friction highly disturbs the minimum principal stress, which leads to a non-uniform
distribution of the lateral compression and hence the formation of non-uniform strengths of rock elements
located in different areas inside the rock sample. This was shown to present an essential drawback when
simulating the rock failure at the excavation boundaries. We concluded that these attempts to reproduce the
stress state and fracture conditions near the excavation walls in laboratory tests did not provide adequate
information necessary for modelling the in-field failure mechanisms and that the return to the basics of crack
growth in compression is necessary.
Further understanding of fracture mechanisms working at the excavation surface requires the knowledge
of the relevant failure mechanisms on a microscopic scale. It is accepted that the single 3-D crack growth in
biaxial compression must be considered first to fully comprehend the mechanism of macroscopic fracturing.
Few studies, however, have focused on this type of tests.
Published studies of three-dimensional crack growth in uniaxial compression show that there exists a
limit of a single crack growth even if it is located near a free surface. This limit to the 3-D crack growth in
compression is a result of wrapping of the wings around the pre-existing crack leading to self-arrest of the
wings. This essentially stops the crack from growing to the extent sufficient to produce failure. Obviously,
it is the presence of the third dimension that allows wrapping and wing crack arrest unlike the twodimensional situations when extensive crack growth in compression is routinely observed.
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Contrary to the severe limitations to the 3-D crack growth in uniaxial compression, in biaxial
compression (one direction is free from load), the presence of the intermediate principal stress can prevent
the wing wrapping and their self-arrest thus effecting extensive wing crack growth sufficient to split the
sample. In order to uncover the details of the mechanism of extensive crack growth in biaxial compression
a series of biaxial compression tests with different biaxial load ratios were conducted using frozen resin
samples each containing a 3-D internal crack with different shapes and inclination angles: a penny-shape
crack inclined at 30°, 45° and 60° to the major principal stress but parallel to the intermediate principal stress,
and a square-shape crack inclined at 30°. We demonstrated that that the magnitude of the second compressive
stress – the intermediate principal stress (the first principal stress is the axial load, the third principal stress
is zero.) does not have to be high: the wing wrapping can be prevented and the extensive crack growth
maintained by the magnitude of the intermediate principal stress being as low as around 5% of the major
principal stress for all cases considered: the critical (threshold) values of the biaxial load ratio from our
testing were 0.057, 0.053, 0.05 and 0.0475 for a penny-shape crack inclined at 30°, 45° and 60° and a squareshape crack of 30°, respectively. Therefore, 0.05 (i.e. 5%) can be taken as the threshold value for the biaxial
load ratio above which the wrapping is supressed and the wing crack can grow extensively. An important
conclusion can be drawn that in compressive load the intermediate principal stress, while not participating
in the classical failure criteria is crucial in that it is capable of changing the mechanics of brittle fracturing
in compression.
For a single spherical pore in compression, the presence of the intermediate principal stress can also
prevent the wing wrapping and self-arrest thus producing extensive wing crack growth sufficient to split the
sample, but the magnitude of the necessary intermediate principal stress is higher, albeit still low: the wing
wrapping can be prevented by the intermediate principal stress being as low as 8.5% of the major principal
stress. We concluded that similar to the pre-existing 3-D cracks, the pores in rocks were also important
sources of extensive crack growth when the intermediate principal stress was present. Even in the absence
of the contact surfaces, the extensive crack growth can still be induced from the pores with the presence of
the intermediate compressive stress.
A numerical study using the FEM showed that above the threshold values determined in our physical
experiments, the direction of the secondary principal tensile stress near the initial crack was roughly
perpendicular to the intermediate principal compressive stress direction, where the extensive crack growth
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could be induced; while below the threshold value, it showed the prevalence of the radial direction with
respect to the initial crack and the wing crack wrapping could not be suppressed. The correspondence
between the experimental and numerical results also verifies that the threshold values of the biaxial load
ratio are controlled by the shape and the orientation of the initial defect with respect to the loading directions
and are independent of the specific material properties.
Based on the experimental results on the mechanisms of 3-D crack growth in biaxial compression, the
concept of the in-situ spalling strength at the excavation boundaries and the notion that it is lower than the
laboratory uniaxial compressive strength (UCS) were analysed experimentally and analytically. This study
demonstrated that two critical factors: the change of the failure mechanism caused by the presence of the
intermediate principal stress and the scale effect, play an important role in the reduction of in-situ spalling
strength at the excavation boundaries. It is concluded that in the case of small initial cracks similar to those
in the laboratory rock samples it is possible to relate the spalling strength to the UCS using the compressive
to tensile strength ratio. In the case of larger initial cracks the sought relation involves uniaxial compressive
strength of the rock mass of the corresponding scale and hence cannot be directly inferred from the lab
measurements.
In the ideal uniaxial compression the produced wing cracks cannot grow to the extent sufficient to cause
failure. However our FEM analysis of the real uniaxial compression tests showed that due to the direct
contact between the sample end and the loading platens (nearly perfect confinement end boundary condition)
the stress state is actually biaxial. The biaxial load ratio gradually reduces to 0 away from the sample ends,
and the tensile tangential stress appears approaching the sample mid-height. We concluded that the induced
biaxial compressed zone can be responsible for the fractures growing parallel to the surface near the sample
end, while the tensile tangential stress generated below may lead to the unstable fracture propagation towards
the axial loading direction ultimately forming the splitting in uniaxial compression.
These results highlight the role of the intermediate principal stress: when its magnitude is above the
threshold (5-8.5% of the major principal stress) it changes the mechanism of the wing crack propagation
allowing the crack to grow extensively causing rock fracturing. This concept provides an insight into the
mechanisms of rock failure in compression and will allow building models for successful monitoring and
prediction of dangerous rock failures.
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Chapter 1. General Introduction

Chapter 1. General Introduction
1.1. Introduction
Rock failure in compression from the laboratory to petroleum and mining (including such dangerous
events as rockbursts) is often caused by initiation and propagation of internal tensile fractures [1-3].
However in perfectly homogeneous materials under compression the tensile stresses cannot be induced,
therefore no crack initiation and growth are possible. Hence, the crack growth and the subsequent
macroscopic failure significantly depend upon the material heterogeneities and internal pre-existing defects
such as grain boundaries, pores, and cracks on the small scale, and joints, faults and bedding planes on the
larger scale [4]. Under compression, the abovementioned defects or weaknesses act as stress concentrators
producing local stress redistribution, generating local tension and thus initiating crack initiation, growth and
local failure.
The pioneering study of crack growth is the Griffith’s crack analysis. The assumption of Griffith’s theory
is that the rock contains a large number of randomly-oriented microscopic flaws or ‘cracks’, and when under
compression, the crack growth is induced when the maximum tensile stress near the tips of the most
unfavourably oriented crack reaches a value characteristics of the material [5].
Since then, extensive studies of the fracture propagation in compression based on 2-D models (plates
with through cracks) were carried out to capture the crack development in uniaxial compression. Bombolakis
[6] first observed the propagation of tensile wing cracks from 2-D pre-existing cracks under uniaxial
compression in Columbia resin 39. In the following studies, the results obtained from the experiments on
different materials [6-14] and numerical modelling [15-19] indicate that the wing cracks emanating from a
2-D (through) pre-existing crack can grow extensively and have the capability of causing the splitting failure
of the sample in uniaxial compression. Fig. 1.1(a) shows a typical 2-D pre-existing crack subjected to
uniaxial compression. It is seen that with the increase of the major principal stress, the wing cracks at the
top and bottom tips of the initial crack firstly grow along a curved (jump-like) path and then in the direction
parallel to the direction of loading. A similar crack growth was also observed in the samples with cylindrical
pores both in experiments [20-26] and in numerical modelling [27-30], Fig. 1.1(b).
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Fig. 1.1. The 2-D concept of substantial crack growth in uniaxial compression. The crack growth is produced by (a)
sprouting wings from an inclined sliding crack and (b) emanating secondary cracks from a cylindrical hole.[31]

In the field of rock mechanics and rock engineering, the 2-D crack growth theories were often adopted
to analyse the experimental outcomes and field observations. For example, based on the 2-D experiments
Fairhurst and Cook [32] interpreted the surface parallel fractures at the excavation boundaries as a result of
extensive crack growth in compression. Also, some researchers adopted the 2-D crack growth theory to
analyse rock splitting in laboratory uniaxial compression tests, e.g. [33].
The main drawback of the 2-D models is that the real pre-existing defects in rocks are three-dimensional,
which prompted the investigation of the mechanisms of 3-D crack growth in compression. Adams and Sines
[34] used transparent material (PMMA) with disk-like initial crack created inside the sample by cutting it
into two blocks, machining semi-circular inclined slots into each block and then gluing them together. (The
use of transparent modelling material is essential in the investigation of this kind in order to enable direct
visual observations of growth of the crack that is entirely located within the sample.) Under uniaxial
compression, only restricted crack growth was observed, which could be attributed to the small sizes of the
tested sample that is insufficient to accommodate extensive crack growth. A similar phenomenon was
observed in the experimental work of Cannon et al. [35], where the insufficient size of the samples also
seemed to be a reason for restricted crack growth in uniaxial compression.
2
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Uniaxial compression tests on three-dimensional internal cracks located in considerably larger samples
were firstly conducted by Dyskin et al. [31, 36]. The experimental results show that with the initial crack
located in the centre of the sample, the wing cracks are restricted to the sizes comparable to the initial crack
and therefore cannot substantially grow to cause the macroscopic failure of the tested sample, see Fig. 1.2(a).
It was also observed that the sprouting wings wrap around the initial crack contour eventually arresting their
growth. Apparently, this distinguishes the 3-D crack growth from the 2-D situations, where the absence of
the third dimension leaves no room for wrapping and thus the wing crack can grow extensively and finally
cause the sample splitting [14]. Similarly in samples with a spherical pore in the centre under uniaxial
compression, formation of restricted growth of several wings was also observed, Fig. 1.2(b).
Given the restricted 3-D crack growth observed in uniaxial compression, it was assumed that
heterogeneous materials like rocks containing a multitude of pre-existing defects can provide a self-sufficient
mechanism of failure, i.e. the macroscopic fracturing in uniaxial compression may be attributed to the
interaction and coalescence of multiple cracks [31] and the possible lateral crack growth mechanism [37].

Fig. 1.2. Crack growth under uniaxial compression[31] from: (a) an initial crack (b) a spherical pore.
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In many circumstances rocks are subjected to biaxial loading conditions, for example in the vicinity of
sidewalls and the driving faces of an excavation, where the surface parallel fractures were often observed.
Understanding the rock failure behaviour near the excavation boundary is critical for the design of a
tunnelling and underground mining. Excavation of an opening leads to the in-situ stress redistribution. The
stress concentration near the excavation surface manifests itself in the removal of the radial stress component,
which becomes zero at the excavation surface and a considerable increase of the tangential stress component,
i.e. biaxial loading condition. When the stresses are high enough, this can lead to slabbing and rockburst [2,
38, 39].
In Australia, rockbursts have been reported for nearly a century [40]. The implications of rockburst from
a mining operational perspective can vary depending on the circumstances. The effects of rockburst range
from being minor where no immediate action is required, minor production disruptions due to the need to
restrict access to certain areas of the mine, some rehabilitation of the support system, or limited production
delay, up to as severe the consequences as damage to equipment and infrastructure, injuries to personnel,
permanent mine closure (e.g. Bounty Mine in 2001, Big Bell in 2003, Junction Mine in 2005, Tasmania
Mine in 2012 and BHP Billion Perseverance Mine in 2014 [41]) and even fatalities in extreme cases (e.g. a
large rockburst event in Beaconsfield Gold Mine in 2006 resulted in one fatality and two underground
workers trapped for 14 days [42]). In addition, the underground rockburst might cause damage to surface
structures (e.g. the rockburst event in Mount Charlotte Mine in Kalgoorlie, 27 June 1998 [43]). Therefore,
the problem of rockburst is a major threat to the future exploitation of deep mining resources and a constraint
to economic viability.
For the samples tested in biaxial compression in the laboratory, the splitting failure mode, i.e. the
formation of vertical fracture planes parallel to the free surfaces of samples is generally observed in the cases
when measures are taken to ensure that the end friction effect was at a relatively low level so that the biaxial
stress state can be maintained more or less undisturbed. This phenomenon has been confirmed in experiments
where different materials were tested in biaxial compression, including both rock-like heterogeneous
materials (concrete [44, 45], freshwater columnar ice [46]) and natural rocks (marble [47], granite [48],
sandstone [49], dolomite [50]). This is also similar to the splitting failure of the sample subjected to uniaxial
compression.
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Given the abovementioned observations in the field and experiments, the failure mechanisms at the
microscopic scale, i.e. the single 3-D crack growth in biaxial compression must be considered first to fully
comprehend the mechanism of the corresponding macroscopic fracturing. However, the studies of 3-D crack
growth in biaxial compression are scarce in the literature. Sahouryeh et al. [51] presented an experimental
and analytical investigation into 3-D crack growth under biaxial compression. In their study, only two
transparent casting resin samples each containing a single penny-shape initial crack at their centre were
tested. The results show that in biaxial compression the 3-D crack growth is capable of growing extensively
towards both loading axes and leading to the splitting failure of the sample, Fig. 1.3. However, during the
tests, only the biaxial load ratio approximately equal to 1 was used.

Fig. 1.3. Extensive wing crack growth from a penny-shape crack in biaxial compression with biaxial load ratio of 1.
[51]

1.2. Research objective, methodology and significance
The aim of the study is to uncover the mechanism of extensive three-dimensional crack growth in
compression, the effect of the intermediate principal stress and the effect of the shape and orientation
of the initial defects and to provide foundations for modelling of rock failure from the laboratory scale
to the rockbursts.
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The major part of this research is devoted to studying the 3-D crack growth from different types of the
pre-existing defects under biaxial compression: exploring the transition process between extensive (the wing
crack grows extensively towards both loading axes, Fig. 1.3) and restricted (the wing crack is restricted to
the size comparable to the initial defects because of wing crack wrapping, Fig. 1.2) crack growth modes.
Especially important is the determination that there exists critical values of the biaxial load ratio separating
the restricted and extensive crack growth. This will firstly be investigated experimentally by conducting
biaxial compression tests with different biaxial load ratios on transparent casting resin samples each
containing a single pre-existing three-dimensional defects. To this end, a true triaxial loading system with
zero load in one direction will be used. Then, a stress analysis will be conducted using finite element method
(FEM) in order to explore the mechanisms of wing crack wrapping (restricted crack growth) and wrapping
suppression (extensive crack growth) in compression. In addition, based on the 3-D crack growth concept,
the mechanisms of the in-situ spalling at excavation boundaries and the splitting failure of the cylindrical
samples tested in uniaxial compression will be investigated using analytical and numerical modelling.
The significance of this study is that it will both shed light on the 3-D brittle crack growth in biaxial
compression and offer insight into the mechanics of rock fracturing at different scales, e.g. at the small scale,
the splitting failure in uniaxial compression testes conducted in the laboratory; and at the large scale, the
slabbing, spalling failure and skin rockbursts at the excavation boundaries.

1.3. Thesis structure
The following outlines the structure of this thesis:
Chapter 2: Literature review (Review of 3-D crack growth in brittle materials under compression)
We review important aspects of experimental preparation, techniques and results of 3-D crack growth
under compression (from the studies of 3-D surface crack growth and 3-D internal crack growth). We make
comparative analysis of mechanisms of 3-D brittle crack growth in compression and discuss potential factors
which may influence the experimental outcomes.
Chapter 3: Rock fracturing in biaxial loading: the effect of friction in laboratory experiments
It is commonly accepted that the rock elements located at the excavation boundaries are under biaxial
compression. This is one of the engineering backgrounds of the study of 3-D crack growth in biaxial
compression. However, in recent years in the rock mechanics literature the so-called true triaxial unloading
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test has been developed to study the rock failure at the excavation boundaries, in which the conventional
biaxial compression test is modified: one surface of a prismatic rock sample along the direction of the
minimum principal stress is loaded in addition to the biaxial loading condition. To investigate the end friction
produced during this type of test and to evaluate its effect on the stress distribution and the failure modes in
the tested samples, we firstly review previous studies on true triaxial unloading tests in the literature
especially the corresponding failure modes; we then perform finite element analysis and demonstrate the
importance of the end friction effect during rock testing under uniaxial loading, biaxial loading and true
triaxial unloading conditions.
Chapter 4: Effect of the intermediate principal stress on 3-D wing crack growth
We test a series of transparent casting resin samples, each with a single initial penny-shape crack at the
sample centre in biaxial compression with different ratios between the lateral (the intermediate principal
stress) and the axial (the major principal stress) loads. The initial penny-shape cracks are inclined at 30° to
the major principal stress but parallel to the intermediate principal stress. We then carry out the numerical
investigation using the finite element method (FEM) in order to understand the mechanism of transition from
wing wrapping to wrapping suppression enabling extensive growth and to validate the results obtained from
the physical experiments.
Chapter 5: Effect of shape and orientation of the initial defects on 3-D wing crack growth in biaxial
compression
To systematically study the effect of the intermediate principal stress on 3-D crack growth, more biaxial
compression tests are conducted on the 3-D initial defects with different shapes and inclination angles. First,
we consider the extreme case of a pore structure, i.e. spherical pores in biaxial compression. A series of
biaxial compression tests with different load ratios are conducted on samples each containing a single
spherical pore, to investigate if a crack can grow extensively from the pore structure and then explore the
transition process between extensive (the wing crack grows extensively towards both loading axes) and
restricted (the wing crack is restricted to the size comparable to the initial pore because of wing crack
wrapping) crack growth modes. Then we conduct the biaxial compression tests on penny-shape crack of 45°
and 60° to the major principal stress but parallel to the intermediate principal stress, and square-shape crack
of 30°. In the numerical part, the finite element method (FEM) is used as a numerical simulation tool to
explore the mechanisms of wing crack wrapping and wrapping suppression.
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Chapter 6: Mechanics of in-situ spalling based on 3-D crack growth in biaxial compression
An in-situ spalling strength that is lower than the uniaxial compressive strength (UCS) obtained in the
laboratory has long been a puzzle. We argue that when doing this comparison, two critical factors should be
taken into account: the scale effect and the change of the failure mechanism caused by the presence of the
intermediate principal stress. This chapter describes a 3-D crack growth mechanism sensitive to the
intermediate principal stress, which might cause, or at least contribute to the relatively low in-situ spalling
strength. We present a series of tested transparent casting resin samples, each with a single initial pennyshape crack, square-shape crack of different inclination angles or spherical pore at the sample centre under
biaxial compression with different biaxial load ratios. The applied biaxial load ratios are estimated by
calculating the in-situ stresses at the excavation sidewall and the driving face at the Mine-by tunnel 420 level
(depth of 420 m) in Underground Research laboratory (URL) in Canada using a boundary element program
Examine 2D. In this location, the spalling fractures were well developed at the sidewalls. A simple model of
the wing crack growth and interaction with the free surface (excavation surface) is developed to relate the
spalling strength to the UCS obtained in the laboratory.
Chapter 7: Possible mechanism of splitting in rock samples under uniaxial compression
In uniaxial compression, rocks are often recognized to fail by sudden splitting parallel to the direction of
loading. In this chapter, we analyse stress distributions in the polar coordinate system of the sample with
end-boundary conditions including sample ends with perfect lateral confinement and directly contacting with
metal loading platens under uniaxial compression. Possible mechanisms of the routinely observed splitting
failure mode in uniaxial compression are discussed in connection with the modelling results and the 3-D
crack growth concept.
Chapter 8: Conclusions
Chapter 9: Recommendations for future research
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Chapter 2. Literature review (Review of 3-D crack growth in brittle
materials under compression)
2.1. Abstract
Pre-existing 3-D defects are common and ubiquitous elements of microstructures in heterogeneous and
brittle materials like rocks. It is well believed that brittle fractures are due to the initiation and subsequent
growth of cracks from pre-existing defects. Therefore, a thorough knowledge of 3-D crack growth under
different loading conditions (mainly in the compressive stress field) is necessary to understand the
macroscopic constitutive behaviour of rocks, i.e. the pronounced nonlinearity of rock deformation and
ultimate failure modes. The current paper reviews experimental preparation, techniques, and experimental
results of 3-D crack growth (both from the studies of 3-D surface crack and 3-D internal crack). In addition,
potential factors which may influence the experimental outcomes of crack growth process are discussed. The
current findings are: the main feature of 3-D crack growth in uniaxial compression is wrapping of the formed
wing cracks around the initial crack, and the same can be found of the wings produced from an initial
spherical pore. The crack interaction in uniaxial compression is found when the initial cracks are close to
each other and located on a line normal to the loading axis, in which their combined stress field creates a
new crack surface extensively growing up to the sample ends causing splitting. For 3-D surface crack growth
in uniaxial compression, the results depend upon the depth of the initial crack penetration as compared to
the sample thickness: with large depth of penetration the subsequent crack pattern resembles that of 2-D tests
(with a through initial crack), with small depth – 3-D tests. In 3-D crack growth, the intermediate principal
stress suppresses wing wrapping enabling extensive crack growth up to the sample ends. The same
phenomenon is also observed for wing cracks emanating from an initial spherical pore. The thresholds of
the biaxial load ratio for the extensive 3-D crack growth are quite low: in the case of an initial penny-shape
crack inclined at 30o to the major principal stress axis, the intermediate principal stress should only exceed
5.7% of the major principal stress. For an initial spherical pore the threshold is somewhat higher – 8.5%, but
still small. Numerical modelling studies of 3-D crack growth face challenges related to the determination of
the direction of crack growth in 3-D as well as the considerable computational resources required for the
modelling of extensive crack growth.

12

Chapter 2. Literature Review

2.2. Introduction
Rocks contain various types of pre-existing defects, e.g. cracks, voids and grain boundaries. These preexisting defects may not account to considerable percent by volume but profoundly influence the mechanical
properties of rocks [1, 2]. In Griffith’s original theory of fracture, the assumption is made that any material
contains a large number of randomly-oriented microscopic flaws or “cracks”, and under compression, the
subsequent crack growth is induced when the maximum tensile stress near the tips of the most unfavourably
oriented initial cracks reaches a value characteristic of the material [3]. Although there is still a considerable
body of research focusing on determining the applicability of the Griffith theory in the field of rock
mechanics, this theory that the brittle fracture is due to the growth of cracks has gained broad support [4].
The majority of crack growth studies concentrates on the simplest two-dimensional (2-D) case. In 2-D
crack growth studies the pre-existing defects in rocks were simplified as two-dimensional representation, in
which through (fully penetrating) flaws were usually machined in the samples. In uniaxial compression, the
wing cracks emanating from the pre-existing crack can grow extensively and have the capability of causing
the splitting failure of the sample [5-13]. A similar pattern of crack growth was also observed in the samples
with through cylindrical pores [14-20]. In some studies [10, 21], the biaxial compression tests were carried
out on samples containing 2-D initial cracks, in which the lateral compression quite efficiently inhibited the
crack growth. The real pre-existing defects in rocks are usually three-dimensional, therefore the investigation
of 3-D crack growth in compression is necessary. The biggest challenge in experimental investigation of 3D crack growth is the difficulty in monitoring the propagation of internal cracks, whose visualisation requires
the use of transparent, preferably brittle artificial materials. The existing studies in the literature include
investigation of growth of 3-D internal cracks and 3-D surface cracks under compression. In the case of 3D surface cracks, flaws or slots were cut on the surfaces of samples, and the penetration can be deep or
shallow for a given thickness of a sample. In the studies of 3-D internal cracks, the size of the sample should
be large enough and therefore the initial crack can be located at the centre of a sample, i.e. the initial crack
is fully embedded in the sample.
Essentially, the rock fracturing and failure are attributed to the crack initiation, growth and interaction in
response to a specific stress field. These include crack growth from pre-existing cracks, pores, grain
boundaries and other types of inhomogeneity in rock samples; joints, faults and other natural planes of
weakness in larger rock masses [6]. The ultimate goal of 3-D crack growth study is to understand fracturing
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mechanisms of rocks subjected to various loading conditions. In reality, some potential factors, e.g. end
friction effect [22, 23] and imperfect shape of the rock samples [24] will inevitably disturb the desired or
expected stress fields within rock samples or rock masses. Given the three-dimensional nature of pre-existing
defects in rocks, it is not possible to reveal the fracturing mechanisms of rocks without comprehending the
3-D crack growth mechanisms in different stress fields.
This paper summarizes and reviews three core aspects of the studies on 3-D crack growth in brittle
materials under compression: 1) materials chosen for sample preparation; 2) manufacturing methods of
introducing pre-existing 3-D cracks in samples and most importantly 3) crack growth patterns in different
stress fields. In some previous studies, the effect of pre-existing cracks on the macroscopic responses of
samples under compression, e.g. peak strength, strain distribution, post-peak behaviour, and the
characteristics of acoustic emission events during testing, etc. was also investigated. In this review, however,
we mainly focus on the crack growth patterns and the corresponding mechanisms in different loading
conditions. Hereafter terms of “pre-existing crack” or “initial crack” are used to describe an artificially
introduced “flaw”, “fracture” or “slot” in an intact sample in order to eliminate the possible confusion. Under
compression, new cracks initiated from a pre-existing crack have respective terminologies associated with
the corresponding mechanisms, e.g. wing crack, anti-wing crack, etc.

2.3. Materials used in the studies of 3-D crack growth
The materials adopted in studies of 3-D crack growth are summarized in Table 2.1. Transparent and
brittle materials are suitable for the study of the 3-D crack growth, especially for investigating 3-D internal
crack growth. However, in order to suppress the plasticity and thus achieve a brittle failure regime, some
transparent materials such as PMMA and polyester resin that behave plastically at room temperature need
to be frozen prior to testing. The freezing treatment on samples will unavoidably lead to some problems. For
instance, a short loading period is required if freezing measures (e.g. freezing system and dry ice) are not
adopted in the course of testing. In addition, the real-time observation of the crack growth will become
difficult if the sample is frozen. Therefore, new materials which are both transparent and brittle enough
would be needed such that the freezing can be avoided. Also, it is interesting to note that in some studies,
even without freezing the 3-D printing resin can still present acceptable brittleness up to the final failure
according to the stress-strain curves shown in [25-27].

14

Chapter 2. Literature Review

Table 2.1 Materials used in studies of 3-D crack growth in the literature.
Materials

References

Glass

[28]

PMMA (polymethyl methacrylate)

[28]

3-D surface crack

3-D internal crack

Frozen PMMA

[29-32]

marble

[28, 32-34]

gabbro

[28, 33, 35, 36]

mortar

[37]

sandstone

[33, 37, 38]

granite

[39-42]

granodiorite

[43, 44]

gypsum

[45]

PMMA

[46]

Frozen transparent resin

[47-56]

Transparent resin (Accura® 60 for 3-D printing)

[25-27]

Transparent resin (VeroClear for 3-D printing)

[57, 58]

Frozen PMMA

[52, 59-61]

borosilicate glass

[52, 60, 62, 63]

Mortar or pure cement

[50, 64]

Real rock

[15, 22, 65]

2.4. Fabrication of initial 3-D cracks
Essentially the fabrication of 3-D initial crack is to artificially create discontinuities in an intact sample
(on a surface of a sample (3-D surface crack) or inside a sample (3-D internal crack)). In the following, we
review manufacturing methods used in crack growth studies. It should be noted that some original studies
mentioned below may belong to the category of 2-D crack growth, while the methods of manufacturing preexisting cracks are still applicable to the 3-D crack growth study, especially for producing 3-D surface initial
cracks.

2.4.1. 3-D surface cracks
2.4.1.1. Early manufacturing methods
Hoek and Bieniawski [66] used the following technique to introduce a closed initial crack in a glass
sample: first a hairline crack was cut at the front surface of a glass plate by the use of a hardened roller type
glass cutting tool. In order to extending the initial hairline crack into the plate, the back surface of this plate
was impacted to generate reflected tensile stress waves. In this way, a 3-D surface initial crack can be
produced. A fully-penetrating crack can also be produced if the initial hairline crack is extended through the
whole thickness of the plate. A glass sample machined by using this method in uniaxial compression test is
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shown in Fig. 2.1. Teng et al [28] however argued that by adopting this method, it was difficult to ensure
that the initial crack plane was perpendicular to the sample surface and the length of the initial crack cannot
be easily controlled, especially in the case where a rock sample was machined, which is attributed to the
strong effect from the pre-existing microstructures in rock.

Fig. 2.1. Crack growth from a closed crack in a glass sample subjected to uniaxial compression (modified from [66]).

Yin et al [67] produced non-penetrating initial cracks on the surface of plate samples using the following
technique. First, a surface scratch (hairline crack) was machined at the chosen location (normally at the
centre of the front surface of a plate) using diamond and carborundum for glass and rock samples,
respectively. Then, the pre-cracked sample was subjected to the three-point bending, Fig. 2.2 (a), leading to
fatigue extension of the scratch into the sample finally forming an initial crack. Yin et al [67] also reported
that in glass and PMMA samples, the produced cracks showed good straightness; while in rock samples, the
straightness of cracks was influenced by internal rock structures. An example of machined marble plate is
shown in Fig. 2.2(b). Yao [68] used an alcohol burner to heat the ambient area in order to propagate an
initial scratch at the surface of a glass sample and claimed that the heated area dilated and the small thermal
fracturing was produced at the centre of the sample and thus an initial crack was formed. However, this
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method should be taken with a grain of salt because the heating may produce the thermal fracturing
(spallation) on the sample surface.
The following procedure was used to introduce 3-D surface cracks on the surface of a PMMA sample by
Cannon et al [31]: an array of three aligned holes was firstly drilled and then they were connected by
impacting with the use of a metal punch. Actually, this is a prototype of 3-D surface crack fabrication by the
use of mechanical method. Obviously, by adopting these early methods mentioned above, geometries of 3D surface cracks cannot be quantitatively controlled.

Fig. 2.2. Prefabricating initial 3-D surface crack in a plate sample by three-point bending: (a) three point-bending: 1 the sample; 2 - the surface scratch; 3 - steel ball; 4 - extended path of the surface crack; (b) a surface crack machined
at the centre of a marble plate.

2.4.1.2. The mechanical method
Up to date, the mechanical method of preparing pre-cracked samples is one of the most commonly used
methods in the study of 3-D surface crack growth. Fig. 2.3(a) shows manufacturing of a 3-D surface crack
in a marble sample by using a circular cutting blade [32]. Fig. 2.3(b) shows cutting an open through fissure
in a sandstone sample with a high pressure water-jet. The samples produced in the latter case were tested in
uniaxial compression, i.e. 2-D crack growth has only been achieved [11], while the machining method can
also be used for 3-D surface crack manufacture.
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Fig. 2.3. The mechanical method of preparing a pre-cracked sample: (a) 3-D surface crack produced by circular
cutting blade, modified after [32] and (b) a through fissure cut by the high pressure water-jet, modified after [11].

2.4.1.3. Crack production in castable materials
For castable materials such as polyester casting resin, cement and gypsum, 3-D surface cracks can easily
be introduced by inserting metallic shims during the casting procedure [12, 45]. Bobet and Einstein [10]
used a casting method to fabricate samples with fully-penetrating fissures. According to the schematic
diagram shown in Fig. 2.4, the mould they used consisted of four stainless steel plates as the lateral surfaces
and two PMMA plates as the top and bottom surfaces. The top plate has a rectangular window which is used
to pour the liquid gypsum mixture into the mould. Each PMMA plate has two slits on it to plug the inclusions
such as metallic shims (producing open pre-existing crack) or video tape strips (producing closed preexisting crack) through the plate. Apparently, this specially-designed mould can be modified to meet the
demand of the preparation of samples with 3-D surface cracks. That is the non-penetrating crack fabrication
can be approached by hanging the inclusions prior to material casting depending on the desired penetration
depth of a 3-D surface crack.
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Fig. 2.4. The mould used for the fabrication of gypsum samples. Reproduced from Bobet and Einstein [10].

2.4.2. 3-D internal crack fabrication
2.4.2.1. Hanging inclusions in a mould prior to material casting
This is the main technique of sample preparation in 3-D internal crack growth studies of Dyskin et al
[50] and Wang et al [55]. In order to model an initial penny-shape crack at the centre of a resin sample, two
greased aluminium foil disks, inclined at a prescribed angle to one of the loading axes were hanged in the
centre of an aluminium mould by a pair of copper wires (or cotton threads) prior to resin casting. Before
pouring into the mould, resin and catalyst (0.5% to 1.5% by weight) were mixed thoroughly. After being
completely cured (normally around 7 days according to the resin casting manual), the original samples were
cut and polished to the required dimensions. The manually machined resin samples can provide good
transparency; however, the most obvious disadvantage of this manufacturing method is that the wires that
hold initial cracks remain in samples after casting. It should be noted that the effect of the remaining wires
on crack growth has not yet been detected. The sample preparation using other castable materials is similar
by adopting this method.
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2.4.2.2. Cutting 3-D surface crack on two halves of a sample and gluing them together
This method was firstly introduced by Adam and Sines [46] and then used by Dyskin et al [50] alongside
with the casting method for verification purposes. To produce a penny-shape initial crack, a 0.3 mm thick
semi-circular slot was cut into the surface (interface) of each of the two halves of a sample that were then
glued back together. It should be noted that to ensure that the opposite faces of an initial crack contact with
each other, Teflon or greased foil disks were inserted into each slot. Fig. 2.5(a) shows a schematic diagram
illustrating machining a sample by this method. The cutting method was also adopted by Dyskin [50] and
Wang et al [56] for producing samples each containing a spherical pore in the centre, see Fig. 2.5(c).
It is however difficult to create several initial cracks in a sample by the cutting method. This is because
in order to insert pre-existing cracks at different horizontal and vertical planes, more than one cutting planes
need to be produced, which may introduce instability to the sample and hence the uncertainty of test results.
Therefore, this method was only used for simple initial crack arrangements. Zhou et al [59] used the cutting
method to prepare pre-cracked PMMA samples for investigating crack growth from two pre-existing crossembedded cracks under uniaxial compression. The sample geometry and the initial crack arrangement are
shown in Fig. 2.5(b). As described by Zhou et al [59], a milling cutter with the diameter of 2mm was used
to machine the initial crack with thickness of 2 mm and cutting depth of 2 mm in a PMMA sheet. The length
2a was of 20 mm of pre-existing half-crack and the spacing between cracks s was of 20 mm. Then two precracked PMMA plates with dimension of 120 mm (length) *70 mm (width) * 25 mm (thickness) were cut
from the PMMA sheet. Finally, an organic glue was used to adhere two PMMA plates, during which the
pre-existing cross-embedded half-cracks should be guaranteed to match each other. The quality of contact
of the opposite surfaces of initial cracks was not ensured in Zhou et al [59].
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Fig. 2.5. Crack manufacturing using the cutting method: (a) sketch of a sample with an initial crack prepared by
cutting; (b) sample containing two 3-D cross-embedded cracks: front view and top view of a PMMA sample and
sketch of pre-existing cracks geometry. Reproduced from Zhou et al [59]; (c) two halves of resin samples each with a
hemispherical void at the centre of the cutting plane before gluing them together.

2.4.2.3. Internal crack induced by laser
Germanovich et al [53, 60, 61] introduced initial cracks in transparent non-castable materials such as
silica glass and PMMA by using a high energy neodymium-doped laser pulse focused inside the sample, as
shown in Fig. 2.6(a) and (b). This method avoids introduction of cutting planes in PMMA and glass samples
and is capable of manufacturing multiple internal cracks, Fig. 2.6(c). However, this method is labourintensive and special equipment is needed to create the desired arrangement of initial cracks.
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Fig. 2.6. Cracks manufactured by laser pulse: (a) The initial crack preparation in a silica glass sample; (b) a
completed sample containing a single initial crack; (c) a completed sample containing multiple initial cracks.
Reproduced from Germanovich et al [53, 60].

2.4.2.4. Thermal induction of a group of initial cracks in resin sample
This method was used by Dyskin et al [50] to induce multiple cracks in a resin sample. For casting resin
the general recommended catalyst ratio is 0.5% to 1.5% by weight. The method of thermal induction uses
an excessive high catalyst ratio (around 7%), which leads to considerable heat production and creation of
thermal stresses. The latter is mitigated by heating the curing samples in an oven to about 60℃ for 1.5 h.
This results in a production of multiple internal cracks whose sizes and density depends upon the oven
temperature. The obvious limitation of this technique is that it can only produce randomly oriented initial
cracks rather than the elaborately designed arrangement of initial cracks. In addition, after curing process,
resin samples will inevitably contain residual stresses.

2.4.2.5. 3-D printing of samples with internal 3-D cracks
The 3-D printing is a promising technique in the field of 3-D crack growth study. Zhou et al [27] used 3D printing to manufacture a sample containing a single penny-shape crack, Fig. 2.7.
Technically, the initial crack created in Zhou et al [27] is a penny-shaped slot with radius of 5 mm and
aperture of 2 mm. The aperture is dictated by the minimum layer thickness of the available 3-D printing
technique. This seems to be a critical issue that needs to be resolved as the contact of the opposite surfaces
of the initial crack cannot be achieved. This issue will further be discussed later in this paper.
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Fig. 2.7. The manufacturing procedure of a sample containing a single penny-shape crack. Reproduced from Zhou et
al [27]: (a) 3-D digital model preparation using designing softwares such as Auto CAD; (b) slicing the digital model
into continuous cross-sectional layers; (c) printing the sample layer by layer using a 3-D printer and (d) grinding and
polishing the original sample to increase its transparency; (e) a final sample containing a penny-shaped initial crack.

2.4.2.6. 3-D printing of samples containing complex pre-existing defects
The pre-existing flaws in brittle materials are of various and irregular shapes. The penny-shape crack is
often used only because it is the simplest flaw geometry that incorporates an adequate set of flaw variables
[69]. In recent years, the X-ray computerized tomography (CT) was combined with the 3-D printing
technique to replicate the complex structures of pre-existing defects in concrete [58] and rocks [26]. The
workflow of this sample manufacturing technique is demonstrated in Fig. 2.8. Similar to the workflow for
producing samples each containing a single regular pre-existing cracks, in this case, by the use of the X-ray
micro-CT technique, a series of consecutive 2-D micro-CT images scanned from a real rock sample layer by
layer are post-processed and adopted as input digital model for 3-D printer to produce artificial rock or
cement samples. Fig. 2.9 shows two identical physical models of a cubic coal sample reproduced by Ju et al
[57].
The studies available in the literature (see [26, 57, 58]) using 3-D printed rock/cement samples mainly
investigated the macroscopic behaviour of samples under different loading conditions rather than crack
growth mechanisms at a smaller scale. Therefore the experimental results in these studies are not reviewed
further here.
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Fig. 2.8. The workflow of producing an artificial rock sample using X-ray computerized tomography (CT) and 3-D
printing techniques based on Zhu et al [26].

Fig. 2.9. Two 3-D printed models of the same coal sample by Ju et al [57].

2.5. Review of experimental results on surface crack growth
2.5.1. Introduction of the concepts of open and closed initial cracks
Before reviewing experimental results of 3-D crack growth, we consider the concepts of open and closed
initial cracks to demonstrate the important effect of the contacted surfaces of an initial crack on subsequent
crack growth mechanisms. In the field of brittle crack growth study, pre-existing cracks in compression can
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either be closed or stay open (at least at the stage of wing production). As defined by Bobet and Einstein
[10], “open flaws have a finite aperture so the internal faces do not touch each other during fabrication or
loading; closed flaws have internal faces in contact with each other from fabrication to testing, so cohesion
and friction can develop within closed flaws.” A comparative study regarding crack coalescence from open
and closed flaws in 2-D by Park and Bobet [70, 71] shows that the main difference between experimental
results from open and closed flaws is reflected in the fact that the closed flaws require higher initiation and
coalescence stresses than open ones. However at the stage of extensive wing crack growth, the initial voids
with contacted faces are the strongest drivers of wing crack growth, see Dyskin et al [72]. Unfortunately, in
most of the relevant studies using open initial cracks (both 2-D and 3-D), it is seldom mentioned as to whether
the pre-existing cracks are maintained open in the course of loading. In a recent experimental study of 2-D
crack growth using sandstone samples under uniaxial compression [73], four types of infilling conditions,
i.e. no filler, gypsum filler, cement filler and resin filler were inserted into machined slots, Fig. 2.10. It shows
that the samples containing slots inserted with a filler, i.e. with contacted surfaces have higher crack initiation
stress levels and smaller wing crack inclination angles (measured counter clockwise from the initial slot
plane) than those with unfilled slots. Despite the fact that study [73] focused on 2-D crack growth in uniaxial
compression, the effect of contacted surfaces of pre-existing cracks on crack growth mechanisms is partly
revealed and should be taken into account in future studies of crack growth in compression.

Fig. 2.10. Different infilling conditions of machined slots in sandstone samples. Reproduced from Miao et al [73].

2.5.2. Single 3-D surface crack growth in uniaxial compression
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Apparently, the most important parameter of a 3-D surface crack is the value of d/t, i.e. the ratio between
the cutting depth of the surface crack (d) and the thickness of the sample (t), which determines the interaction
of the initial crack with the opposite surface of the sample. With the increase of d/t, 3-D surface crack
gradually becomes 2-D initial crack, during which the evolution of crack growth patterns need to be revealed.
Teng et al [28] pointed out that the three-dimensional model of crack growth was a better approximation
than two-dimensional one. Subsequently, they designed a novel test of crack growth in uniaxial compression.
In their study, plate samples were made from several kinds of materials, i.e. glass, PMMA (polymethyl
methacrylate), marble and gabbro. Non-penetrating initial cracks were cut from surfaces of plate samples
following the manufacturing technique proposed by Yin et al [67], as described in Section 2.4.1.1. However,
limited to the method of machining initial cracks, the cutting depth of pre-existing surface cracks could not
be accurately designed. When preparing pre-cracked samples, the authors only guaranteed that initial surface
cracks were not fully penetrating through samples so as to distinguish the current topic from 2-D crack
growth. According to the sketch of the sample and the initial crack geometry, Fig. 2.11, the value of d/t was
relatively large. Also, in [41] it was mentioned that the created 3-D surface cracks in Teng et al [28] extended
into samples at about 73% of the sample thickness (d/t≈0.73). In other words, initial surface cracks in their
study almost penetrated the whole thickness of samples and thus were close to 2-D cracks.

Fig. 2.11. The geometry of sample used by Teng et al [28].

The 3-D surface crack growth in glass samples was described in Teng et al [28]. The process of a nonpenetrating initial crack in uniaxial compression had the following features: first, some small cracks with
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approximately equal intervals were produced along the whole internal front of the initial crack, Fig. 2.12. As
reported by Wong et al [32] and Chau et al [74], these small cracks were defined as petal cracks. With the
increase of loading, they coalesced with each other becoming larger cracks which still had approximately
equal spacing. After that, two cracks sprouted from the upper and lower contour of the initial crack,
respectively, grew extensively along the loading axis reaching the upper and lower boundaries and penetrated
the whole thickness of the sample. Fig. 2.12(c) presents the extensive crack growth towards the loading axis,
clearly resembling the wing crack growth observed in 2-D case.

Fig. 2.12. Typical crack growth patterns when initial cracks are of different inclination angles with respect to the
loading direction. Reproduced from Teng et al [28].

In an experimental study conducted by Cannon et al [31], a prismatic PMMA sample (20*20*60 mm)
was machined containing a 3-D surface half-penny crack with radius of 5 mm inclined at approximately 45°

to the loading axis. The value of d/t of the initial crack was approximately 0.25. Under uniaxial
compression, new cracks sprouting from the initial crack assumed a sail-like shape and wrapped
around the initial crack. Furthermore, the authors observed that these cracks continued to propagate
parallel to the loading axis and penetrated the thickness of the sample to some extent, Fig. 2.13.
This type of crack was defined as “blade crack” in their study and referred to as wing crack
wrapping according to some subsequent studies. The wing cracks growing from a 3-D surface crack
in Cannon et al [31] are sketched in Fig. 2.14. Apparently, the size of the sample tested in [31] is
relatively small considering the size of the initial surface crack. Under this circumstance, whether
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the produced wing cracks were capable of growing extensively or not cannot be confirmed
unambiguously.

Fig. 2.13. Crack growth from a 3-D surface crack in a PMMA sample in uniaxial compression [31]: (a) perspective
view; (b) top view; (c) left-side view; (d) front view.

Fig. 2.14. A process of crack growth from a 3-D surface crack in a PMMA sample in uniaxial compression [31].

Systematic studies of 3-D surface crack growth in uniaxial compression were conducted by Wong and
her colleagues on a variety of materials, including PMMA [29, 30, 32], marble [32, 33], sandstone [33],
gabbro [33, 35, 36], granodiorite [43] and granite [39-42]. The motivations of studying 3-D surface crack in
compression in their studies are [29]: (1) most of earthquakes are induced from non-penetrating faults, i.e.
the upper part of the fault does not have outcroppings and the lower part of the fault is not likely to penetrate
the lithosphere extending to the upper mantle and; (2) in geotechnical engineering, there exists non28
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penetrating surface cracks which are different from 2-D cracks and 3-D internal cracks. Fig. 2.15 illustrates
a single 3-D surface crack with length (on the surface) of 2c and depth of d in a prismatic sample tested in
uniaxial compression. Relatively homogeneous materials such as PMMA samples were used by Wong et al
[32]. When PMMA samples each containing a single 3-D surface crack were tested in uniaxial compression,
the following types of cracks were induced: wing crack, petal crack and shell-shape crack as described below.
Wing cracks were induced from the upper and lower tips of an initial crack when 70% of peak stress (≈
160MPa) was reached, followed by the appearance of petal cracks at the front of pre-existing surface crack,
see the stress-strain curve of the uniaxial compression test on a PMMA sample containing an initial 3-D
surface crack in Fig. 2.16(e). Fig. 2.16(a) and (c) show typical crack growth patterns for samples with d/t =
0.66 and 0.28; the corresponding close-up views are shown in Fig. 2.16(b) and (d), respectively. It is seen
that petal cracks were similar to that observed in Teng et al [28], Fig. 2.12.
When inclination angles (α) of initial cracks were equal or greater than 60° with respect to the loading
direction, both wing cracks and petal cracks induced from lower tips of initial cracks extended along a
curving shape reaching the upper part of initial cracks; these were referred to as “shell-shape cracks” by
Wong et al [32]. Some shell-shape cracks in samples with d/t＜0.3 (0.25 to 0.27) are presented in Fig. 2.17.
It is seen in Fig. 2.17(d) that the shell-shape crack was actually a special kind of a wrapped wing crack.

Fig. 2.15. Layout of a sample containing a 3-D surface crack. Reproduced from Wong et al [32].
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Fig. 2.16. Crack growth from 3-D surface cracks: (a) in a PMMA sample with d/t= 0.66 and (b) the close-up view.
Modified from Wong et al [32]; (c) in PMMA sample with d/t= 0.28 and (d) the close-up view. Modified from Wong et
al. [39]; (e) the stress-strain curve of uniaxial compression test on a PMMA sample containing a 3-D surface crack.
Modified from Wong et al [30].

Fig. 2.17. Shell-shape cracks sprouting from initial 3-D surface cracks with different angles of inclination

with

respect to the loading axis: (a) α=60°; (b) α=75°; (c) α=80°. Reproduced from Wong et al [32]; (d) a sketch of crack
growth from a 3-D surface crack. Modified after Chau et al [74].

According to Fig. 2.16, it is obvious that wing crack growth is more extensive when d/t is of 0.66 than
that in the test when d/t is of 0.28. Therefore, more samples with different values of d/t need to be tested in
uniaxial compression so as to reveal the gradual change of crack growth mechanisms from 2-D crack to 3D surface crack. The results obtained in Wong et al [30, 32] demonstrated that the growth length of wing
cracks was dependent on the penetration of initial surface cracks, i.e. with the same length of initial cracks,
wing crack growth was more extensive when the cutting depth of initial cracks increased. As can be seen in
tested PMMA samples shown in Fig. 2.18, when cutting depth of flaw was greater than 0.3 of the thickness
of sample (d/t≥0.3), the propagation of wing cracks was capable of extending to the top and bottom sample
boundaries. However, when it was less than 0.3, the extension of wing cracks was about only 0.5-1.5 times
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the length of the initial flaw then stopped. Clearly in PMMA samples, d/t=0.3 could be regarded as the
critical value separating extensive and restricted wing crack growth from 3-D surface cracks. As summarized
by Wong et al [39], with the increase of d/t, the crack initiation stress decreased, the length of the wing crack
was higher, and the growing rate was higher. This indicates that with the increase of d/t the extensive wing
crack growth was easier to reach, reflecting the gradual change of crack growth mechanisms from 2-D to 3D type of wing crack growth in uniaxial compression.

Fig. 2.18. Crack growth from a 3-D surface cracks with different values of d/t in PMMA samples [30, 32]: (a)
d/t=0.66; (b) d/t=0.41; (c) d/t=0.33; (d) d/t=0.28; (e) d/t=0.2.

The main advantage of using natural rocks to prepare pre-cracked samples is their inherent brittleness.
However, rocks are typically heterogeneous materials which contain various pre-existing defects, e.g. pores,
cracks and grain boundaries, whose sizes are comparable to that of the structural elements [1]. The crack
growth from an artificially machined 3-D surface crack will inevitably be influenced by these
inhomogeneites. In addition, due to the great variation in microstructures from sample to sample, the
experimental results regarding 3-D surface crack growth will probably be non-reproducible. In the following,
the studies on real rock samples each containing a single 3-D surface crack under uniaxial compression in
the literature are considered. It will be shown that indeed the experimental results do not show consistency.
Most importantly, the new cracks induced from artificially introduced initial cracks and the crack growth
associated with pre-existing microstructural elements of rock samples need to be distinguished.
Wong et al [32] conducted a series of uniaxial compression tests on marble samples each containing a
single 3-D surface crack machined from a surface. In the course of loading, three types of cracks were
observed (in the terminology suggested by Wong et al [32]): (1) wing crack, (2) secondary crack, and (3)
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compressive crack. These crack types are also shown in Fig. 2.19; unfortunately the important information
- the value of d/t was not provided for these samples. Wing cracks and compressive cracks normally appeared
when the peak stress (65.74 MPa) was reached, while the secondary crack initiated at the post-peak stage
when the stress level dropped to 10% to 30% of the peak stress. The appearance of these types of cracks was
partly dependent on inclination angles of initial cracks with respect to the loading direction, α. Fig. 2.20
shows the crack growth patterns when 3-D surface cracks with different inclination angles were tested in
marble samples with d/t of 0.11. As reported in their study, when α≥45° the wing cracks initiated from the
tips of the pre-existing crack, propagate both towards the sample boundaries and the back of the sample, as
evident from examining its back, Fig. 2.19(c). When α＜45°, the wing crack cannot initiate from the tip of
the pre-existing crack. Instead, compressive cracks were observed to initiate from the end of the sample and
propagate towards the tips of the initial crack along the diagonal direction of the sample, as shown in Fig.
2.20. The authors believed that this type of crack growth was induced by the end friction at the sampleloading platen contacts and thus was not induced by the initial surface crack. Therefore, the inclination angle
of 45° can be regarded as a critical angle separating the appearance of wing cracks and compressive cracks.
Wong et al [32] defined the secondary cracks as cracks occurred later than wing cracks, but propagated
in different directions. Apparently, the term “secondary” was used to indicate the temporal cracking
relationship rather than the crack mechanism. Wing cracks and secondary cracks were induced from the
same tip of the initial crack but growing in different directions, which is similar to the observations in a 2-D
crack growth study by Bobet [21]. The secondary cracks growing along the opposite direction of the wing
crack were defined as oblique secondary cracks, Fig. 2.19(a).
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Fig. 2.19. Typical crack growth patterns from 3-D surface crack on marble samples in uniaxial compression.
Modified from [32].

Fig. 2.20. Final failure modes of marble samples containing 3-D surface cracks with different inclination angles with
respect to the loading direction. Reproduced from [32].

The effect of d/t on crack growth patterns in marble samples was also investigated by Wong et al [32].
Fig. 2.21 shows some tested samples with d/t from 0.06 to 0.32, when the inclination angle of initial 3-D
surface cracks was fixed at 45°. It was observed that when the value of d/t was larger than 0.3, the induced
wing cracks were almost parallel to the loading direction. This feature resembled that obtained in tested
PMMA samples, which might be attributed to the fact that with the increase of the value of d/t, wing crack
wrapping was suppressed to some extent and therefore wing cracks can growth extensively and parallel to
the loading direction, which was similar to 2-D case of wing crack growth. However, it is seen that when d/t
was lower than 0.3, wing cracks disappeared on the front surfaces of samples and oblique fractures were
formed connected with the tips of initial cracks. Due to the non-transparency of rock samples, the crack
growth behind the front surface cannot be observed. Therefore, it cannot be confirmed whether or not wing
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cracks were induced in samples with d/t lower than 0.3 and to what extent these oblique fractures were
associated with 3-D surface crack growth.

Fig. 2.21. Crack growth from 3-D surface cracks with different values of d/t in marble samples with initial crack
inclination angle

=

[32]: (a) d/t=0.32; (b) d/t=0.16; (c) d/t=0.11; (d) d/t=0.08; (e) d/t=0.06.

It is interesting to note that in some real rock samples, the first appearing crack (primary crack) was a
special type of crack that was observed to initiate at the sample surface near the tips of 3-D surface crack
rather than directly at tips. It grew in the direction opposite to the conventionally observed wing crack and
then propagated towards the tips of 3-D surface crack. In this case, wing cracks or compressive cracks
appeared at the latter stage. This special type of crack was firstly defined as “anti-wing crack” by Wong et
al [33]. Fig. 2.22 shows anti-wing cracks in marble, gabbro and sandstone samples. It should be noted that
the anti-wing crack is similar in shape but different in mechanism from the oblique secondary crack
described above, because the anti-wing crack is the primary crack that grows first whereas the oblique
secondary crack follows the primary crack (wing crack or anti-wing crack). In some studies, the acoustic
emission source location showed that anti-wing cracks actually initiated within the sample and propagated
to the front surface [33, 35].
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Fig. 2.22. Anti-wing cracks in samples made from: (a) marble (painted in dark colour); (b) gabbro (painted in white
colour); (c) sandstone (painted in white colour). Modified after [33].

Lu et al [38] conducted a series of uniaxial compression tests on sandstone samples each containing a 3D surface crack with different length, angle and depth. The X-ray computerized tomography (CT) scanning
technique was used to observe crack patterns inside samples after failure. Three typical types of crack were
identified: wing crack, anti-wing crack and far-field crack, Fig. 2.23. The wing crack and the anti-wing crack
have been introduced above. According to Lu et al [38] the far-field crack initiates near the top and bottom
edges of the rock sample, Fig. 2.23(c). The crack of this type resembles the compressive crack in Wong et
al [32]. It might be induced by friction at the top and bottom ends of the rock sample since the end friction
leads to the vertical stress concentration near the sample ends, as previously discovered in [75, 76]. It was
also found that wing cracks were induced more easily with the increase of the value of d/t and the length of
the pre-existing crack. Apparently, the following factors might contribute to this observation: (1) pre-existing
cracks more and more resembling the two-dimensional situation with the increase of d/t and; (2) the free
face effect acting when pre-existing cracks are longer.
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Fig. 2.23. Typical crack growth patterns from 3-D surface crack after Lu et al [38]: (a) wing crack (b) anti-wing crack
and (c) far-field crack.

As reported in Lu et al [38], neither wing cracks nor anti-wing cracks can grow extensively and produce
the ultimate failure of samples. Lu et al [38] also suggested that macroscopic fractures were formed due to
the coalescence of wing cracks, anti-wing cracks and far-field cracks. By adopting the 3-D space CT
scanning technique, they also found that a shell-like crack initiated at the inner contour of the initial crack,
wrapped around the initial crack and propagated to the front surface of the sample assuming the form of
“anti-wing crack”.
One should note that different heterogeneities of materials (e.g. real rock and PMMA stand for
heterogeneous material and relatively homogeneous material, respectively) could significantly contribute to
the notable discrepancies of crack growth patterns. In particular no anti-wing crack was observed in samples
made from relatively homogeneous materials, as listed in Table 2.2. In addition, for cracks sprouting from a
3-D surface crack, the effect of the free face of the sample cannot be eliminated [60, 77].
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Table 2.2 The appearance of different types of cracks in samples each containing a single 3-D surface crack subjected
to uniaxial compression considering the adopted materials.
Material of
sample

Appearance
of wing
crack

Appearance
of petal crack

PMMA

√

√

[28]

PMMA

√

√

[31]

PMMA

√

√

marble

√

√

√

√

√

[32]

√

√

√

gabbro

√

sandstone

√

sandstone

√

Appearance
of shellshape crack

Appearance
of anti-wing
crack

Appearance
of secondary
crack

Appearance
of
compressive
crack (farfield crack)

√

√

√

References

[30, 32]
√

[33]

√

√

[33]

√

√

[38]

2.5.3. Crack growth from several 3-D surface cracks in uniaxial compression
Some studies focused on crack growth under uniaxial compression in the presence of several 3-D surface
cracks.
Huang and Wong [29] conducted a series of uniaxial compression tests on frozen PMMA samples each
containing two 3-D surface cracks to investigate the mechanisms of crack growth and coalescence in brittle
materials. In their study, the cutting depth (d) of 3-D surface cracks was controlled. As shown in Fig. 2.24,
the geometric parameters of all samples tested in their study are: L=130 mm, W=65 mm, T (t)=30 mm,
2c=20mm, S=3mm and

=

= 45°.

Fig. 2.24. Schematic diagram of pre-cracked PMMA samples. Reproduced from [29].

Fig. 2.25 shows propagation processes of 3-D surface cracks at different stress levels in uniaxial
compression. The cutting depth of initial cracks is d=7.5mm, i.e. the value of d/t was of 0.25 in tested samples
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shown in Fig. 2.25. With the increase of the uniaxial loading, cracks initiated at the location near the upper
and lower contour of pre-existing cracks. Huang and Wong [29] suggested that the speed of growing of the
external wing cracks was higher than that of the inner wing cracks. The ultimate length of the external wing
cracks was approximately half of that of initial cracks and the inner wing cracks seemed to suppress the
growth of each other, Fig. 2.25(a). Huang and Wong [29] also suggested that with further increase of loading,
there were two coalescent patterns: 1) the coalescence between wing cracks and initial cracks 2) the
coalescence between the inner tips of initial cracks bridging by a new tensile crack produced between them,
Fig. 2.25(b).

Fig. 2.25. Propagation processes of 3-D surface cracks. Reproduced from Huang and Wong [29].

The abovementioned coalescence was not obvious when samples with different values of d/t were tested
in their study. From Fig. 2.26, it is seen that when d/t≥1/3, the external wing cracks grew extensively and
had larger size than that of the initial crack. For the inner wing cracks, they were shorter than the external
wing cracks sprouting from the same initial cracks. Also, the inner wing cracks seemed to suppress the
growth of each other and thus the tip-to-tip coalescence was not obvious. For example, in Fig. 2.26(b) and
(e), there was a small gap between two individual inner wings. When d/t＜1/3, wing crack growth was
restricted to the size of initial cracks, applying to both external and inner wing cracks. In addition, wing
crack wrapping was more obvious than that in the sample where the value of d/t was larger. Again, there
was no coalescence occurring between two inner tips of initial cracks. In summary, with the increase of d/t,
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wing crack wrapping is gradually suppressed, and the external wing crack growth is promoted while the tipto-tip coalescence between two initial cracks is always impossible. The “coalescence patterns” shown in Fig.
2.25 may be attributed to the failure of the PMMA material rather than the crack growth.

Fig. 2.26. Features of crack growth from two 3-D surface cracks with d/t of: (a) 1; (b) 1/3; (c) 1/4. The enlarged view:
(d) part A in (a); (e) part B in (b); (f) part C in (c). Reproduced from Huang and Wong [29].

Yin et al [40, 41] carried out uniaxial compression tests on granite samples containing two parallel preexisting 3-D surface cracks. The geometries of samples and pre-existing cracks are shown in Fig. 2.27. The
dimensions of granite samples are 200mm*135mm*20mm; depth d of pre-existing surface cracks is 6 mm
and thus the value of d/t is 0.3. According to the study of Wong et al [30, 32], with this value of d/t, the
maximum size of the induced cracks is supposed to be about 0.5-1.5 times the length of the initial crack in
uniaxial compression. Thus under this condition cracks cannot grow extensively towards the top and bottom
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boundaries of samples. The thickness of initial cracks is approximately 0.7 mm without filling materials in
the opening. In addition, the bridge angle (β, Fig. 2.27 (b)) varies from 0°, 45°, 60°, 90° to 135°. According
to the experimental results, anti-wing cracks occurred first and became the dominant crack growth pattern.
As for the coalescence between two initial cracks, the authors suggested that it took place both on the sample
surface and inside the sample but was dependent on the bridge angle (β). However, evidence was not
provided in Yin et al [40, 41] to support that the “coalescence” was attributed to cracks rather than the failure
of granite samples.

Fig. 2.27. Geometry of: (a) granite sample; (b) pre-existing 3-D surface cracks. Reproduced from Yin et al [40].

Yang et al [34] carried out uniaxial compression tests and conventional triaxial compression tests on
cylindrical marble samples each containing two non-overlapping pre-existing surface cracks. The geometries
of samples and pre-existing cracks are shown in Fig. 2.28(a) and (b), respectively. In uniaxial compression
tests, three types of crack growth patterns were observed, Fig. 2.29. Fig. 2.29(a) shows wing cracks initiated
from the inner tips of pre-existing cracks, while crack coalescence did not occur. Fig. 2.29(b) shows
coalescence between two pre-existing cracks connected by wing cracks sprouting from the inner tips of preexisting cracks. Fig. 2.29(c) shows a tested sample with both wing cracks, secondary cracks and crack
coalescence between the inner tips of pre-existing cracks. In conventional triaxial compression tests, with
confining pressure (σ3) of 10 MPa, crack growth patterns were approximately the same as those obtained in
uniaxial compression tests. When σ3 was increased to 30 MPa, no obvious wing cracks and secondary cracks
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were observed between two pre-existing cracks in coarse marble samples; whereas in medium marble
samples, wing cracks and secondary cracks could be observed. This reveals the suppressing effect of both
the confining pressure and the microstructural size on the sliding between opposite surfaces of pre-existing
cracks and effect of the heterogeneity on crack growth patterns. The crack growth pattern at the internal front
of the surface crack inside rock samples was not revealed.

Fig. 2.28. Geometry of: (a) pre-cracked marble sample; (b) pre-existing surface cracks. Reproduced from Yang et al
[34].
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Fig. 2.29. Typical crack growth patterns from pre-existing cracks with different arrangements: (a)
°; (b)

=

° and

=

°; (c)

=

° and

=

=

° and

=

°. Modified after Yang et al [34].

In summary, to investigate the crack coalescence process in uniaxial compression, samples with more
complex initial crack arrangements are necessary to be prepared and tested in future studies. In addition, it
needs to be distinguished that whether the fracture between pre-existing cracks are due to the crack growth
and coalescence or due to the failure of the carrier material, i.e. the sample.

2.5.4. 3-D surface crack growth in biaxial compression
The 3-D surface crack growth in biaxial compression was mentioned by Wong et al [39] [43] and Liu et
al [44]. Fig. 2.30 shows the set-up of biaxial compression tests in Wong et al [43]. The lateral stress was
applied and was kept constant after reaching 2.7 to 3 MPa, while the axial stress was increased continually
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until new cracks were induced. Two types of anti-wing cracks were observed as claimed by Wong et al [39]
[43]: type I anti-wing crack developed by petal cracks sprouting from the interior front of the surface crack
and extending to the front surface of the sample; type II anti-wing crack developed by the growth of tensile
cracks originating at the front surface and extending into the interior of the sample. In their tests, crack
growth patterns did not show substantial and distinct difference from that obtained in uniaxial compression
tests. It should be noted that according to the experimental results of 3-D internal crack reviewed later in this
paper, changing the lateral stress to the front sample surface shown in Fig. 2.30, i.e. be parallel to the initial
surface crack in future studies may produce different crack growth patterns.

Fig. 2.30. Biaxial compression test set-up in Wong et al [43].

2.6. Growth of internal 3-D cracks
2.6.1. Growth of a single 3-D internal crack in uniaxial compression
Investigating 3-D internal crack growth can provide insights into rock fracture under compression as preexisting defects are usually three-dimensional and fully embedded in rocks. If prepared samples contain a
limited number of pre-existing cracks with regular shapes, the study of 3-D internal crack growth should
focus on crack growth patterns rather than the failure of carrier materials. This is due to the fact that the
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heterogeneous materials like rocks and concrete contain multiple ubiquitous pre-existing defects such as
grain boundaries and thus the ultimate failure is apparently not resulted from cracks sprouting from a limited
number of pre-existing cracks with regular shapes in uniaxial compression.
Pre-existing defects crucially relate to the macroscopic behaviour of rocks subjected to compression.
However, direct observation of cracks and pores is difficult because of their small size and the nontransparency of rock materials. To view the interior of a rock sample, usually sections should be prepared
[2, 22, 78, 79] and are observed by the use of scanning electron microscope (SEM). This method only
provides a two-dimensional view (traces) of crack growth, but some important information can be obtained.
For instance, transgranular cracks induced at grain boundaries, Fig. 2.31(b) and (c), were obtained from thin
sections using scanning electron microscope (SEM). Sketches of commonly observed cases of crack growth
are shown in Fig. 2.31(a). It is seen that the induced cracks were approximately parallel to the direction of
loading. In addition, it is interesting to note that the sizes of wing cracks were comparable to those of initial
grains even though 75% of the peak stress was exceeded [65].
The motivation of 3-D internal crack growth studies is to model the crack growth from pre-existing
defects in heterogeneous materials like rocks and concrete subjected to compression. This type of crack
growth study should of course start from a single 3-D crack growth in a homogeneous material under
compression. The crack growth observed in laboratory studies may provide indications of failure
mechanisms in rock samples and in underground rock masses. When designing this type of experiments, the
following critical factors needs to be taken into account: (1) the end friction at the sample-loading platen
contacts; (2) the effect of the free surfaces of a sample; (3) the contacted opposite surfaces of pre-existing
cracks.

44

Chapter 2. Literature Review

Fig. 2.31. Crack growth patterns in rock samples subjected to uniaxial compression: (a) sketches of crack growth
from pre-existing defects in a granite sample; (b) and (c) thin sections showing crack growth from grain boundaries
from scanning electron microscope (SEM). Reproduced from Tapponnier and Brace [65].

The majority of 3-D internal crack growth studies focused on the crack growth in uniaxial compression.
The loading condition of uniaxial compression applies to underground pillar structures and samples tested
in uniaxial compression tests conducted in the laboratory assuming that the stress distribution is not disturbed
by other factors such as end friction and imperfect sample shapes.
The study of Adams and Sines [46] of 3-D internal crack growth is probably the first experiment of this
type that can be found in the literature. The sample was made from PMMA and a 3-D internal crack was
fabricated following the cutting method described in Section 2.4.2.2. The following crack growth process
was observed, Fig. 2.32(a): first, two wings (primary cracks) branching from the upper and lower tips of the
initial crack grew forming a smooth shape and gradually became parallel to the loading axis; then petal
cracks were produced near the primary cracks; finally a so called “fish-fin” crack appeared near the centre
of the initial crack and also grew towards the direction of the applied load. The length of the “fish-fin” crack
was even larger than that of primary cracks. Fig. 2.32(b) and (c) show the front view and lateral view of the
crack growth from an initial crack that intersected the sample surface at the lower tip, respectively. It was
found that cracks were firstly initiated near the free surface at lower stress level than that of the fully
embedded initial crack, which may be attributed to the crack expanding effect from the free surface of the
sample.

45

Chapter 2. Literature Review

The appearance of “fish-fin” cracks could result from the absence of the contact between the opposite
lips of the machined slot modelling the initial crack [60], since the compression perpendicular to a slot-like
opening could create tensile stresses acting along the lips. In the 3-D experiments [50, 51] when contacts in
initial cracks have been ensured, “fish-fin” cracks have not been observed. In Zhou et al [27], where a pennyshape slot was produced in the centre of a resin sample by adopting the 3-D printing technique and was filled
with unsolidified resin, the “fish-fin” crack was also absent when the sample was subjected to uniaxial
compression, which will be discussed later in this paper.

Fig. 2.32. 3-D crack growth from a penny-shape internal crack in uniaxial compression: (a) the sketch of the crack
growth pattern; (b) and (c) the front and lateral views of the crack growth from an initial crack that intersects the
sample surface at the lower tip. Reproduced from Adams and Sines [46].

Systematic experimental study of 3-D internal crack growth in uniaxial compression was conducted by
Dyskin et al [50, 51]. The initial cracks were introduced in transparent resin samples either by inserting thin
discs or by the cutting method. The results show that in 3-D when the initial crack is located in the centre of
the sample, wing cracks are restricted to the size comparable to the initial crack and cannot substantially
grow to cause the macroscopic failure of the sample. Fig. 2.33 shows schematics of wing crack growth from
an initial crack or a spherical pore in a resin sample. The wings assume a special shape curving or wrapping
around the initial crack. Subsequently this phenomenon is called wrapping. It was hypothesised that the main
reason for the restricted growth is wrapping of the wings around the initial crack leading to arrest of their
growth. Also, in order to verify that the crack growth pattern obtained in resin samples was not due to the
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particular material properties, samples made from various materials, i.e. PMMA, glass, cement and mortar
with internal cracks were tested in uniaxial compression.

Fig. 2.33. Wing crack wrapping from an initial crack in resin sample under uniaxial compression [50, 55]: (a) front
view; (b) side view; (c) the sketch. Wing crack wrapping from a spherical pore in resin sample under uniaxial
compression: (d) front view; (e) lateral view; (f) the sketch.

Fig. 2.34(a) and (b) show tested PMMA samples each containing a single pre-existing crack under
uniaxial compression. This type of tests (including glass samples) were investigated by the Rock Mechanics
Group in the University of Oklahoma using laser technique for producing internal cracks [60]. To make
PMMA material brittle, it was pre-cooled for more than 7 hours in liquid nitrogen (-198.5°C). Under these
conditions, the samples behaved perfectly linearly elastic with a uniaxial compressive strength of 260 MPa
and a Young's modulus of 6.4 GPa. The wing cracks shown in Fig. 2.34(a) and (b) were the largest achieved
at the load close to the compressive strength of the pure material (260 MPa). Fig. 2.34(c) shows a cement
sample with 3-D internal crack after loading in uniaxial compression. Due to the opacity of the cement
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material, wing crack wrapping could not be shown in Fig. 2.34(c) but the splitting fractures normal to the
artificial initial crack can be clearly identified. Therefore, it can be concluded that the splitting was caused
by the failure of the cement material other than crack growth from the initial crack.
It is seen that wing crack wrapping is a common phenomenon which restricts the size of growing wing
cracks to the size of the order of the initial crack dimensions. . In glass samples [52, 60, 62, 63], very small
wing cracks were induced. Germanovich et al [60] suggested that this was probably due to high friction
between the opposite crack surfaces inhibiting the relative sliding between them. In addition, petal cracks
emerged from the lateral contour of the initial crack were observed in glass sample but were not clearly
mentioned in the corresponding studies. Finally, the whole process resulted in a burst-like failure of the
sample without any further crack growth. Thus, the restricted wing crack growth can be regarded as a major
feature of a single 3-D internal crack growth in uniaxial compression.
There are also some numerical studies focusing on the 3-D model of wing crack growth in uniaxial
compression. Dyskin et al [80] developed a simple model of a 3-D wing crack growing in compression from
a disk-like initial crack. The crack is modelled by a vertical disk-like crack where the opening (wedging)
action of the sliding contact area is simulated by the uniform pressure distributed over a central circular area
of the same radius as the initial crack. The results show that the continuation of the wing crack growth in
such a model would require a considerable increase in the load, which probably explains why extensive
growth of a single 3-D crack has never been observed in experiments. Germanovich et al [53] explored the
stress field generated by a 3-D wing crack in uniaxial compression by the use of FRANC3D. The results
show that in the horizontal section that is one radius above the initial crack centre, the directions of the
secondary principal tensile stresses near the initial crack coincide with the radial directions with respect to
the initial crack, which causes wing crack wrapping.
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Fig. 2.34. Crack growth from 3-D internal initial crack in the sample made from: (a) PMMA [61]; (b) PMMA [52];
(c) cement [50].

The petal crack formation in the horizontal section passing through the crack centre was occasionally
observed in PMMA and resin samples with laser induced cracks [53, 60]. The petal crack was explained as
a mechanism of propagation of a Mode III crack by Sahouryeh and Dyskin [81]. According to the numerical
results obtained from finite element method (FEM) by Wang et al [55], in the horizontal section passing
through the crack centre, the tensile stress concentrates near the lateral part of the initial crack front (where
the petal cracks appear), and is subparallel to the crack contour. Due to the magnitude of the tensile stress
being lower than that in the horizontal section one radius above the initial crack centre (where the wing crack
is induced), the development of the so called petal crack may depend on other factors, e.g. material strength,
the presence and sizes of internal defects or elements of microstructures as well as the method of the initial
crack production. Table 2.3 relates the appearance of petal cracks with the transparent materials used (the
petal crack is easier to be identified) and the method of producing initial cracks. It is seen that in the samples
made from polyester resin or PMMA when the initial crack was modelled by embedding thin inclusions or
by making a slot, the petal crack was seldom observed (only in one case reported in [48]). When the initial
crack was introduced by a laser pulse, petal cracks appeared regardless of the materials used.
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Table 2.3 The appearance of petal cracks in uniaxial compression of samples each containing an initial 3-D crack
with respect to the used materials and the method of the initial crack production.

Material of sample

Manufacturing method of
initial crack

Appearance of wing
crack

Appearance of petal
crack

references

Transparent casting
resin

Laser induced

√

√

[53]

Laser induced

√

√

[52, 61]

Inclusion embedded

√

[50, 51]

Slot cutting

√

[50, 51]

3-D printed

√

[25, 27]

Inclusion embedded

√

PMMA
Transparent casting
resin
Transparent casting
resin
Transparent casting
resin
Transparent casting
resin

√

[48]

The effect of shape and location of the initial 3-D internal crack on wing crack growth in uniaxial
compression was also investigated by Dyskin and his colleagues [50]. Samples containing oval cracks or
even square cracks were tested in uniaxial compression. The main conclusions are: wing crack wrapping
occurred independently of the shape of the initial crack, therefore the influence of the shape of the initial
crack is minor. This is especially important as pre-existing cracks in rocks have various shapes.
When the initial crack centre had a distance of 3 radii from a free surface of the sample, the wing cracks,
which were subparallel to the free surface, increased by about 1.5 times compared to the case where the
initial crack was located at the centre of the sample. This indicates that the enhancing effect of the free
surface on 3-D internal crack growth in uniaxial compression is limited.
The contacting crack surfaces slide with respect to each other leading to the formation of wing cracks.
However, in the course of the wedging of the opposite surfaces of an initial crack, the friction at contacts
and the material’s intrinsic resistance hinder this process and thus suppress the opening of wing cracks.
When designing the test of 3-D internal crack growth in the laboratory, although the initial crack was
lubricated (e.g. the initial crack is made of two greased aluminium foils), wing cracks still cannot grow
extensively. In real rocks, pre-existing crack-like flaws having rough contacts, e.g. the grain boundaries, Fig.
2.35, may have even less possibility to grow extensively in uniaxial compression.
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Fig. 2.35. Examples of pre-existing crack-like flaws in rocks: (a) a boundary between two feldspar grains in Westerly
granite; (b) a feldspar-quartz grain boundary in Rutland quartzite. Reproduced from Brace et al [78].

In a subsequent study of Fu et al [48], frozen resin samples each containing a single penny-shape crack
were tested in uniaxial compression. To observe the whole process of 3-D crack growth, several resin
samples each containing a single initial 3-D internal crack were tested with loading terminated at different
stress levels. The photographs were taken after each test to get a clear view of crack growth pattern, as shown
in Fig. 2.36. Fig. 2.36(a) and (b) show the front and lateral views of wing crack sprouting from both the
upper and lower tips of the initial crack and wrapping around the initial crack. Then, petal cracks (referred
to as “piebaldness-shaped cracks” in their study) appeared near wing cracks , resembling the petal cracks
observed by Adams and Sines [46] and Tang et al [49]. Fig. 2.36(d) shows that with further loading, the
wrapping wing cracks propagate further away from the initial crack along the loading direction. This is the
only case reported in the literature that a single 3-D internal crack can grow extensively in uniaxial
compression.
It should be noted that Fu et al [48] used a self-designed true triaxial loading equipment even for uniaxial
compression tests. One can suggest that during the tests, the deformation of the sample led to the passive
constrain from the true triaxial loading frame and caused disturbed stress distributions within samples.
Particularly, 3-D internal crack is highly sensitive to the intermediate principal stress parallel to the initial
crack plane [55]. It is suggested that when using the true triaxial loading system to conducted uniaxial
compression tests of 3-D crack growth, the loading platens along the directions of intermediate and minimum
principal stresses should be removed to enable samples to expand laterally without obstruction.
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Fig. 2.36. Crack growth process in uniaxial compression: (a) the front view of wing crack wrapping; (b) the lateral
view of wing crack wrapping; (c) the appearance of petal cracks; (d) the extensive crack growth along the loading
direction. Reproduced from Fu et al [48].

Fig. 2.37 shows the geometry of 3-D printed resin samples each containing a single pre-existing crack
used by Zhou et al [27]. In uniaxial compression, when the axial stress reached approximately 56% of the
peak stress, a wing crack first appeared at the lower tip of the initial crack, Fig. 2.38(a). Further increasing
the axial stress to 68% and 73% of the peak stress made both the wing crack grow and a tensile crack (referred
to as anti-wing crack by Zhou et al [27]) appear along the direction opposite to the direction of wing crack
propagation. According to the first definition by Wong et al [33], the anti-wing crack is the first appearing
crack (primary crack) prior to the wing crack and sprouts in the area near the tip of the 3-D crack rather than
at the direct tip, growing along the direction opposite to the conventionally observed wing crack and then
propagating towards the tip of the initial crack. On the other hand, the secondary cracks are cracks occurring
later than the wing crack, but propagating in different directions, while the secondary cracks growing in the
direction opposite to the wing crack are defined as oblique secondary cracks [32]. Apparently, according to
definitions of anti-wing crack and secondary cracks in Wong et al [32, 33] the tensile crack that originates
from the tip of the initial crack later than the wing crack in Zhou et al [27] should be classified as a type of
secondary crack. Nevertheless, the maximum length of both types of cracks is approximately 1.5 times the
length of the initial crack, which is not capable of leading to the ultimate failure of the sample. In addition,
Fig. 2.38 shows that the initial slot remained open, i.e. there is no contact between the opposite surfaces of
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the initial slot during the whole loading process. Therefore the effect of the contact of the initial crack on the
subsequent crack growth is excluded in their study.

Fig. 2.37. Sketch of the sample with a pre-existing 3-D internal crack (FS and SS indicate front face and side face,
respectively). Modified from Zhou et al [27].

It is worth noting that a secondary oblique crack appeared in transparent resin samples in Zhou et al [27].
However, this type of crack has never been encountered in experiments with contacted crack faces [50], [51].
It can be hypothesised that the crack of this type may be produced due to the absence of the contact between
the opposite surfaces of the 3-D printed slot, and that the increasing axial load may lead to the crushing
micro-fractures at the lateral surface of the initial crack (slot).

Fig. 2.38. The crack growth process under uniaxial compression. The appearance of (a) lower wing crack (b) upper
wing crack and (c) the secondary oblique crack. Reproduced from Zhou et al [27].
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Using the same material and 3-D printing technique, a resin cylinder (50 mm in diameter and 100 mm
in length) containing a square-shaped initial crack, Fig. 2.39(a), was tested in uniaxial compression by Zhou
and Zhu [25]. In this case, the aperture of the pre-existing crack (20 mm in side) was of 1 mm and was filled
with unsolidified liquid resin. Owing to the sizes of the sample and the initial crack, the latter was located
close to the free surface, Fig. 2.39(b). In this test it was not clear whether the initial crack remained open in
the course of loading. Nevertheless, the abovementioned crack growth patterns were also observed in this
case, Fig. 2.39(c).

Fig. 2.39. (a) Sketch of a 3-D printed resin sample containing a square-shaped crack (b) the final failure mode of the
resin sample and (c) the local enlarged view of crack growth from the initial crack. Reproduced from Zhou and Zhu
[25].

2.6.2. Crack growth in the presence of several 3-D internal cracks in uniaxial compression
A general hypothesis exists that macroscopic fractures of rocks are formed from the interaction or
coalescence of microscopic pre-existing defects [15]. Obviously, this is in contradiction with early studies
of 2-D crack growth, where a single 2-D crack can grow extensively in uniaxial compression, which causes
the macroscopic splitting fracture. Since a single 3-D internal crack cannot grow extensively in uniaxial
compression, the study of cracks interaction and coalescence in 3-D is of vital importance in understanding
fractures in intact rocks.
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Dyskin and his colleagues [50, 51] carried out a series of uniaxial compression tests on samples
containing initial cracks of various arrangements. These studies mainly adopted the resin material and
embedding technique of introducing initial cracks. When two initial cracks were encased in a sample, three
typical types of crack growth patterns were observed. Fig. 2.40(a) shows horizontally aligned parallel
inclined cracks. It is seen that cracks with this arrangement hampered each other’s opening, i.e. the induced
wings were even smaller than those in the case of a single initial crack. When initial cracks were parallel
vertically aligned, Fig. 2.40(b), the wing cracks induced from the outer and inner tips of initial cracks were
enlarged due to the cracks interaction. For the wing cracks induced from the inner tips, the crack coalescence
was not observed and the cracks seemed to grow independently. Fig. 2.40(c) shows two horizontally aligned
initial cracks. At first, initial cracks grew independently as a single crack would with limited maximum size.
Then a third large tensile crack emerged and grew dynamically tending to split the sample parallel to the
applied stress direction. The appearance of this macro crack was attributed to the tensile stresses resulted
from the superposition of additional stresses created by the opening of the wings. This third crack appears
when the spacing between initial cracks is equal or less than an initial crack diameter. The appearance of the
tensile macro crack is independent on manufacturing methods of initial cracks and their inclination angles
to the loading direction, as long as both angles are approximately equal. Also, initial cracks do not have to
be aligned at the same level and can be inclined in the opposite direction.

Fig. 2.40. Three typical crack growth patterns when two initial cracks: (a) parallel horizontally aligned; (b) parallel
vertically aligned; (c) horizontally aligned with the spacing less than an initial crack diameter. Reproduced from
Dyskin et al [50].
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The samples with several initial cracks are difficult to prepare using traditional introducing methods, e.g.
slot cutting and inclusion embedding. Two examples are presented in Fig. 2.41. Fig. 2.41(a) shows several
cracks with different inclination angles aligned vertically and tested in uniaxial compression. The size of
each induced wing crack was restricted, and some of wing crack growth were even suppressed to some extent.
No obvious crack coalescence was observed. Fig. 2.41(b) shows a tested sample with three horizontally
aligned initial cracks with the same inclination angle but the spacing of initial crack contour was larger than
one diameter of initial cracks. It is seen that the propagation stopped after wing cracks reached a size equal
to the radius of initial cracks, also indicating that the crack growth hampered each other.

Fig. 2.41. Crack growth from (a) several cracks with different inclination angles aligned vertically; (b) three
horizontally aligned initial cracks.

Fig. 2.42 shows a tested sample containing multiple initial cracks using the method of thermal
inducement as described in Section 2.4.2.4. The test results show that large cracks were induced in different
vertical planes. It was believed that due to the dense initial crack populations, the probability of having at
least two closely located and properly arranged cracks was high and therefore their interaction induced large
tensile cracks. Similar crack growth pattern was also observed in PMMA sample where multiple initial
cracks were induced by laser pulses [62]. The main problem of this type of test is explained as follows. When
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samples containing one or two initial cracks were tested in uniaxial compression tests, the crack growth
started at a load of between one third and one half of the peak, which also agrees with general crack initiation
stresses in real rocks, see more information in Cai [82, 83]. However, in samples with multiple cracks
introduced by thermal inducement, the crack growth started immediately once the axial loading was applied.
This is because the thermal method of crack production might weaken resin samples.

Fig. 2.42. Effect of multiple cracks: (a) sketch of resin sample containing multiple thermally induced cracks,
reproduced from Dyskin et al [50]; (b) a tested resin sample [62].

Yang et al [64] tested some mortar samples each containing two parallel pre-existing internal cracks in
order to study the influence of vertical spacing between 3-D cracks on crack growth process. The sketch of
the sample and pre-existing cracks is shown in Fig. 2.43. In their study, parallel pre-existing cracks were
made from polyester films with dimension of 2c*2b=30mm*15mm, and inclined at 45° to the loading
direction. The vertical spacing (d) between initial cracks are set to be 10, 20, 30 mm, i.e. d/2c= 1/3, 2/3 and
1, respectively.
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Fig. 2.43. Sketch of the sample and pre-existing 3-D internal cracks. Reproduced from Yang et al [64].

Figs. 2.44(a), (b), (c) show a tested mortar sample with d=20 mm, i.e. d/2c=2/3. Fig. 2.44(a) presents the
final failure mode appearing as oblique fracture (or faulting and “shear fracture” as referred in previous
studies [22]). As shown in Fig. 2.44, wing crack wrapping can be clearly identified. However, due to the
non-transparency of the mortar sample it cannot be determined as to whether the fracture between preexisting cracks was produced by crack coalescence or by the material failure. Fig. 2.44(d) shows a sketch of
crack growth process without referring to crack coalescence. Another conclusion drawn by Yang et al [64]
is: the increase of d/2c reduces the crack initiation stress (determined by analysing acoustic emission) and
the peak strength of the sample.
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Fig. 2.44. Failure modes of a mortar sample, reproduced from Yang et al [64]: (a) final failure of mortar sample
containing two parallel 3-D internal cracks; (b) a fracture between two cracks; (c) wing crack wrapping; (d) sketch of
the crack growth process.

Guo et al [47] conducted uniaxial compression tests on frozen resin samples each containing three
vertically aligned parallel penny-shape cracks, Fig. 2.45(a). The size and the spacing between initial cracks
are: 2a=2b=10mm, 2c=20mm. The crack growth process under uniaxial compression is shown in Fig.
2.45(b). It is interesting to note that the size of the ultimate wing cracks originating from the upper tip of the
top initial crack and lower tip of the bottom initial crack was three to four times the diameter of the initial
crack, while the size of other induced wing cracks was almost the same as the initial crack diameter. The
formation of larger wing cracks may be attributed to the crack interaction and the end effect near the sampleloading platen contacts.
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Fig. 2.45. Uniaxial compression of a frozen resin sample with three initial cracks, reproduced from Guo et al [47]: (a)
the arrangement of three parallel initial cracks; (b) crack growth in uniaxial compression.

Fig. 2.46 shows the arrangement of two pre-existing cracks in a 3-D printed resin sample in Zhou et al
[27]. The dimension of a single crack is 5 mm in radius and 2 mm in the thickness. In their study, different
values of ligament angle β were tried. Typical results of crack growth in uniaxial compression tests are
presented in Fig. 2.47. From Fig. 2.47(a), it is seen that the wing crack sprouting from the upper tip of the
lower initial crack extended to a relatively large area but the final length was still limited; while the wing
crack sprouting from the lower tip of the upper initial crack is much smaller. The formation of larger and
smaller wing cracks may be attributed to the interaction between them. Fig. 2.47(b) shows suppression of
wing cracks from the inner tips of initial cracks and appearance of small in-plane cracks. Fig. 2.47(c) shows
that cracks grew almost independently with small suppression between two wing cracks at the inner tips of
initial cracks. Until the value of β was increased to 105°, the crack coalescence occurred in a local area
between the inner tips of initial cracks, by bridging the wing crack produced from the lower tip of the upper
initial crack with the upper tip of the lower initial crack, Fig. 2.47(d). Similar phenomena were also observed
by Zhou et al [59], where two cross-embedded cracks encased in PMMA samples were tested in uniaxial
compression, Fig. 2.5(b).
It is seen in Fig. 2.47 that even when the inner tips of two initial cracks were aligned almost parallel to
the loading direction, the crack coalescence was still limited between initial cracks, indicating low
probability of tip-to-tip coalescence. In addition, wing cracks originating from the inner tips of initial cracks
seem to avoid each other. This phenomenon has previously been demonstrated in the analysis of 2-D crack
growth [60] [84].
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Fig. 2.46. Sketch of the sample and pre-existing 3-D internal cracks (FS and SS indicate front face and side face,
respectively). Reproduced from Zhou et al [27].
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Fig. 2.47. Crack growth patterns in 3-D printed samples with two parallel pre-existing cracks with β of: (a) 45° (b)
65° (c) 85° and (d) 105°. Modified after Zhou et al [27].

2.6.3. Growth of 3-D internal cracks in biaxial compression
Rock fracture and instability (e.g. spalling and strainburst) at excavation walls are very dangerous
phenomena encountered in underground mining. The distinctive feature of these phenomena is that the rock
elements are subjected to biaxial compression. This implies that 3-D crack growth in biaxial compression
must be investigated.
Biaxial compression tests of PMMA samples each with a 3-D internal crack (penny-shaped crack) were
firstly mentioned in an early study of Adams and Sines [46]. The sample was not frozen prior to testing
because the authors believed that the visco-elastic PMMA would behave as a brittle material if loaded rapidly.
The second load component was obtained by constraining the lateral displacement of the sample. This type
of passive constrain method was also adopted in some following studies of rock behaviour in biaxial
compression [85-89]. The second load component was parallel to the initial crack plane, Fig. 2.48(a). The
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crack growth pattern sketched in Fig. 2.48(b) does not show substantial difference from that obtained in
uniaxial compression tests (Fig. 2.32) except the absence of the “fish-fin crack”. Suppression of the “fishfin crack” may be attributed to the suppressing effect from the second load component acting perpendicular
to the plane where the “fish-fin crack” was developed in uniaxial compression. The authors also noted that
the crack initiation stress in biaxial compression was higher than that in uniaxial compression. It should be
noted that the sample in [46] was relatively small and thus the initial crack was close to loading surfaces of
the sample. In this way, end friction could have suppressed wing crack growth.

Fig. 2.48. Loading of initial disc-like crack in biaxial compression, reproduced from Adams and Sines [46]: (a) a
PMMA sample containing a penny-shaped crack under biaxial compression; (b) the sequence of cracks appearance
at the corresponding stress levels (MPa).

Sahouryeh et al [54] conducted the first biaxial compression test on a sufficiently large sample (using
transparent casting resin) with a single penny-shaped crack situated in the centre such that the end effect
could be neglected. The applied loads in both directions were approximately equal; the direction of the
second load (thereafter called intermediate principal stress) was parallel to the initial crack plane. They
found that in biaxial compression the pattern of growth of the initial crack was dramatically differed from
that observed in uniaxial compression. In uniaxial compression tests, wing cracks were sprouted from the
pre-existing crack and then wrapped around it and arrested their growth such that the extent of wing cracks
was comparable to the pre-existing crack dimensions as described above. In biaxial compression the
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intermediate principal compressive stress prevented wing cracks from wrapping, and therefore wing cracks
were able to grow extensively parallel to both loading directions, which gave rise ultimately to the splitting
failure of the tested samples, Fig. 2.49. Although the applied biaxial load ratio (σ ⁄σ ) was limited to 1,
their tests revealed that the wrapping can be suppressed if the intermediate principal stress was high enough
and then the extensive wing crack growth can be induced.

Fig. 2.49. Extensive wing crack growth from a penny-shape crack in biaxial compression with biaxial load ratio of 1.
Modified after Sahouryeh et al [54].

Biaxial compression tests were also carried out on frozen resin samples containing a single 3-D internal
cracks by the use of a true triaxial loading system in Fu et al [48]. In their study, the axial and lateral stresses
were applied simultaneously. The lateral stress (the intermediate principal stress) was kept constant once the
desired stress level was reached and the axial stress was kept increasing. Two lateral stress levels were
chosen to be 10% and 20% of UCS of the resin material used. The important feature distinguishing these
tests from the tests in Sahouryeh et al [54] was that the intermediate principal stress was applied on the front
surface of the sample, Fig. 2.50, thus suppressing wing crack growth. As a result, the crack initiation stress
was higher than that of uniaxial compression tests. One can suggest that if the applied lateral stress is high
enough, the opening of wing cracks will be fully suppressed. Essentially in Fu et al [48], the crack growth
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patterns, Fig. 2.51, show no substantial difference from that observed in 3-D crack growth in uniaxial
compression tests.

Fig. 2.50. Sketch of resin sample in biaxial compression. Reproduced from Fu et al [48].

Fig. 2.51. Crack growth pattern at the mid-late stage in biaxial compression when the lateral stress is 20% of UCS:
(a) lateral view; (b) front view. Reproduced from Fu et al [48].

Following the study of Sahouryeh et al [54], Wang et al [55] investigated the transition process from
extensive to restricted crack growth patterns in biaxial compression, where the effect of the intermediate
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principal stress on 3-D crack growth was explored. To this end, biaxial compression with different biaxial
load ratios (σ ⁄σ ) between the lateral σ (the intermediate principal stress) and the axial σ (the major
principal stress) stresses were used. The initial penny-shape cracks were inclined at 30° to the major principal
stress but parallel to the intermediate principal stress. It was found that the threshold of the intermediate
principal stress that induced the extensive crack growth was very low, only 5.7% of the major principal stress,
indicating that the 3-D crack growth was highly sensitive to the intermediate principal stress. Testing samples
each with a spherical pore at the centre (instead of a crack) in biaxial compression revealed a similar
transition process with a somewhat higher critical (threshold) value of biaxial load ratio (σ ⁄σ ): 0.085 [56].
The patterns of extensive crack growth in both cases at the corresponding critical biaxial load ratio are shown
in Fig. 2.52(a) and (b), respectively.
In [55] and [56], numerical modelling using finite element method shows that the threshold of the
intermediate principal stress corresponds to the transition in the pattern of direction of the secondary
principal tensile stress near the initial crack (or spherical pore) from directions roughly perpendicular to the
intermediate principal compressive stress direction to the radial directions with respect to the initial crack
(or spherical pore); the former pattern induces extensive crack growth parallel to the free surface of the
sample while the latter pattern causes wing wrapping.

Fig. 2.52. Extensive crack growth from (a) initial penny-shape crack (30° to the major principal stress) at biaxial load
ratio of 0.057 (top view) [55]; (b) spherical pore at biaxial load ratio of 0.085 (lateral view) [56].
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2.7. Conclusions
Understanding of mechanisms of crack growth in compression forms a basis of the branch of Fracture
Mechanics aimed at revealing mechanisms of rock failure in the Earth’s crust (rock mass) where compression
is the prevailing type of stress state. Almost 100 years has passed since Griffith’s original theory of fracture
in compression [3]. Subsequently, this branch of fracture mechanics has a long history of predominately
two-dimensional studies and only recently three-dimensional crack growth in compression being approached.
This review mainly concentrates on experimental research into 3-D crack growth including internal and
surface cracks and covers the materials used for sample preparation, the methods of initial crack fabrication
and the results yielded from experiments under different loading conditions.
The use of relatively homogeneous materials such as PMMA, glass and transparent polyester casting
resin was descend from the 2-D crack growth studies [6, 51, 90]. Furthermore, transparency is necessary to
enable monitoring of the process of crack growth. In some studies, the 3-D printing was used to manufacture
samples with internal cracks. However, to suppress plasticity and thus achieve brittle failure, some
transparent materials such as PMMA and polyester resin need to be frozen prior to testing, which adds
complications to the testing procedure. By using cementitious samples or natural rocks, the brittleness can
be ensured. However, crack growth from artificially machined initial cracks will be influenced by preexisting imperfections in rocks affecting consistency of the experimental results.
Some early methods of initial crack fabrication could not quantitatively control the geometry of initial
cracks and some methods induced (additional) internal damage into samples. Traditional fabrication methods
such as cutting of slots or embedding inclusions have their limits of applicability. Therefore recent
development of 3-D printing techniques shows great potential in preparing pre-cracked samples, especially
for 3-D internal crack growth investigation. Regardless of the manufacturing approaches adopted, the open
and close initial cracks (in the course of fabrication and loading) need to be clearly distinguished.
Studies of 3-D surface crack growth has the advantage of easing the difficulties of manufacturing initial
cracks and some of them demonstrated the transition process of crack growth from 2-D to 3-D in uniaxial
compression. However, the effect from free surfaces of a sample cannot be eliminated in this experimental
design and needs to be paid more attention when interpreting the experimental outcomes. Study of 3-D
internal crack growth is a more promising research field that could contribute to the field of rock mechanics
from a microscopic point of view. Given the complexity of 3-D internal crack growth (wing crack wrapping)
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in uniaxial compression, more tests on different arrangements of initial cracks need to be carried out in future
studies to investigate the crack interaction so as to understand the failure modes of rocks tested in uniaxial
compression.
Mechanisms of crack growth in compression are characterised by complex patterns and strong
dependence upon the dimensionality of initial (pre-existing) defects or cracks as well as the type of loading.
Crack grows in uniaxial compression in 2-D situations, that is the growth of inclined pre-existing cracks
extending through whole sample to its opposite face, is inevitably characterised by the development of two
branches (wings) extensively growing in the direction of the applied load. The lateral compression quite
efficiently inhibits the crack growth.
2-D situations are rarely encountered, so investigations of crack growth in 3-D are important. The main
feature of 3-D crack growth in uniaxial compression is the wrapping of the formed wing cracks around the
initial crack (effect of the third dimension). The wrapping eventually arrests wing crack growth such that the
maximum sizes wing cracks can reach are of the order of dimensions of the initial crack. In other words, the
growth of a single 3-D crack in uniaxial compression cannot be sufficient for creating the ultimate failure.
Importantly, this feature is independent of the sample material, shape of the initial crack, the method of its
fabrication and the presence of the contact between the opposite faces of the initial crack. Furthermore, the
same can be said about the wings formed from an initial pore. Similarly to the 2-D case the application of
lateral compressive load (mainly the component normal to the wings and thus preventing its opening)
efficiently hampers the wing crack growth.
The 3-D crack growth also exhibits some secondary features such as formation of small, “petal” cracks
at the lateral (with respect to the load direction) parts of the initial crack contour, as well as secondary, “antiwing” crack growing in the direction opposite to that of the wings. (The anti-wing cracks were also detected
in 2-D crack growth experiments.) More research is needed to reveal the mechanism of formation of those
cracks.
A number of investigations were aimed at experimentation with so-called surface (semi-disc-like) cracks
as a simpler way of investigating 3-D crack growth. In these tests the result depends upon the depth of the
crack penetration as compared to the sample thickness: with large depth of penetration the crack pattern
resembles that of 2-D tests, with small depth – 3-D tests.
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The mechanics of 3-D crack growth in compression radically changes when the intermediate principal
stress is added acting in the direction parallel to the plane of the initial crack. (This is a stress state typical
for the walls of underground excavations.) The intermediate principal stress suppresses wing wrapping
enabling extensive crack growth up to the sample ends. The same is observed for wing cracks emanating
from an initial pore. Interestingly, the threshold for the extensive crack growth is quite low: in the case of
initial penny-shape crack inclined at 30o to the major principal stress axis the intermediate principal stress
should only exceed 5.7% of the major principal stress. For the initial pore the threshold is somewhat higher
– 8.5%.
Another aspect of crack growth in uniaxial compression is related to crack interaction. There exists
configurations of initial crack unfavourable to wing crack growth as well as configuration conducive to it.
Furthermore, when the initial cracks are close to each other and located on a line normal to the loading axis,
their combined stress field creates a new nearly planar crack extensively growing up to sample ends causing
splitting in uniaxial compression.
Extensive crack growth in such homogeneous materials as the model material is only controlled by the
sample dimensions. Therefore the main features of the mechanism of crack growth in compression (wing
crack formation, wing interaction and the condition of wing arrest) are scale independent, which suggests
that the observed mechanism of 3-D crack growth can be upscaled from the laboratory to the large-scale
fracture behaviour. The correct upscaling would require the development of adequate models of fracture
propagation, which can now be based on the observations reviewed in this paper.
Further research is needed to uncover the mechanisms of formation of oblique (“shear”) fracture in
compression. This will enable adequate interpretation of the results of laboratory tests, as well as the
prediction of large-scale (and hence dangerous) rock failures. Meanwhile, numerical investigations should
be carried out and focused on the stress distributions within rock samples under practically conducted
uniaxial compression tests, which may provide more references for crack growth patterns.
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Chapter 3. Rock fracturing in Biaxial Loading: the Effect of Friction in
Laboratory Experiments
3.1. Abstract
Dynamic rock failure at the walls of an opening, so-called rock burst or strain burst is one of the major
types of rock failure capable of causing human and financial loss. Initially the rock at the place of the future
excavation is in a polyaxial stress state. When excavating an opening, the rock elements at the excavation
boundary are overloaded in the tangential (with respect to excavation wall) direction and unloaded in the
radial direction. This situation can be reproduced by the modified true triaxial test in which only one surface
of prismatic rock sample is unloaded. Firstly, this paper reviews the tests under true triaxial unloading
condition and the corresponding failure modes and types (static or dynamic). It is seen that in these tests the
violent (dynamic) ejection of rock fragments and arc-shape fractures near the free face are often observed.
However these tests are affected by friction between the sample and the loading platens. Thus, by the use of
the finite element method (FEM), we analyse the end friction effect and show that unlike the conventional
end friction effect produced in uniaxial and biaxial loading tests, the true triaxial unloading test induces
additional shear stress needed to prevent sliding of the rock sample from the loading platens. This additional
shear stress is shown to considerably affect the geometry of fractures.

3.2. Introduction
The surface failure at the excavation surface can be nonviolent or violent, i.e. spalling (slabbing) and
skin (strain) rockburst, respectively. According to the first analysis by Fairhurst and Cook [1], spalling is the
failure process involves extensional splitting/cracking during the excavation of deep tunnels under highstress conditions. In the course of skin rockburst or strainburst, fragments of rock, usually in the form of thin
plates with very sharp edges, are violently ejected locally from the rock surface [2, 3]. Spalling and
strainburst are more likely to occur in more massive rock types than in significantly jointed and fractured
rock masses [4-7]. Spalling and strainburst represent a significant hazard and a danger to the safety of
personnel and infrastructure in civil engineering excavations and deep underground mines.
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Understanding of the rock failure behaviour near the excavation boundary is critical for the design of a
tunnelling and underground mining. Excavation of an opening leads to the in-situ stress redistribution. The
stress concentration near the excavation surface manifests itself in the reduction of the radial stress
component, which is zero at the surface and a considerable increase of the tangential stress component,
which may lead to slabbing and strainburst [2, 6, 8]. Many researchers have studied the rock failure behaviour
near the excavation boundary by conducting uniaxial compression tests [9-11], biaxial compression tests
[12-14] and surface instability tests [15-18].
When a sample is axially loaded, the friction between the sample faces and the loading platens produces
shear stress acting on the sample faces. The friction is mobilised due to the mismatch in the elastic parameters
(Young’s modulus and Poisson’s ratio) between the metal platens and rock sample producing shear stresses.
This shear stress generates a non-uniform stress distribution in the sample, the strongest at the areas near the
sample faces that are in contact with the loading platens; this situation is conventionally termed the end
friction effect [19-26]. For the true triaxial test, understanding the end friction effect is particularly important
as friction acting in four (biaxial test) or six (triaxial test) interfaces of (usually) cubic rock sample can make
the stress distribution considerably non-uniform contrary to the intention behind the design of a true triaxial
loading system and may even influence the ultimate strength and the failure mode [24, 27-30]. Cai [13]
found evidence of end friction effect in true triaxial tests conducted by Haimson and Chang [31]. Based on
the Haimson and Chang’s results, the final fracture takes the form of an inclined fault plane, striking parallel
to σ2 direction and dipping to σ3 direction even though σ3 = 0 (biaxial loading condition). Apparently, the
stress distribution was altered due to the end friction. It should be noted that in the cases when brush loading
platens were used in biaxial compression tests to minimize the end friction effect, the vertical fracture planes
were generally formed in the direction of loading [32, 33], agreeing well with the crack growth theory in
biaxial compression [34, 35]. As the end friction effect creates a complex pattern of stress distribution in the
true triaxial test, numerical modelling tools with simplified parameters were employed to study the
conventional end friction effect [13, 36-38].
In the past decade, the true triaxial unloading test – a special true triaxial test, which allows unloading of
only one loading platen – has been developed to study rock behaviour near the excavation boundary and the
mechanism of what is termed dynamic rock failure. There are two types of the true triaxial unloading tests.
The typical true triaxial unloading test, Fig. 3.1(a), initially applies three mutually perpendicular stress
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components (σz>σx>σy>0) and then suddenly removes one stress component (σy1, in Fig. 3.1) acting only on
one sample surface. Component σz is then increased in order to simulate the stress concentration at the
excavation boundary. The loading /unloading cycle may repeat until the “mini rockburst” occurs [39, 40].
Based on the true triaxial unloading test, a simplified loading path was created in some recent
experimental tests to improve the testing efficiency [41, 42]. The true triaxial unloading test of this type, as
shown in Fig. 3.1(b), maintains one sample face free of loading during the whole test while increasing the
stress loads on the other five faces to specified values at the same time (σz＞σx＞σy2>0, σy1=0). Usually, σz
is increased continuously until the rock sample fails, while σx and σy2 are kept constant [41, 42]. It should be
noted that opposite to the true triaxial unloading test, the test of this type is essentially an asymmetric loading
test as the unloading is not involved. Herein we refer to this type of true triaxial unloading test as to the
asymmetric loading test.
Another type of tests used is the surface instability test [15-18, 43-46], whereby a long prismatic rock
sample is placed between two rigid vertical side walls and a rigid vertical rear wall while the front face of
the sample remains free of load. When the rock sample is axially loaded, the lateral stress is passively
generated due to the Poisson’s ratio effect of the sample and the stiffness of the walls being considerably
higher than that of the sample. The test of this type is obviously more accessible as it does not need a true
triaxial loading frame, however the lateral to vertical stress ratio depends upon the sample Poisson’s ratio
(and the dilatancy at the later stages of the loading) and thus cannot be controlled. The tests of this type also
belong to the asymmetric loading tests, Fig. 3.1(b). Apparently, both the original true triaxial unloading test
and the asymmetric loading test are unbalanced; the rock sample has the tendency to be pushed forward by
σy2. Thus, a shear stress on the interfaces between loading platens and rock sample would be inevitably
produces to maintain force equilibrium and prevent the rock sample from sliding.
The shear stress on the contacts is essential for a successful asymmetric loading test and was also
mentioned in the original experimental work [41]. This shear stress is not caused by the mismatch of elastic
parameters between loading platens and rock sample such that its effect might be much stronger. However,
this specific end friction effect has not been sufficiently addressed in the literature.
The main aim of this study is to understand the end friction produced during the true triaxial unloading
test and to evaluate its effect on the stress distribution and the failure modes in the tested samples. In
particular it is important to investigate to what extent the true triaxial unloading test can represent the stress
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state generated at the wall of an underground opening in the process of its excavation. To this end, Section
3.3 presents a review of previous studies on true triaxial unloading tests and the corresponding failure types
and modes. Section 3.4 presents the configuration and parameters of the finite element models developed to
analyse these types of tests. The performed numerical simulations of the true triaxial unloading test are the
simplest one, i.e. the asymmetric loading tests based on the assumption that the rock is homogeneous,
isotropic and elastic. Thus the least possible effect of the end friction will be determined. In real rocks loading
induces cracks whose sizes are comparable to that of the structural elements [47, 48], which contributes to
the pronounced nonlinearity of the stress-strain behaviour and thus the effect of the proposed specific end
friction on rock failure behaviour could be more severe. Section 3.5 presents the resulting stress distributions
obtained in simulations of uniaxial, biaxial and true triaxial unloading tests and discusses the obtained results
and the implications for the rock elements near the excavation boundary.

Fig. 3.1. Two types of loading path in the true triaxial unloading tests: (a) true triaxial unloading test consisting of the
removal of load on one face (σy1); (b) asymmetric loading test, in which the loading is conducted keeping σy1=0.
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3.3. Review of tests under true triaxial unloading condition and the
corresponding failure types and modes
Table 3.1 lists some important testing parameters that have potential influence on type of failure,
including the sample material, height-to-width ratio and the unloading rate in each test; the details of these
tests are described below.
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Table 3.1 True triaxial unloading tests in the literature

Test type

Sample material

Type of
failure

Dynamic
ejection or
spalling part

Height-towidth ratio
(H/W)

Unloading rate
(MPa/s)

References

True triaxial
unloading

Granite

Dynamic

-

2.5

Instantaneous

He et al. [49]

2.5

Instantaneous

He et al. [40]

2.5

Instantaneous

He et al. [50],
Gong et al.
[51] and Gong
et al. [39]

2.5

Instantaneous

He et al. [52]

1.0 to 2.5

Instantaneous

Zhao et al.
[53]

2.5

21.3, 0.1, 0.05,
0.025

Zhao et al.
[54]

2

0.02

Zhu et al. [55]

1

1

Fan et al. [56]

True triaxial
unloading

Limestone

Dynamic

True triaxial
unloading

Marble

Dynamic

True triaxial
unloading

Sandstone

Dynamic

True triaxial
unloading

Monzogranite

Dynamic

Beishan granite

From
dynamic
ejection to
static
spalling as
the
unloading
rate
decreased

Mortar

Static
spalling

Red sandstone

Static
spalling

True triaxial
unloading

True triaxial
unloading
True triaxial
unloading
(double faces
unloading)
True triaxial
unloading
(double faces
unloading)

Asymmetric
loading

Granite
Sandstone
Cement mortar

Granite

The leftdown corner
of the
unloading
surface
The top
region of
the
unloading
surface
The lower
middle part
of the
unloading
surface
The bottom
or top sides
of the
sample

The
upper part
of the
sample

Almost the
entire
unloading
surface
Almost the
entire
unloading
surface

Dynamic
Static
spalling
Static

-

1

-

Du et al. [57,
58]

Dynamic

The
upper or
bottom parts
of the
loading-free
surface

2

-

Su et al. [41,
42]

He et al. [49] developed a single-face dynamic unloading system which was capable of abrupt unloading
of the minimum principal stress in one loading face during true triaxial loading tests. Using this loading
system, they tested granite [49], limestone [40], marble [50] and sandstone [52] samples under true triaxial
unloading conditions. When testing the granite samples, the process of rockburst included four stages: calm
period, small grains ejection, rock flakes and/or grains ejection and the entire collapse. In the tested granite
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samples, arc shape fractures opening towards the unloading surface were observed. In the tested sandstone
samples, the inclined fractures can be identified near the opposite surface of the unloading surface, while for
the other tested samples, the failure mode was not clearly mentioned in the respective publications.
Zhao et al. [53, 54] carried out a series of true triaxial unloading tests to investigate the influence of the
sample height-to-width ratio (H/W) and unloading rate on strainburst characteristics. They used the true
triaxial unloading system developed by He et al. [49]. When the H/W ratio changed from 2.5 to 1.0, the
dynamic failure process of the unloading surface transformed from local rock ejection to full-face burst. The
H/W ratio would certainly play an important role in the level of end friction effect inside the rock sample.
When the unloading rate was high, the rock sample was prone to strainburst. As the unloading rate decreased,
the failure mode changed from strainburst to static spalling. In the tested rock samples, the failure mode
observed was splitting failure coupled with steeply inclined fracture planes.
Zhu et al. [55] conducted true triaxial unloading tests using a true triaxial test cell that was specially
designed to simulate the excavation process by gradually unloading the applied stress on one face of the
prismatic mortar samples. The dynamic rock ejection was not observed in this study. The results showed
that the splitting fractures in the tested cement samples were not fully parallel to the unloaded surface. Instead
they exhibited an arc shape with the fracture contour directed towards the unloaded surface, but at some
distance from it the curvature of the arc shape of the fractures increased with the distance from the unloaded
surface and finally the inclined fracture planes were formed near the opposite surface.
In the experimental study conducted by Fan et al. [56], the cubic red sandstone samples were tested in
true triaxial compression tests, double faces unloading in the direction of the minor principal stress was
conducted. According to the tests, the samples firstly experienced the splitting failure in the adjacent area of
the unloading surface several seconds after the unloading, and then lost the bearing capacity as a whole. The
former shows the rock slabs parallel to the free face, while the latter presents the oblique failure at the centre
of the sample. However, the dynamic ejection of rock slabs was not observed.
In the true triaxial unloading compression tests of Du et al. [57, 58], the minor principal stresses were
unloaded in two opposite sample faces. It was shown that a large number of fragments and slabs were rapidly
ejected from the unloading faces (violent rockbursts) of granite samples, while in the sandstone samples, the
stable fracturing process happened and the dynamic ejection of the rock slabs were not observed. As for the
failure mode, the slabbing occurred in the granite and sandstone, whereas the cement mortar experienced
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shear failure. It can therefore be concluded that the emergence of dynamic rock failure depends upon the
rock type.
In works of Su et al. [41, 42], a novel true triaxial rockburst testing machine was described. Granite
samples were tested to explore the influence of radial stress and tunnel axis stress on strainburst. This testing
apparatus has two independent loading systems in the Y direction, so that the loading along the Y direction
on one face (σy1) of the tested sample can be removed, while the stress on the opposite surface (σy2) is held
constant assisted by the end friction. The tests do not involve unloading of one face of the sample. Instead
the face was kept load-free during the whole process in their tests, which puts these tests in the category of
asymmetric loading tests. All of the tested samples showed violent ejection of rock fragments from the
sample surface. When σy2 (simulating the radial stress near the tunnel boundary) was increased, the kinetic
energy of ejected fragments during strainbursts significantly increased as could be seen by analysing the
videos recorded by high-speed cameras. With the increase of σx (the intermediate principal stress, simulating
the tunnel axis stress), the kinetic energy of the ejected fragments first increased then subsequently decreased
and finally increased again. The failure modes observed are: when σy2= 0.1, 1 or 3 MPa, the spalling type
fractures and inclined fractures appeared near the free surface and at the centre of the vertical surfaces that
are perpendicular to the free surface, respectively; when σy2 = 7, 10 or 15 MPa, the spalling type fractures
appeared near the free surface while the final failure mode took the shape of inclined fracture plane near the
opposite surface. The experimental results indicate that σy2 had significant influence on the failure mode of
the sample.
In the numerical study of Manouchehrian and Cai [59], the unstable rock failures under unloading
conditions were simulated by the ABAQUS3D explicit code. However, a frictionless contact model was
assigned to the interfaces between the loading platens and the rock sample. The simulation results showed
that rock failure was more violent when the loading system was softer, the sample was taller, and the
confinement was lower.
In the abovementioned studies, it is seen that the violent ejection of rock fragments or arc-shape fractures
near the free face were often observed when one surface was unloaded or remained load-free in the tests.
When interpreting the results (failure modes in physical experiments or outcomes obtained from numerical
study), the specific end friction effect acting in the true triaxial unloading tests was regarded as the
conventional one or was neglected all together, resulting in restricted understanding of the failure mechanism.
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Thus, a clear understanding of this unconventional end friction in true triaxial unloading tests and its
disturbance on the stress distribution needs to be achieved.

3.4. Numerical models and modelling parameters
As described above both types of true triaxial unloading tests are essentially non-symmetric and are
subjected to friction generated when the sample expands towards the only free surface left in the test. It is
therefore important to estimate the friction effect on the stress distribution and, as a result, on the possible
direction of fracture growth. The friction generated by the sample expansion towards the free surface
strongly depends upon the (non-linear) rock dilatancy, which makes the modelling quite challenging given
the rock variability and the multitude of models proposed in the literature [60-66]. For that reason we
considered only the minimal friction effect, which will obviously be developed in the absence of dilatancy.
Furthermore, in this preliminary investigation we consider only pure elastic behaviour. Therefore if the effect
of friction is found to be strong even in this simplified case then it cannot be at all neglected and needs to be
taken into account in both the experiment design and the interpretation of the data obtained.

3.4.1. Simulation of friction
A numerical investigation using the finite element method (FEM) tool ABAQUS3D is performed in this
paper to study the influence of the contact friction on the stress distribution of rock samples under true triaxial
unloading condition. Two advantages of ABAQUS, i.e. the efficient convergence and oscillation control,
make it suitable for modelling the interaction between rock sample and loading platens [67]. As this study
focuses on the stress distribution inside the rock sample, the ABAQUS/Standard static solver is sufficient to
be employed.
The contact model is crucial in the study of the contact friction effect. There are two methods for
imposing frictional constraints in ABAQUS/Standard: the penalty method and the Lagrange multiplier
method. With the use of the penalty method, some relative motion of the surfaces (an “elastic slip”) is
permitted even when the surfaces are sticking. While the surfaces are sticking ( ̅ <
and

, where ̅

are the acting shear stress and the critical value of shear stress that can be supported by friction,

respectively) the value of sliding is limited to this elastic slip. The allowable elastic slip is given as
where is characteristic contact surface length and
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Contrary to this, the Lagrange multiplier method allows no relative motion between two closed surfaces
until ̅ =

.

Under the unbalanced loading conditions characteristic for the modelled type of loading, a possibility
exists that points in the interfaces between rock sample and loading platens could keep switching between
sticking and slipping conditions. Therefore the use of the Lagrange multiplier method might increase the
computational cost of the analysis by adding more degrees of freedom to the model and increasing the
number of iterations required to obtain a converged solution. Thus, to obtain the convergence of the solution
and lower the computational cost, we employed the penalty method with the default slip tolerance

=

0.005 which has been shown to generally work well, providing a conservative balance between efficiency
and accuracy [68].

3.4.2. Numerical model for uniaxial loading tests
We start with a benchmark case of uniaxial compression. The modelling is conducted using the
ABAQUS/Standard solver and the penalty contact model to check their applicability for solving the end
friction effect problem.
According to the ISRM suggested requirements for UCS tests [69], a cylindrical rock sample with
dimension of 100 mm (height) × 50 mm (diameter) and two cylindrical loading platens with a diameter of
54mm and a length of 20 mm were simulated. The model consisted of 18511 nodes, 15232 linear hexahedral
elements on the periphery, and 1336 linear wedge elements near the centre to minimize the unwanted stress
concentration due to non-uniform mesh partition. The geometry and meshes are presented in Fig. 3.2. Three
points on the sample and each loading platen were fixed to prevent their free body rotation and movement.
The mechanical and physical properties used for loading platens and rock sample are presented in Table 3.2.
The mechanical and physical properties of the rock sample are based on the original experimental study of
Su et al. [42]. The maximum axial stress reached is 170 MPa, which corresponds to the uniaxial compression
strength of the granite sample [42]. For all cases in this study, the predefined stress value is directly applied
to the external surface of each loading platen. A parametric study is carried out with a series of friction
coefficients (µ). The testing plan listed in Table 3.3, comprise tests from No. 1 to No. 6.
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Fig. 3.2. Model geometry and mesh for modelling of uniaxial compressive tests

Table 3.2 Basic physical and elastic parameters of steel loading platens and granite samples
Density (kg/m3)

Young’s modulus (GPa)

Poisson’s ratio

Steel platens

7750

200.0

0.30

Granite samples

2660

34.6

0.26

Table 3.3 Testing plan
Friction coefficient
(µ)
0.01, 0.1, 0.2, 0.3,
0.4, 0.5

Test No.

Testing type

σx (MPa)

σy2 (MPa)

σz (MPa)

1-6

Uniaxial

0

0

170

7-8

Biaxial

30

0

200

0, 0.1

9-17

True triaxial
unloading

30

0, 0.1, 1, 3, 5,
7, 10, 15

200

0.5

3.4.3. Numerical models for biaxial loading tests and true triaxial unloading tests
A model of true triaxial unloading test was built to investigate the contact friction effect and compare it
with the biaxial loading. We denote the applied stress on the face opposite to the free face as σy2 and the full
distribution of that stress component as σy. The biaxial loading condition can be achieved by removing the
back loading platen where σy2 is applied. The true triaxial unloading model is comprised of 42336 nodes and
35200 hexahedral eight-node linear elements, and the geometry and meshes are presented in Fig. 3.3. In the
numerical models we demonstrate, the dimensions of rock samples are 100 mm × 100 mm × 200 mm, and
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the loading platens are 1 mm smaller on each side to prevent adjacent loading platens from interlocking. The
mechanical and physical properties used for loading platen and rock sample are presented in Table 3.2.

Fig. 3.3. Model geometry and mesh for modelling of true triaxial unloading tests

3.4.3.1. Biaxial loading condition
The contact friction effect produced under biaxial loading condition is investigated first, as the only
difference between biaxial test and true triaxial unloading test is whether σy2 is applied or not. The testing
plan is listed in Table 3.3, test No. 7 and No. 8. Two biaxial tests are conducted with different friction
coefficients, 0 and 0.1 in order to compare the stress distributions under the ideal loading condition and the
loading with end friction.

3.4.3.2. True triaxial unloading condition (the asymmetric loading condition)
Modelling of true triaxial unloading tests was carried out with different σy2. The modelling plan is shown
in Table 3.3, tests No. 9 to No. 17. The stress path applied in our study is the second type of true triaxial
unloading test in which the abrupt unloading process is not involved, as shown in Fig. 3.1(b). The modelling
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plan is chosen to simulate the experiments of Su et al. [42]. As the main aim of this study is to investigate
the influence of friction between the loading platens and the sample on the stress distribution, the actual
strength of the granite samples under true triaxial unloading test is not of concern, so the same value of σz
was used in each of the true triaxial unloading tests.
As mentioned above, the loading in the true triaxial unloading test is asymmetric (one surface of the rock
sample remains free of load during the whole test), so a shear stress will inevitably be induced on interfaces
between loading platens and rock sample to prevent the rock sample from being pushed forward. This means
that there is a minimum value of the friction coefficient required to “hold” the rock sample, i.e. to prevent it
from sliding in physical tests. In the FE modelling this minimum friction coefficient is needed to ensure
convergence of the internal iterations. The minimum friction coefficient increases with the increase of σy2,
which explains that no measures to reduce contact friction were taken in the abovementioned true triaxial
unloading tests. After several trials in the numerical modelling, the minimum friction coefficient was
estimated to be 0.5; this value was subsequently adopted in the FE models of true triaxial unloading tests.
For comparison, one model of biaxial test, test No. 9, also used the same friction coefficient, 0.5.

3.5. Results of the modelling and discussion
3.5.1. Modelling of uniaxial loading test
Fig. 3.4(a) presents the difference in radial deformation between the sample ends and the loading platen
from the centre to the boundaries. It is seen from Fig. 3.4(a), that regardless of the value of the friction
coefficient, there is a considerable difference in the deformation between the rock sample and the loading
platen at the same point due to the mismatch of the elastic parameters (Young’s modulus and Poisson’s ratio)
between steel and rock. With the increase of the friction coefficient, the deformation of the end of rock
sample decreases while that of the loading platen increases slightly, which indicates the deformation of the
sample is constrained by the end friction. Thus, it can be confirmed that a tendency to relative movement
between the rock sample and the loading platens exists and shear stress is induced. The shear stress
distribution at the end of the rock sample is shown in Fig. 3.4(b) for a friction coefficient of 0.5. The shear
stress distribution is not uniform with the maximum values at the edge and zero at the centre of the rock
sample. This result is clear as the displacement at the centre of the sample end is zero and the friction is not
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mobilised. On the other hand, the largest relative displacement between the sample end and the loading
platen arises at the boundary of the sample, which has been reported previously [19, 70]. Also friction
coefficients starting from 0.2 are able to prevent the relative displacement of the sample and the loading
platen, while smaller friction permits mutual displacements near the lateral surface of the sample.
The end friction determines a confining effect which reduces the lateral deformation at both ends of rock
sample during loading resulting in a slightly barrel shape in the rock sample. This barrel shape is a clear
evidence of the conventional end friction effect produced under the uniaxial loading conditions [20, 21, 71].
For the friction coefficient of 0.5, σx distribution in a vertical section along the diameter in the direction of
axis X and σy distribution in a vertical section along the diameter in the direction of axis Y are shown in Fig.
3.4(c). It is seen that near the top and bottom faces of the rock sample, the areas of relatively high values of
compressive stress in the shape of arc are induced in both vertical sections. Opposite to this, the lateral
compressive stress at the central part of the sample remains near zero. The stress distribution in both vertical
sections are the same, which indicates that for a cylindrical sample in uniaxial compression test, the end
friction effect is axisymmetric and creates stresses directed towards the centre of the sample. The typical
barrel shape of the rock sample due to end friction (friction coefficient of 0.5) is shown in Fig. 3.4(d) with
the deformation scale factor of 100 in the radial and tangential directions. Thus, the results obtained from
modelling the uniaxial compression test demonstrate that the ABAQUS/Standard static solver and the chosen
contact model are capable of simulating the end friction effect.

(a)
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(b)

(c)
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(d)
Fig. 3.4. Results of modelling of uniaxial compression test for different end friction coefficients (µ): (a) radial
displacement from the centre of top platen and rock sample to their boundaries; (b) shear stress distribution on the
top end of rock sample when friction coefficient = 0.5; (c) the distribution of σx and σy in the corresponding vertical
sections when friction coefficient of 0.5 (compressive stress is taken as negative in ABAQUS); (d) the typical barrel
shape of rock sample under uniaxial loading condition

3.5.2. Modelling of biaxial loading test
Fig. 3.5(a) and (b) show the σy and σx distributions in the central vertical section of the sample assuming
different friction coefficients. When the friction coefficient increases from 0 to 0.1, the σx distribution is
almost unchanged and remains at 30 MPa throughout the rock sample in both cases. This indicates that the
disturbance from the contact friction is small compared to the applied load σx =30MPa. On the other hand,
stress σy is sensitive to the effect of contact friction as evident from the comparison shown in Fig. 3.5(b).
When the friction coefficient is 0, σy =0 throughout the rock sample, except a small area at the top and bottom
ends of the sample where the appearance of small non-zero stress should be attributed to the round-off errors
of the modelling. Therefore, as expected, the frictionless situation produces ideal biaxial loading conditions.
When the friction coefficient increases slightly, from 0 to 0.1, σy distribution is radically changed. Relatively
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high values of compressive stress σy are induced near the top and bottom ends of the rock sample; the affected
areas are of an arc shape, while the value of σy remains near 0 in the central parts of the rock sample.
Comparing with the results presented in Section 3.5.1 one can see that σy distribution shows the pattern
similar to the lateral stress distribution in uniaxial compression test, which indicates that the mechanism of
the end friction effect produced in both types of tests is basically the same, i.e. the conventional end friction
effect.
A conclusion can be drawn from the biaxial loading tests that the unwanted confinement in the minimum
principal stress direction is induced by contact friction and distributes symmetrically.
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(a)

(b)
Fig. 3.5. Results of modelling of biaxial compression test for different end friction coefficients (µ): (a) σy distribution
in rock sample under biaxial loading condition (b) σx distribution in rock sample under biaxial loading condition

3.5.3. Modelling of true triaxial unloading test (the asymmetric loading test)
3.5.3.1. Influence of σy2 on shear stress distribution on the top end of rock sample
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Fig. 3.6 shows the shear stress distribution on the top end of rock sample in true triaxial test with one
face free from load, while the opposite face is under different values of σy2. It is seen that there are two types
of shear stress distribution on the top end of rock sample under biaxial and true triaxial unloading conditions.
The shear stress distribution of the first type corresponds to biaxial loading, σy2 =0, Fig. 3.6(a); this
distribution is antisymmetric. This type of shear stress distribution is induced due to the mismatch of elastic
parameters (the Young’s modulus and Poisson’s ratio) between the loading platen and the sample. As
deformation of the loading platen is smaller than that of the rock sample, the rock sample expands towards
two free faces, i.e. in the minimum principal direction. This leads to the relative movement on the interfaces,
thus the shear stress is distributed antisymmetrically, which can also be seen in the plots in Fig. 3.6(b). This
situation is similar to that of the uniaxial loading as discussed in Section 3.5.1. In this case, as shown in Fig.
3.6(b), the shear stress in the centre of the top end is zero (y=0 and σy2=0); moving towards the free surfaces
of the rock sample, the induced shear stress exhibits in negative and positive parts pointing to the centre line.
This is the conventional end friction effect as discussed in Section 3.5.2.
When σy2 is applied, the second type of shear stress distribution arises to maintain the balance of the rock
sample. The value of the second type of shear stress appears in the central line of the top end and is roughly
equal to the applied value of σy2. As shown in Fig. 3.6(a), with the increase of applied σy2, the positive part
of shear stress (pointing to the free face) is gradually disappearing; also, as shown in Fig. 3.6(b), with the
increase of the value of σy2, the curves are gradually moving downwards, which is the evidence of the
superposition of both types of shear stress distribution. This superimposed shear stress distribution would
result in a specific end friction effect; it is no longer conventional as described below.
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(a)

(b)
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Fig. 3.6. Distribution of shear stress τzy at the top end of the sample for different values of σy2 applied to the sample:
(a) stress contour of shear stress τzy: (1) σy2=0; (2) σy2 = 0.1 MPa; (3) σy2 = 1 MPa; (4) σy2 = 3 MPa; (5) σy2 = 5 MPa; (6)
σy2 = 7 MPa; (7) σy2 = 10 MPa; (8) σy2 = 15 MPa (b) the value of shear stress τzy along line AB as a function of y

3.5.3.2. Influence of σy2 on the distribution of minimum principal stress
When applying σy2 to one side of the rock sample, the previous researchers expected that the σy
distribution would show a gradual linear increase throughout the rock sample from the free face to the
opposite surface and thus would simulate the change of radial stress near the excavation boundary [42], Fig.
3.8, and their experiments were based on this assumption. However, according to the abovementioned
discussion, the induced shear stress at the contacts could have a great influence on the minimum principal
stress distribution, i.e. σy in this case. Thus, the σy distribution was computed for each true triaxial unloading
test and based on modelling results, the σy distribution is far from linear throughout the whole rock sample.
The results are shown in Fig. 3.7 and discussed below.

Fig. 3.7. Distribution of σy in the central vertical section under different σy2 applied on one side of the rock sample: (a)
σy2=0.1 MPa; (b) σy2 = 1 MPa; (c) σy2 = 3 MPa; (d) σy2 = 5 MPa; (e) σy2 = 7 MPa; (f) σy2 = 10MPa; (g) σy2 = 15 MPa
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Fig. 3.8. Two types of failure modes of the tested samples from the experimental study of Su et al. [42]: (a) σy2 = 0.1, 1
or 3 MPa; (b) σy2 = 7, 10 or 15 MPa

From Fig. 3.7 it is seen that regardless of the value of applied σy2, the relatively high value of σy is
induced in the areas near the top and bottom ends compared to the central parts of the rock sample in all
cases, which is similar to the observation in the biaxial test. When σy2 = 0.1, 1 or 3 MPa, the rock sample is
almost under biaxial loading conditions, and the σy distribution is roughly symmetric with low to zero value
near the free face and the opposite surface. Along with the σy distribution, the rock elements near the free
face are roughly under biaxial loading conditions and can fracture when σz is relatively low as compared to
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the value of σz. If the final failure happens it takes the form of spalling failure mode [12-14]. A new area
with the low σy value appears near the new free face. This process repeats until the value of σz reaches the
strength of rock elements near the top and bottom sample-platen contacts. These are the areas where the
induced σy is relatively high compared to the other parts of the rock sample, as the strength of most hard
rocks significantly increases with increasing confining pressure or minimum principal stress [20, 31, 72].
Thus the inclined fracture planes can be formed in the centre of the rock sample. The numerical results are
in a good agreement with the final failure mode in experimental studies as shown in Fig. 3.8(a). When σy2 =
3 or 5 MPa, transformation of σy distribution is gradually happening. The σy distribution is no longer
symmetric and the potential inclined failure area is becoming more obvious.
When σy2 = 7, 10 or 15 MPa, the area with low σy (-1.583 ~ 0 MPa) near the free face narrows and
assumes an arc shape, which indicates that with the increase of σy2, the gradient distribution of σy is more
clear in the centre area of rock sample from the free face to the opposite surface. While disturbed by the
contact friction, the σy distribution in the top and bottom areas near the contacts assumes triangular shape
with a steeply inclined side. Along with the σy distribution, the rock elements near the free face are still
under roughly biaxial loading conditions and fail in spalling failure mode before the final failure of the whole
rock sample. The new area with low to zero value of σy then appears near the new free face. During this
process, the areas where high value of σy is induced assume the triangular shape and gradually move from
the original free face towards the opposite surface of rock sample. This process repeats until σz reaches the
strength of rock elements in the areas with high induced σy, thus a steeply inclined fracture plane eventually
forms and the whole tested rock sample fails, which explains the failure mode in the tested sample when σy2
= 7, 10 or 15 MPa was applied as shown in Fig. 3.8(b).

3.5.3.3. Influence of σy2 on the rotation of the major principal stress
A basic assumption in rock testing is the existence of a uniform stress state, where the loading surfaces
are usually the principal planes [71]. However the presence of shear stress on the loading surfaces can result
in rotation of the principal stresses, which is one of the reasons why the shear stress on the sample-platen
contacts is unwanted during the regular loading tests (uniaxial, conventional triaxial, and true triaxial tests).
For true triaxial unloading test, the significant and specific shear stress distribution is inevitably induced at
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the contacts where σz is applied as discussed before, so the rotation of the direction of the major principal
stress (σ1) cannot be avoided.
In the previous true triaxial unloading tests, it was found that the arc shape fractures were often observed
near the free face of tested rock samples. The typical arc shape fractures in experimental studies [42, 55] are
shown in Fig. 3.9. On top of the effect of σy distribution producing the arc shape fractures as shown in Fig.
3.7, the rotation of the direction of σ1 due to the shear stress on the contacts could also contribute to this
phenomenon. Indeed, considerable evidence described in the literature shows that brittle fracture in rock
takes place in the direction of the major principal stress [6]. The directions of σ1 obtained in our modelling
are shown and discussed below.
Fig. 3.10 shows the direction of the major principal stress (σ1) of the tests under different σy2 applied to
one side of the rock sample. When σy2 = 0.1, 1 or 3MPa, the direction of σ1 shows a slight rotation near the
top and bottom faces of the rock sample, while the direction of σ1 in the most parts of rock sample is vertical
that is coincide with the direction of the applied σz. This means that the shear stress at the sample ends
described in Section 3.5.3.1 has almost no effect on the σ1 distribution only leading to the slight rotation of
the principal direction. Combined with the distribution of σy, this leads to the spalling type of failure with
the fractures being vertical parallel to the free face.
With the increase of σy2, the situation gradually changes. When σy2 = 7, 10 or 15 MPa, the direction of
σ1 obviously rotates with respect to Z direction near the top and bottom ends of rock sample due to the high
value of the shear stress coming from a superposition of both types of shear stresses. Moving to the middle
of the rock sample, the direction of σ1 appears to be vertical, indicating the minor disturbance from contact
friction. Along the Y direction, near the free face, the distribution of σ1 assumes the arc shape opening
towards the free face, and away from it, thus the rotation of the principal direction gradually reduces. In this
situation, the spalling type fractures assume the arc shape near the free face. At some distance from it, for
all cases, the direction of σ1 remains vertical and the value of σy is relatively high compared to that near the
free face. Thus, in this high confinement area, the distribution of σy determines the shape of the fractures and
the inclined fracture planes can be formed.
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Fig. 3.9. Two typical samples with arc shape fractures near the free face from literature: (a) rock sample [42]; (b)
cement sample [55]
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Fig. 3.10. The directions of the major principal stress under different σy2 applied on one side of the rock sample: (a)
σy2=0.1 MPa; (b) σy2 = 1 MPa; (c) σy2 = 3 MPa; (d) σy2 = 5 MPa; (e) σy2 = 7 MPa; (f) σy2 = 10 MPa; (g) σy2 = 15 MPa

3.5.4. Discussion of the testing strategy
According to the numerical results presented above, with the use of the current experimental methods to
simulate the behaviour of rock elements near the excavation boundary, the second type of shear stress
distribution on the contacts between the loading platens and rock sample would inevitably be induced since
one surface of the rock sample remains free of load leading to the specific end friction effect and resulting
in the corresponding failure modes as described above in the tested samples. It should be noted that in the
tests of these types minimizing the end friction is not possible as friction plays an important role in preventing
the rock sample from sliding out the loading platens.
The shear stress between the loading platens and the rock sample cannot be regarded as representative
of the interaction with the surrounding rock elements as the latter firstly attach to the rock element in question
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and secondly have similar or equal moduli thus not capable of creating considerable shear stresses. This
should be taken into account when interpreting the failure patterns observed in such tests.
Another mainstream method to study the rock failure behaviour near the excavation boundary is the
biaxial compression test. Under the biaxial loading condition, the tested rock sample is regarded as a micro
rock element at the excavation boundary, which is small enough compared to the dimensions of the opening,
so the change of the radial stress between free face and the opposite surface can be neglected, as shown in
Fig. 3.11. Under this circumstance, the second type of shear stress distribution can be eliminated, and
measures can be taken to minimize the first type of shear stress distribution on the sample-platen contacts,
e.g. grinding the sample ends and adopting anti-friction agent, so as to minimize the conventional end friction
effect.

Fig. 3.11. Stress condition near the excavation boundary: σx0, σy0 and σz0 are the far-field stress components.

3.6. Conclusions
The true triaxial unloading tests have been developed in the past decade to capture failure behaviour of
rock elements near the excavation boundary in laboratory study. By reviewing the previous studies, it is seen
that either the violent ejection of rock fragments or the arc-shape fractures near the free face were often
observed when one surface was unloaded or remained load-free in the tests. The type of failure depends upon
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the material/rock tested. For example, the granite samples are prone to the dynamic ejection; static spalling
usually happens in cement mortar samples. In addition, the unloading rate and slenderness effect this process,
while the latter factor involves the end friction effect. The dynamic rock failure generally happened at the
top and bottom of unloading surface or loading-free surface may be attributed to the shear stress distribution
at the region where unloading or loading-free surfaces are adjacent to the loaded surfaces.
Most importantly, the end friction effect in true triaxial unloading tests is not taken seriously or is
regarded as the conventional end friction effect when interpreting the failure modes of tested rock samples.
The FE modelling demonstrated the importance of the end friction effect during rock tests under uniaxial
loading, biaxial loading and true triaxial unloading conditions.
In the uniaxial loading tests, the (non-uniform) shear stress distribution is developed at the sample-platen
contacts. As a result, relatively high compressive stress is developed in lateral directions near the top and
bottom ends. This leads to the typical barrel shape of rock sample due to the conventional end friction effect.
Results of modelling of biaxial compression test show that the confinement in the minimum principal stress
direction is induced by conventional end friction and distributes symmetrically.
In the modelling of true triaxial unloading tests, when different σy2 (simulating the radial stress acting on
the rock elements near the excavation boundary) is applied to one side of the rock sample, two types of shear
stress distribution arise on the sample-platen contacts: on top of the shear stress developed in biaxial test a
second type of shear stress preventing the rock sample from sliding is developed. As a result, the
corresponding end friction effect is no longer conventional. The minimum principal stress does not distribute
linearly from the free face to the opposite surface throughout the whole sample as conventionally expected.
The contact friction highly disturbs the minimum principal stress, which leads to non-uniform distribution
of the lateral compression and hence the formation of non-uniform strength of rock elements located in
different areas inside the rock sample. Furthermore, with the increase of σy2, the major principal stress
direction undergoes rotation. Thus, with σz =200 MPa and σx=30 MPa, when σy2= 0.1, 1 or 3 MPa, the
spalling type fractures parallel to the free face and inclined fractures in the centre of the vertical surfaces that
are perpendicular to the free face can be formed; when σy2= 7, 10 or 15 MPa, the spalling type fractures of
arc shape are formed near the free face and the total failure presents in inclined fracture plane at some
distance from the free face.
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The true triaxial unloading model in our study is essentially the true triaxial unloading test of the second
type i.e. the asymmetric loading test, in which the abrupt unloading process is not involved. Currently there
is another type of true triaxial unloading test, i.e. initially under true triaxial loading condition then abrupt
unloading process is introduced on one sample surface. Further numerical study is required capable of
simulating dynamic process to investigate the corresponding end friction effect.
It is seen that even in this simplified elastic modelling the effect of friction is seen as non-negligible and
strongly affecting the fracture pattern. Thus special measures should be taken to reduce the effect of friction
or a modified analysis of the results of the tests with higher friction should be employed.
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Chapter 4. Effect of the Intermediate Principal Stress on 3-D Crack
Growth
4.1. Abstract
An experimental and numerical investigation of 3-D crack growth in biaxial compression is presented.
We tested a series of transparent casting resin samples, each with a single initial penny-shape crack at the
sample centre. We applied biaxial compression with different ratios (σ ⁄σ ) between the lateral (the
intermediate principal stress) and the axial (the major principal stress) loads. The initial penny-shape cracks
were inclined at 30° to the major principal stress but parallel to the intermediate principal stress. The
experimental results revealed the qualitative influence of the intermediate principal stress on shape of 3-D
crack growth: in uniaxial compression, the initial penny-shape crack produces wings wrapping around it.
The wrapping hampers the ability of the wings to grow resulting in the appearance of the maximum wing
length of the order of the size of the initial crack. In biaxial compression with high intermediate principal
stress the wings straighten and grow to an extent sufficient to split the sample. The threshold for the
intermediate principal stress separating these two regimes of wing growth is surprisingly low: 5.7% of the
major principal stress. The XFEM (extended finite element method) modelling showed that this threshold
corresponds to the transition in the pattern of direction of the secondary principal tensile stress near the initial
crack from directions roughly perpendicular to the intermediate principal compressive stress direction to the
radial directions with respect to the initial crack; the latter pattern causes wing wrapping.

4.2. Introduction
Direct experiments on different materials (e.g. Columbia resin 39 [1,2], polymethylmethacrilate (PMMA)
[3, 4], gypsum [5, 6], sandstone [3, 7] and marble [8] and models (e.g. the finite element method (FEM) [9],
the boundary element method (BEM) [10], the displacement discontinuity method (DDM) [10, 11] and the
discrete element method (DEM) [12, 13]) show that under uniaxial loading condition, in 2-D, the secondary
wing cracks that emanate from a single inclined flaw (fully penetrating crack) or a pore can grow and
propagate extensively and thus capable of leading to the 2-D sample splitting [14]. Opposite to the 2-D case,
direct experiments conducted by Dyskin et al [15, 16] show that in 3-D when the initial crack is located in
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the centre of the sample, wing cracks are restricted to the size comparable to the initial crack and cannot
substantially grow to cause the macroscopic failure of the sample. Fig. 4.1 shows schematics of wing crack
grow in 3-D. The wings assume a special shape curving or wrapping around the initial crack. Subsequently
this phenomenon is called wrapping. It was hypothesised that the main reason for the growth restriction is
wrapping of the wings around the initial crack leading to arrest of their growth. This pattern of crack growth
has been verified to be consistent in samples made from various materials such as polyester resin, PMMA,
glass, cement and mortar [16], and thus can be regarded as a major feature of the single 3-D internal crack
growth in uniaxial compression. For a heterogeneous material like rock containing a multitude of preexisting cracks which provide a self-sufficient mechanism of failure, the macroscopic fracturing in uniaxial
compression was attributed to the interaction and coalescence of multiple cracks [16] and the lateral crack
growth mechanism [17]. Some researchers focused on the 3-D surface crack. A series of uniaxial
compression tests were carried out in the Rock Mechanics Laboratory of The Hong Kong Polytechnic
University on a variety of materials, including PMMA [18, 19], marble [19], sandstone [20], gabbro [20-22],
each containing single pre-existing 3-D surface crack. The results show that the growth length of crack
depends on the penetration of the initial crack i.e. the crack growth is more extensive when the cutting depth
of the initial crack increases, which demonstrates the gradual change of crack growth mechanisms from 3D to 2-D in uniaxial compression. Lu et al [23] conducted uniaxial compression tests on sandstone samples
each containing a pre-existing 3-D surface crack with different length, angle and depth. Four types of crack
were observed by using CT scanning technique after testing, i.e. the wing crack, anti-wing crack, petal crack
and far-field crack, among which the petal crack propagates and wraps around the initial crack.
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Fig. 4.1. Wing crack wrapping (wings assume a special shape curving or wrapping around the initial crack.
Subsequently this phenomenon is called wrapping) in resin sample under uniaxial compression loading condition
[16]: (a) front view (b) side view; (c) sketch of the wing crack wrapping.

In many circumstances rocks are subjected to biaxial loading conditions. These include the vicinity of
sidewalls and the driving faces of an excavation. At a smaller scale biaxial compression is induced near
surface of rock or concrete subjected to heating, for instance in the process of rock/cement cutting by thermal
fracturing (spallation) [24, 25]. In biaxial compression tests where no artificially induced cracks were
encased in samples, the splitting failure mode, i.e. the vertical fracture planes parallel to the free surfaces of
samples were generally observed when measures were taken to ensure that the end friction effect was at a
relatively low level so that the biaxial stress state cannot be highly disturbed. This phenomenon has been
confirmed in experiments when different materials tested in biaxial compression, including both rock-like
heterogeneous materials (concrete [26, 27], freshwater columnar ice [28]) and natural rocks (marble [29],
granite [30], sandstone [31], dolomite [32]).
In a numerical study, Cai [33] adopted a coupled numerical tool which integrated the finite element
method and discrete element method to investigate the influence of the intermediate principal stress on the
rock fracturing process in biaxial compression. The results show that with the increase of the intermediate
principal stress, the generated micro-cracks are preferably oriented parallel to the maximum and the
intermediate principal stresses.
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Given the abovementioned observation in experiments, the failure mechanism in the microscopic scale,
i.e. the single 3-D crack growth in biaxial compression must be considered first to fully comprehend the
mechanism of macroscopic fracturing. Few studies, however, have been focused in this field. Sahouryeh et
al [34] conducted biaxial compression tests on sandstone, concrete and transparent casting resin with a single
penny-shaped crack situated in the centre of the sample. They found that in biaxial compression with
approximately equal loads, the pattern of growth of the initial crack dramatically differed from that observed
in uniaxial compression. In the uniaxial compression test, wing cracks were sprouted from the pre-existing
crack and then wrapped around it, Fig. 4.1. The extent of wing crack growth was only comparable in size to
the pre-existing crack. In the biaxial compression the intermediate principal compression stress prevented
the wing cracks from wrapping, and therefore wing cracks were able to grow extensively parallel to both
loading directions, which gave rise ultimately to the splitting failure of the tested samples. Apparently, the
wrapping can be suppressed if the intermediate principal stress is high enough and the extensive wing crack
growth can be induced. In this experimental and analytical study, the applied biaxial load ratio (σ ⁄σ ) was
limited to 1 and thus the effect of the intermediate principal stress on crack growth was not quantitatively
reflected.
To reveal the influence of the intermediate principal stress on the crack growth mechanism and explore
the transition process between extensive and restricted crack growth modes, more biaxial compression tests
with progressively diminishing biaxial load ratios should be conducted.
The objective of the present paper is twofold: firstly, to confirm the effect of the intermediate principal
stress on 3-D crack growth mechanism and identify the minimum biaxial load ratio that is capable of
preventing the wrapping mechanism and thus leading to the extensive crack growth; secondly, to observe
the morphological features of crack growth during this transition process. To this end, Section 4.3 presents
the experimental investigation of the crack growth in biaxial compression, during which the minimum
compressive stress is maintained as zero and the intermediate principal stress is parallel to the initial crack;
in Section 4.4 the numerical investigation using FEM (finite element method) combined with XFEM (the
extended finite element method) was carried out to validate the results obtained from the physical
experiments.

4.3. Sample preparation and experimental setup
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4.3.1. Sample preparation
The cubic samples with the dimension of 100 mm × 100 mm × 100 mm were made from transparent
casting polyester resin “CRYSTIC 406 COS PA FC”. To model the initial penny shape crack, two greased
aluminium foil disks, 5 mm in radius, inclined at 30° to one of the loading axes (y-axis) were hanged in the
centre of a cubic aluminium mould by a pair of copper wires prior to resin casting. Before pouring into the
mould, the resin and the catalyst were mixed thoroughly to prevent the “strip-like” effect within samples.
After being completely cured (around 7 days according to the resin casting manual), the samples were cut
and polished to the required dimensions. The aluminium mould and a completed resin sample are shown in
Fig. 4.2. Based on the previous studies, at the temperature about −6℃ the material becomes brittle, deforms
without barrelling and has a linear stress-strain behaviour up to burst-like fracture [16]. Therefore, to ensure
a brittle failure regime, samples were kept in a freezer for at least 48 h (at ≅ −16℃) before testing such that
by the time of testing the temperature does not exceed the required −6℃.

Fig. 4.2. The aluminium mould and the final resin sample.

4.3.2. Experimental setup
The resin samples were tested by using the True Triaxial Stress Cell (TTSC) at Curtin University (WA,
Australia). The sample surfaces and the loading platens were in direct contact; the contact dimensions being
98mm × 98mm (the size of loading platen was 1 mm smaller on each side than resin samples) to prevent
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loading platens from touching and interlocking. The true triaxial loading system can apply independent
loading in three orthogonal directions with three independent pumps capable of delivering 150 MPa
hydraulic pressure to jacks (hydraulic cylinders). The biaxial loading condition can be achieved by setting
the load on two opposite sample surfaces to zero and removing the corresponding loading platens.
The biaxial compression tests were conducted in load-control, the ratio of loading rates in two directions
was fixed during each test, which means the predefined biaxial load ratio (σ ⁄σ ) can be maintained within
the accuracy of the control module of hydraulic pumps during the whole testing process, see Table 4.1. The
TTSC is fully closed during testing. This did not permit the real-time observation of the process of crack
growth. In order to ensure the integrity of the resin samples so as to allow them to provide clear perspective
of the crack growth after testing, for low magnitudes of lateral stress ( σ ), the loading time was
correspondingly lower.

4.3.3. Results and discussion
A series of tests with progressively decreasing σ ⁄σ ratios, starting from 0.5 were performed to capture
the transition process from extensive to restricted crack growth modes. In total, 18 resin samples were tested
including one sample for the trial test. Table 4.1 reports the testing parameters including the loading rate, the
final stress reached, the biaxial load ratio and the error between final and pre-defined biaxial load ratio in 17
formal biaxial compression tests.
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Table 4.1 Biaxial tests

σ ̇ ⁄σ ̇

Error
(%)

Extensive
crack
growth
(Y/N)

6

0.50

1

Y

12

4

0.33

1.8

Y

0.244

12

3

0.25

2.4

Y

0

0.202

12

2.4

0.2

1

Y

8.3

0

0.100

12

1.2

0.1

<0.1

Y

82.8

4.1

0

0.05

12

0.6

0.05

<0.1

N

7

78.1

6.3

0

0.08

12

0.96

0.08

<0.1

Y

8a

73.4

4.8

0

0.065

12

0.78

0.065

<0.1

Y

8b

71.8

4.7

0

0.065

12

0.78

0.065

<0.1

Y

9

70.0

3.5

0

0.05

12

0.6

0.05

<0.1

N

10

72.4

4.7

0

0.0649

12

0.78

0.065

0.154

Y

11

69.0

3.9

0

0.0567

12

0.68

0.0567

<0.1

N

12

71.7

4.3

0

0.06

12

0.72

0.06

<0.1

Y

13

72.0

4.2

0

0.0583

12

0.7

0.0583

<0.1

Y

14

72.0

4.15

0

0.0576

12

0.69

0.0575

0.174

Y

15

72.0

4.1

0

0.057

12

0.685

0.0571

0.175

Y

16

83.2

4.7

0

0.0565

12

0.68

0.0567

0.3

N

Test
No.

σ
(MPa)

σ
(MPa)

σ
(MPa)

σ̇
(MPa/min)

σ̇
(MPa/min)

1

83.6

41.5

0

0.495

12

2

83.3

27.0

0

0.324

3

84.1

20.5

0

4

83.3

16.8

5

82.8

6

σ ⁄σ

4.3.3.1. The results of crack growth morphology in biaxial compression tests with
different

⁄

ratios.

Fig. 4.3 shows a tested resin sample with σ ⁄σ = 0.5 (test No. 1). The wing crack grew extensively
towards both loading axes. At the end of the test, the wing produced from the upper part of the initial crack
contour extended to the sample boundaries and produced splitting failure of the sample. As for the wing
sprouted from the lower part of the initial crack contour, it assumed the form of “moth-shape”. Even though
the extent of growth of the lower wing was much smaller compared to the upper one, the “moth-shape” wing
was also completely parallel to the free surfaces, and thus the distance of the bridge between two cracks was
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exactly the horizontally-projected length of the initial crack, i.e. 2.5 mm. The results of test No.2 with
σ ⁄σ = 0.33 show the similar crack growth pattern.

Fig. 4.3. The crack growth in biaxial compression with

⁄

=0.5: (a) front view; (b) lateral view; (c) top view; (d)

sketch of the top view of the extensive crack growth

Fig. 4.4 shows a tested resin sample with σ ⁄σ = 0.25. Two wings produced from the upper and lower
contour of the initial crack grew extensively and approached the top and bottom boundaries of the sample,
respectively. An overlapping area is formed between two individual wings presented in the form of
“moustache-shape” at the middle of the sample as shown in Fig. 4.4(a). Unlike the splitting failure observed
in test No. 1, the whole sample remained intact even though both wing cracks propagated to the sample
boundaries. As in tests Nos. 1, 2, in test No. 3 (σ ⁄σ = 0.25) and test No. 4 (σ ⁄σ = 0.2), the wing crack
surfaces were completely parallel to the load-free surfaces.
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Fig. 4.4. The crack growth in biaxial compression with

⁄

=0.25: (a) front view; (b) lateral view; (c) top view; (d)

sketch of the top view of the extensive crack growth

When σ ⁄σ ratio was reduced to 0.1 (test No. 5), first indications of a transition pattern of crack growth
modes could be observed. The crack growth with this value of σ ⁄σ shown in Fig. 4.5 has the following
features: (1) the wings sprouted from the upper and lower contour of the initial crack merged together (by
overlapping); (2) the total area of overlapping was narrower as compared to that when the higher σ ⁄σ
ratios were applied. Along the x-axis (horizontal direction), the wing crack extended nearly to the sample
boundaries, while along y-axis (vertical direction), there existed some distance between wing crack and the
sample boundaries; and (3) in spite of the fact that the overall wing surfaces were almost parallel to the
sample free surface, waving could be observed in local area near the initial crack. Fig. 4.6 shows the pattern
of the produced wing crack growth when σ ⁄σ = 0.08 (test No. 7). It is seen that the abovementioned
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features can still be observed with further reduction in the σ ⁄σ ratio. Especially, the waving shape of the
wing crack is more obvious in local area near the initial crack, i.e. the curvature of the crack surface near the
initial crack increased, Fig. 4.6(c).

Fig. 4.5. The crack growth in biaxial compression with

⁄

= . : (a) front view; (b) lateral view; (c) top view; (d)

sketch of the top view of the extensive crack growth.
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Fig. 4.6. The crack growth in biaxial compression with

⁄

= .

: (a) front view; (b) lateral view; (c) top view;

(d) sketch of the top view of the extensive crack growth.

In test No. 6, we tested one sample with σ ⁄σ = 0.05 in order to explore the lower boundary that leads
to the extensive crack growth. The result is shown in Fig. 4.7 with local enlarged views. The sample did not
fail, but produced some near-surface fractures. From Fig. 4.7(a), it can be observed the limited growth wings
sprouted from both upper and lower contour of the initial crack accompanied by wrapping (curling) of the
wings around the initial crack. The local near-surface fractures in the sample were randomly distributed
without showing preferred orientation with respect to σ and σ and were independent of the wing crack
growth. The formation of these near-surface fractures can be attributed to the material failure not associated
with the wing crack growth. In addition, the maximum length of the wing crack was much smaller than that
produced in uniaxial compression as shown in Fig. 4.1. Test No. 9 is a repeated test with the same σ ⁄σ
ratio. In this test the restricted crack growth was also observed.
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Fig. 4.7. The crack growth in biaxial compression with

⁄

= .

with local enlarged view: (a) front view; (b)

lateral view; (c) sketch of the top view of the restricted crack growth (wing cracks wrapping).

Now the threshold range of σ ⁄σ starting from which extensive wing growth is possible has been
narrowed to between 0.05 and 0.065. We conducted more tests in this range to identify the critical value of
σ ⁄σ , from tests No. 8b to No. 16. It is necessary to mention that there was a time gap between test No.8a
and No. 8b due to temporary equipment unavailability. Thus, to make sure that the True Triaxial Stress Cell
was in good condition when the present experiments were restarted, test No.8b was carried out with the same
σ ⁄σ ratio as that of test No.8a. The results from both tests show nearly the same crack growth pattern.
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Therefore, the results from test No. 8b sample which has better transparency, is presented here. Fig. 4.8
shows the wing crack surfaces from top view with σ ⁄σ = 0.065, 0.06, 0.0575 and 0.0571 that were
obtained in tests No. 10, 12, 14 and 15, respectively. It is seen that with the decrease of σ ⁄σ , the flatness
of the wing crack surface was increasingly disturbed. At the boundary of wing crack surface, the tendency
of the inward curling was shown. Most importantly, the continuity of the wing crack near the initial crack
was affected. When σ ⁄σ = 0.0575, the wing crack at this part started to show discreteness instead of
forming a continuous plane.
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Fig. 4.8. The crack growth from top view in biaxial compression with

⁄

of: (a) 0.065; (b) 0.06; (c) 0.0575 (d)

0.0571.

The restricted wing crack growth was observed when σ ⁄σ = 0.0567 in test No. 11 and a repeated test
No. 16; the results are shown in Fig. 4.9 (a) and (b), respectively. Increasing the loading time in test No. 16
(with the same σ ⁄σ ratio) to reach the higher ultimate stresses in both directions only led to a limited
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noticeable elongation and the progressive failure of the resin material which was also not attributed to the
wing crack growth according to the comparison shown in Fig. 4.9. Therefore, we regarded σ ⁄σ = 0.057
as the critical (threshold) value for extensive crack growth under biaxial compression.

Fig. 4.9. The crack growth from lateral view in biaxial compression with

⁄

= .

(a) test No. 11; (b) test No.

16.

4.3.3.2. Influence of the intermediate principal stress on crack growth
In uniaxial compression or in biaxial compression with σ ⁄σ below the critical value, the direction of
wing crack growth is only controlled by the direction of the maximum principal stress (σ in this case), with
negligible effect of the intermediate principal stresses σx. A curly crack surface due to wrapping of the wings
is formed. This results in only limited wing crack growth in the direction of σ , as shown in Fig. 4.10(a).
When the intermediate principal stress (σx in this case) is applied, wing wrapping in the direction
perpendicular to σx can be suppressed to some extent depending on the stress ratio. When σ ⁄σ ratio is
above the critical (threshold) value, the wrapping is completely suppressed, which gives rise to extensive
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crack growth, as shown in Fig. 4.10(b). Then the wing cracks propagate parallel to both σy and σx directions
as shown in Figs 4.6 and 4.8.

Fig. 4.10. Wing crack growth in compression from the top view: (a) penny-shape crack in compression (b) top view of
the wing crack wrapping in uniaxial compression (the loading axis is perpendicular to the drawing plane) or in
biaxial compression with

⁄

below the critical value; (c) top view of prevented wrapping in biaxial compression
with

⁄

above the critical value.

In the extensive crack growth mode, when σ ⁄σ ratio was in the range of 0.2 to 0.5, (tests Nos. 1-4),
the wing wrapping is completely suppressed by the intermediate stress, σ and the induced wings propagate
extensively and fully parallel to the free surfaces of the sample. In particular, when σ ⁄σ =0.33 or 0.5, the
wing cracks propagate to the sample boundaries, creating (or tending to create) a splitting failure of the
sample. When σ ⁄σ ratio was reduced to 0.1, extensive wing cracks are still produced but the transition
process started to show: the intermediate stress, σ is no longer capable of preventing the wing wrapping
and hence the flatness of the crack surfaces was disturbed. This is especially seen at the locations near the
initial crack, where the crack surfaces fluctuate and form wavy shape, Fig. 4.5(c) and Fig. 4.6(c).
Approaching the critical value of σ ⁄σ , especially below 0.06, the inability of σ to prevent the wrapping
is even more obvious in the discrete wing cracks near the initial crack and curling tendency at the crack
surface, as shown in Fig. 4.8. It should be noted that when σ ⁄σ is getting close to the critical value but
incapable of fully preventing the wrapping mechanism, the wing cracks can still propagate extensively to
the location at some distance from the sample boundaries.
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Another observation: the wing crack surfaces in our tested resin sample with the extensive crack growth
commonly show two main parts: a smooth central part, Region I and an opaque and coarse external part,
Region II, which were analysed and identified as stable and unstable crack growth areas, respectively,
indicating the transition that crack growth changes from being relatively slow to dynamic. This corresponds
to the results of the previous experimental by Sahouryeh et al [34].
It is astonishing that the extensive crack growth mode is changed to the restricted one in such a small
interval i.e. within 0.01 of σ ⁄σ ratio, without precursory phenomena typical for transitional crack growth
types. There seems to exist a sudden change in the stress field near the initial crack that induces different
crack growth modes. Besides, when the σ ⁄σ ratio is reduced below the critical value (0.0567 and 0.05),
the restricted wing crack growth is obviously smaller than that obtained in uniaxial compression. It can be
inferred that it was the presence of the intermediate principal stress that suppressed the restricted crack
growth.

4.4. Mechanics of wrapping and wrapping suppression
The aim of this section is to understand the mechanism of transition from wing wrapping to wrapping
suppression enabling extensive growth. It should also be confirmed that the wrapping and its suppression do
not dependent on the specific properties of the material used in experiments. To this end, the stress fields
around the initial crack in uniaxial and biaxial compression are examined numerically in this section.

4.4.1. Modelling of the initial crack
To simulate the initial crack the FE mesh was created using the corresponding feature of the extended
finite element method [35], which adds discontinuous functions in the finite element approximation and thus
allows the crack to be represented independently of the mesh. In ABAQUS, using XFEM method, the initial
crack is allowed to propagate along an arbitrary, solution-dependent path, or can be specified as stationary
(elastic) [36]. As in this study the stress distribution near the initial crack was of interest, growth of the initial
crack was thus not allowed.

4.4.2. Model set-up
The 3-D model with the size of the resin sample was simulated. The model consists of 178242 nodes,
169020 linear hexahedral elements with the denser mesh arrangement around the region where the initial
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crack is located, Fig. 4.11. The boundary conditions adopted for the points of the FE model shown in Fig.
4.11 are listed in Table 4.2, where U , U and U are the displacement along x, y and z-axes, respectively.

Fig. 4.11. Model geometry and mesh arrangement for modelling of crack growth in biaxial compressive tests.

Table 4.2 The boundary conditions applied in the numerical model
Point number

Boundary condition

1

U = U =U =0

2

U = U =0

3

U =0

Faces parallel to XOZ

σ = 84 MPa, τ

= τ

=0

Faces parallel to YOZ

σ (Table 4.4), τ

= τ

=0

Throughout this study, stresses σ and σ are applied in the load-control mode, which means that these
stresses applied to the external surfaces of the sample are increased step by step until the predefined values
are reached. The input parameters used in the FE model are: Young’s modulus of 4 GPa, and Poisson’s ratio
of 0.38 [34].
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Once the results of each modelling of biaxial compression test are obtained, the direction and magnitude
of the secondary principal stress, i.e. the principal stresses in prescribed horizontal sections are calculated as
follows. From the stress tensor in the co-ordinate frame (x, y, z) introduced above:
(1)
We extract the two-dimensional stress tensor representing stresses acting on the vertical planes that is
planes normal to plane (XOZ):
(2)
Its principal stresses and directions are referred to as the secondary principal stresses and directions:
0
0

,

(3)

In our numerical results, only the direction and magnitude of the secondary principal tensile stress are
presented since the brittle materials usually have much lower tensile strength and thus fail in tension before
in compression, and a new crack front can be formed perpendicular to the major secondary principal tensile
stress [37].

4.4.3. The results and discussion
4.4.3.1. Modelling of crack growth in uniaxial compression tests
The results of the experiments presented above show that in uniaxial compression the 3-D crack growth
in the direction of the maximum principal stress is hampered because of wing wrapping, Fig. 4.1.
Furthermore, in addition to wing crack growth, the petal crack formation in the horizontal section passing
through the crack centre was sometimes observed in PMMA and resin samples with laser induced cracks
[37, 38]. Opposite to this, the intermediate principal stress of magnitude above the threshold apparently
supresses the wrapping.
Both wing wrapping and its suppression occur in the plane normal to the direction of maximum principal
stress. Therefore, in order to understand the mechanism of wrapping and its suppression it is sufficient to
investigate the distribution of maximum tensile stresses acting on the planes parallel to the maximum
compression and the corresponding principal directions.
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To this end, the direction and magnitude of the major secondary tensile stress in two characterized
horizontal sections, i.e. (1) passing through the crack centre and (2) one radius above the crack centre were
calculated and plotted. It is assumed that the material of the samples behaves in the brittle elastic fashion i.e.
fails in tension.
The analysis starts with two benchmark cases of modelling crack growth in uniaxial compression. The
modelling parameters are listed in Table 4.3, model No. 1 and model No. 2 for the initial cracks with
inclination to y-axis at 30° and 45°, respectively.

Table 4.3 Testing plan of benchmark cases

Model
No.
1
2

Testing type
Uniaxial
compression
Uniaxial
compression

σ ⁄σ

Inclination of the
initial crack with
respect to y-axis
（°）

The radius
of the
initial
crack (mm)

σ (MPa)

σ (MPa)

σ (MPa)

84

0

0

0

30

5

84

0

0

0

45

5

Figs. 4.12 and 4.13 show that the distributions of the secondary principal tensile stress in the
corresponding horizontal section have similar patterns for the initial cracks inclined to the y-axis at 30°
or 45°. The coordinates, x and z, in these figures are given in the units of the initial crack radius, i.e. 5 mm
and the length of each stress bar is proportional to the applied maximum stress magnitude (σ ). In the
horizontal section that is one radius above the crack centre, Figs. 4.12(b) and 4.13(b), the tensile stress
distribution near the left upper crack contour clearly indicates the formation of wing crack wrapping, i.e. a
new crack front can be formed perpendicular to the secondary principal tensile stress directions, as illustrated
in Fig. 4.14(a). In the horizontal section passing through the crack centre, Fig. 4.12(a) and Fig. 4.13(a), the
tensile stress concentrates near the lateral part of the initial crack front, and is subparallel to the crack contour.
Due to the magnitude of the tensile stress lower than that in the section one radius above the initial crack
centre, the development of the so called petal crack depends on other factors, e.g. material strength and the
method of the initial crack manufacturing. For instance, in the samples made from polyester resin with the
initial crack introduced by embedding thin inclusions (greased aluminium foils), the petal crack was not
induced, Fig. 4.1.
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Fig. 4.12. Direction and magnitude of the secondary principal tensile stress in horizontal sections passing through (a)
the crack centre and (b) one radius above, when inclination of the initial crack to y-axis is

°.

Fig. 4.13. Direction and magnitude of the secondary principal tensile stress in horizontal sections passing through (a)
the crack centre and (b) one radius above, when inclination of the initial crack to y-axis is
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Fig. 4.14. Illustration of the relation between the secondary principal tensile stress directions and wing crack growth
in compression from the top view: (a) wing crack wrapping; (b) extensive wing crack growth.

4.4.3.2. Crack-induced principal stresses in biaxial compression
In order to investigate the effect of the intermediate principal stress on wrapping, the same value of σ
(84

MPa)

is

applied

for

all

biaxial

compression

test

simulations.

A

series

of

σ ⁄σ ratios starting from 10% and progressively decreasing, are applied until the critical stress distribution
is reached that shows the capability of producing restricted wing crack growth around the initial crack. Table
4.4 reports the whole procedure, models Nos. 3 to 8 and models Nos. 9 to 15 for the initial cracks with
inclination to y-axis at 30° and 45°, respectively. Based on the results of each modelling, the magnitude and
the direction of the secondary principal tensile stress in the section that is one radius above the crack centre
are calculated.
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Table 4.4 Modelling procedure of biaxial compression tests in numerical modelling

Model
No.

Testing type

3-8

Biaxial
compression

9-15

Biaxial
compression

σ (MPa)

σ (MPa)

84

8.4, 6.72,
5.04, 4.62,
4.41, 4.2

0

84

8.4, 6.72,
5.04, 4.62,
4.41, 4.2,
4.03

0

σ (MPa)

σ ⁄σ
0.1, 0.08,
0.06,
0.055,
0.0525,
0.05
0.1, 0.08,
0.06,
0.055,
0.0525,
0.05, 0.048

Inclination of
the initial crack
with respect to
y-axis （°）

The radius
of the
initial crack
(mm)

30

5

45

5

Fig. 4.15 shows the secondary principal tensile stress directions in the prescribed sections for samples
with the initial crack inclined at 30° to the y-axis and loaded with different ratios σ ⁄σ . From Fig. 4.15(a),
it is seen that the tensile stresses decay rapidly away from the initial crack in all cases considered. At a
distance from the crack centre of about 1.3 radii, the secondary tensile stress direction to the z-axis change
little with the σ ⁄σ ratio. However within the distance of one crack radius, as shown in the enlarged view,
Fig. 4.15(b), the secondary tensile stresses have relatively large magnitude and the direction changes with
the σ ⁄σ ratio.
When σ ⁄σ = 0.1, the secondary tensile stress direction near the lateral crack contour is subparallel to
the z-axis, indicating that the initiation of wing crack growth is parallel to the free surfaces of the sample
instead of the wrapping mode, Fig. 4.14(b). With progressive decrease of the σ ⁄σ ratio, the direction of
the tensile stresses near the lateral contour of the initial crack turns towards the radial direction with respect
to the initial crack centre. Even when σ ⁄σ ratio is as low as 0.06, the change of the tensile stress directions
in the enlarged area is still limited. In should be noted that when the σ ⁄σ ratio is in the range of 0.06 to
0.1, the direction of the major secondary principal tensile stress is not fully parallel to the z-axis. Yet the
wing cracks still grew extensively in the experiments, but exhibit a wavy shape near the initial crack contour,
Figs. 4.5, 4.6 and 4.8. This indicates an agreement between the experiments and the simulations.
When the σ ⁄σ ratio decreases to 0.055 and below, the difference in the tensile stress directions is more
obvious. The critical value of σ ⁄σ ratio appears at 0.05, at which the directions of tensile stresses at the
local enlarged area show sudden change. The secondary principal tensile stress at the same location are no
longer subparallel to z-axis but directed along the radial directions with respect to the initial crack centre.
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This indicates that the type of wing crack growth in biaxial compression model is radically changed. It
should be noted that when σ ⁄σ = 0.05, even though the tensile stress distribution is similar to what is
produced in uniaxial compression test, Fig. 4.12(b), the magnitude of these tensile stresses is only about 70%
of the one obtained in uniaxial compression. This is because the existence of the intermediate principal stress
suppresses the secondary principal tensile stresses which have already undergone considerable rotation near
the lateral contour of the initial crack and are thus subparallel to x-axis. This numerical result also explains
the fact that the length of the restricted wing crack growth in biaxial compression test with extremely low
σ ⁄σ ratios (0.05 and 0.0567, as shown in Fig. 4.7 and Fig. 4.9) is smaller than that observed in the uniaxial
compression test.
Based on the numerical results, 0.0525 can be regarded as the critical (threshold) value of σ ⁄σ in the
biaxial compression models for extensive crack growth when the inclination angle of the initial crack is 30°.
The numerically obtained critical value of the stress ratio enabling extensive crack growth in the numerical
study is close to but slightly smaller than the experimental one (0.057). This could be attributed to, for
instance, the properties of the resin material, the real thickness of the initial crack, or the time it takes for the
hydraulic pressure to reach the required system. During this time the wings could have wrapped already.
Stresses produced by the initial crack inclined at 45° were also computed and the secondary principal
tensile stress in the same horizontal section were found. Fig. 4.16 shows that the transition from wrapping
to extensive growth has a similar pattern to the cases when the initial crack inclined at 30° to the y-axis. For
the 45° initial crack inclination, the critical value of σ ⁄σ ratio is determined to be 0.05, which is close to
that of the 30° initial crack inclination, i.e. 0.0525. It should be noted that this simplified modelling
concentrates on the dependence of the principal direction on the magnitude of the biaxial load ratio. This is
independent of the material properties. The experimental verification of crack growth transition for other
inclination angles of the initial cracks will be conducted in future studies.
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Fig. 4.15. The directions and magnitude of the secondary principal tensile stress in a horizontal section that is one
radius above the crack centre in biaxial compression models with different ratios of

⁄

when the initial crack is

inclined at 30° to y-axis: (a) the overall view; (b) the enlarged view of the local area within the blue frame in (a)

Fig. 4.16. The direction and magnitude of the secondary principal tensile stress in a horizontal section that is one
radius above the crack centre in biaxial compression models with different ratios of

⁄

when the initial crack is

inclined at 45° to y-axis: (a) the overall view; (b) the enlarged view of the local area within the blue frame in (a)

4.5. Conclusion
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Biaxial compression is a type of loading developed under a general triaxial compression in a vicinity of
free surfaces such for instance as the walls of excavations or at the rock/concrete surface under heating.
Biaxial compression can cause failure near free surface in the form of spallation or, at a larger scale, skin
rockburst. Failure of this type is often caused by fracture production parallel to the free surface (for instance
in the course of its propagation from a pre-existing flaw).
While in a two dimensional representation, the growth of a pre-existing crack in compression (so-called
wing crack) leads to extensive wing crack growth as confirmed in numerous experiments and in direct
numerical modelling, the tests on crack growth in uniaxial compression in 3-D shows that there exists a limit
on crack growth even near a free surface. The mechanism of the existence of this limit is the phenomenon
of wrapping of the wings around the pre-existing crack, which leads to self-arrest of the wings and inability
of the crack to show extensive growth sufficient to produce failure. Obviously, it is the presence of the third
dimension that allows wrapping and wing crack arrest. (In 2-D there is no room for wing wrapping.)
The situation radically changes in biaxial compression. The presence of the intermediate principal stress
can prevent the wing wrapping and their self-arrest thus effecting extensive wing crack growth sufficient to
split the sample. It is interesting that the magnitude of the second compressive stress – the intermediate
principal stress (the first principal stress in the axial load, the third principal stress is zero.) does not have to
be high: the wing wrapping can be prevented by the intermediate principal stress as low as 5.7% of the major
principal stress (for initial penny-shape cracks inclined at 30o to the major principal stress direction). Thus,
5.7% can be taken as the threshold value for biaxial load ratio above which the wrapping is supressed and
the wing crack can grow extensively. What depends of the magnitude of the intermediate principal stress is
the extent of the wing crack growth: the higher the biaxial load ratio the larger the crack. Also the magnitude
of the intermediate principal stress affects the flatness of the wing crack: high biaxial load ratios make the
wing crack flat, while at low biaxial load ratio close to the threshold the crack surface is wavy near the preexisting crack.
An important conclusion from this research is that in compressive load the intermediate principal stress,
while not participating in the classical failure criteria is crucial in that it is capable of changing the mechanics
of brittle fracturing in compression.
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Chapter 5. Effect of Shape and Orientation of the Initial Defects on 3D Wing Crack Growth in Biaxial Compression
Chapter 5.1. Experimental and Numerical Study into 3-D Crack
Growth from a Spherical Pore in Biaxial Compression
5.1.1. Abstract
A series of specimens made from transparent casting resin, each with a spherical pore at the centre of
specimen were tested in a polyaxial stress state with different stress ratios (σ ⁄σ ) between the lateral (the
intermediate principal stress, σ ) and the axial (the major principal stress, σ ) loads, and the minor principal
stress (σ ) was equal to 0, i.e. biaxial compression. The experimental results revealed the dramatic influence
of the intermediate principal stress on the mechanics of 3-D crack growth from a spherical pore. In uniaxial
compression, the initial spherical pore produces several differently oriented wing cracks which are relatively
short, smaller than the pore diameter (referred to as wing crack wrapping). In biaxial compression even with
relatively low intermediate principal stress, a large wing crack is formed growing to an extent sufficient to
split the specimen. The threshold for the intermediate principal stress separating these two regimes of wing
crack growth is found to be 8.5% of the major principal stress. The results obtained from finite element
method modelling show that with the intermediate principal stress above this threshold the directions of most
of the secondary principal stresses (tensile) along the lateral surface of the initial pore are roughly
perpendicular to the intermediate principal compressive stress direction. For the intermediate principal stress
below the threshold, the directions of the secondary principal tensile stresses near the lateral surface of the
initial pore are distributed in radial directions with respect to the initial pore. Results of numerical modelling
also show that when transition is made from spherical pore to oblate pores, this threshold increases.
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Nomenclature

σc

Uniaxial compression strength

σ

Tensile strength

σx

The stress along the x-axis

σy

The stress along the y-axis

σz

The stress along the z-axis

σ ⁄σ

The biaxial load ratio

τ

The shear stress

σ1

The major secondary principal stress

σ2

The minor secondary principal stress

E

Young’s modulus
Fracture toughness

U

The displacement along the x-axis

U

The displacement along the y-axis

U

The displacement along the z-axis
Poisson’s ratio
The x-axis component of the direction of the secondary
principal stress
The z-axis component of the direction of the secondary
principal stress
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5.1.2. Introduction
Rocks contain structural imperfections including grain boundaries, pores, and cracks on the small scale,
and joints, faults and bedding planes on the larger scale (Kemeny and Cook 1991). In compression, these
imperfections can work as sources of the initiation and growth of the subsequent cracks. The crack growth
affects the macroscopic constitutive behaviour of the rock leading to pronounced nonlinearity of rock
deformation (Adams and Williamson 1923).
Starting from the work of Griffith (Griffith 1924), two extreme types of 2-D pre-existing defects were
usually considered as sources of the wing crack growth : (i) initial through cracks (penetrating) and (ii)
cylindrical pores (Dyskin et al. 1992). In uniaxial compression of specimens, with the through cracks were
introduced in the specimen, the results obtained from the experiments (Bobet and Einstein 1998a;
Bombolakis 1963; Brace and Bombolakis 1963; Chaker and Barquins 1996; Li et al. 2005; Petit and Barquins
1988; Reyes and Einstein 1991; Wong and Einstein 2009; Yang and Jing 2011) and numerical modelling
(Bobet and Einstein 1998b; Bocca et al. 1990; Chan et al. 1990; Yang et al. 2014; Zhang and Wong 2012)
indicate that the wing cracks emanating from the pre-existing crack can grow extensively and have the
capability of causing the splitting failure of the specimen in uniaxial compression, as shown in Fig. 5.1.1(a).
A similar crack growth was also observed in the specimens with cylindrical pores both in experiments (Haeri
et al. 2015; Kranz 1979; Lin et al. 2015; Liu et al. 2015; Sammis and Ashby 1986; Wong et al. 2006b; Yang
et al. 2017) and in numerical modelling (Fakhimi et al. 2002; Huang et al. 2017; Jespersen et al. 2010; Wong
and Lin 2015), Fig. 5.1.1(b). Subsequently, the observed extensive 2-D crack growth was regarded as the
accepted mechanisms of splitting, that is the failure parallel to the direction of uniaxial compression
(Fairhurst and Cook 1966; Holzhausen and Johnson 1979; Wong et al. 2006b).
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Fig. 5.1.1. The 2-D concept of substantial crack growth in uniaxial compression. The crack growth is produced by (a)
sprouting wings from an inclined sliding crack and (b) emanating wing cracks from a cylindrical hole. (Dyskin et al.
2003)

The CT tomography shows that the shapes of pre-existing defects in rocks range from sub-spherical
pores to elongate and flat ellipsoids (Bubeck et al. 2017). What is important is that these pre-existing defects
are three-dimensional rather than 2-D through cuts. The 3-D internal pre-existing cracks are often modelled
as penny-shape cracks, that is a special pore structure with semi-axes
( = b) are semi-major axes and is the semi-minor axis; if
5.1.2(b); if

=

=

≫ , Fig. 5.1.2(a), where

and

= b > c, one has an oblate spheroid, Fig.

= , one has a sphere, Fig. 5.1.2(c). Taking Fig. 5.1.2(b) as an example, the top, front and

lateral views of it are shown in Fig. 5.1.2(d), (e) and (f), respectively. Thus, in 3-D, two extreme cases of
pre-existing defects could be identified, i.e. (i) penny-shape cracks inclined to the axis of the major principal
stress and (ii) spherical pores. Another important difference between the initial cracks and pores is that cracks
in compression can get closed and may only have sliding of opposite faces, while pores cannot be closed in
an elastic regime.
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Fig. 5.1.2. The illustration of pore structures. (a)
=

=

=

≫

(penny-shape crack); (b)

=

>

(ellipsoidal pore); (c)

(spherical pore); (d) top view of Fig. 5.1.2(b); (e) front view of Fig. 5.1.2(b); (f) lateral view of Fig. 5.1.2(b).

In 3-D, the experimental results show that the mechanism of crack growth in uniaxial compression is
radically different from the 2-D case. Direct experiments conducted by Dyskin et al (1994; 2003) show that
in a specimen with a 3-D initial crack located in its centre, the wing cracks wrap around the initial crack in
the process of their growth. It is seen in Fig. 5.1.3(a) that the wing cracks assume a special curving or
wrapping around the initial crack. Subsequently this phenomenon is called wing crack wrapping. This
restricts the wing crack growth to the size comparable to the initial crack and therefore the wing crack growth
is insufficient to cause macroscopic failure of the specimen. This is opposite to the 2-D situations, where
there is no room for the wing crack wrapping and thus the wing crack can grow extensively to finally cause
specimen splitting (Wong and Einstein 2009). Similarly, restricted growth of several wing cracks because
of wing crack wrapping was observed from a spherical pore in the centre of the specimen subjected to
uniaxial compression, Fig. 5.1.3(b). Once again the restriction of wing crack growth apparently comes from
wing crack wrapping and their mutual arrest.
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This pattern of crack growth has been verified in specimens made from various materials such as
polyester resin, PMMA (Zhou et al. 2018), glass, cement and mortar (Dyskin et al. 2003), and thus can be
regarded as a major feature of a single 3-D crack growth in uniaxial compression.
Some studies were focusing on the 3-D surface crack growth in uniaxial compression in a variety of
materials, including PMMA (Wong et al. 2004a; Wong et al. 2004b; Yin et al. 2014), marble (Wong et al.
2004b), sandstone (Wong et al. 2006a), gabbro (Guo et al. 2007; Wong et al. 2007; Wong et al. 2006a), each
containing a single pre-existing 3-D surface crack. The results show that the growth length of a crack depends
on the penetration ( / , as shown in Fig. 5.1.4) of the initial crack, i.e. the crack growth in uniaxial
compression is more extensive when the cutting depth ( ) of the initial crack increases, which demonstrates
the gradual change of crack growth mechanisms from 3-D to 2-D.

Fig. 5.1.3. Crack growth under uniaxial compression (Dyskin et al. 2003) from: (a) an initial crack; (b) a spherical
pore.
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Fig. 5.1.4. A specimen containing a single pre-existing 3-D surface crack under uniaxial compression: (a) front view
and (b) lateral view.

In many circumstances rocks are in a polyaxial stress state with the minor principal stress equal to 0, i.e.
biaxial compression, for example in the vicinity of sidewalls, and the driving faces of an excavation (Wang
et al. 2018a). On a smaller scale biaxial compression is induced near the surface of rock or concrete subjected
to heating, for instance in the process of rock/cement cutting by thermal fracturing (spallation) (Chuan Khor
and Dyskin 2003; Germanovich 1997). In both cases, splitting (or slabbing) failure mode, i.e. surface parallel
fractures were often observed. Fig. 5.1.5 shows an example of surface parallel fractures observed near the
sidewall of an excavation.
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Fig. 5.1.5. A well developed slabbing in a footwall drive pre-developed ahead of stoping at depth of 2600m on East
Rand Proprietary Mines (Ortlepp 1997).

Given the abovementioned phenomena, the fracturing mechanisms on a small scale, i.e. the crack growth
from different pre-existing defects in biaxial compression must be addressed. Sahouryeh et al. (2002)
presented an experimental and analytical investigation into 3-D crack growth under biaxial compression. In
this study, transparent casting resin specimens (100 mm × 100 mm × 100 mm cube) each with a single initial
crack (10 mm in diameter) made of two greased disk-like aluminium foil, inclined 30° to one of the loading
axis ( σ in Fig. 5.1.6) were tested. During the biaxial compression test, the biaxial load ratio (ratio of the
major to the intermediate principal stress; the minor principal stress being zero) was approximately
maintained at 1. It is interesting that with the presence of the second loading component, the wrapping
mechanism was suppressed so that the wing crack grew towards both loading axes (σ and σ ) sufficiently
to produce specimen splitting. As shown in Fig. 5.1.6, the extensive crack growth parallel to the free surfaces
of the specimen formed the splitting surfaces and the whole specimen split into two halves. Wang et al.
(2018b) extended this study to smaller biaxial load ratios and found that the extensive wing crack growth
can be observed up to biaxial load ratios as small as 0.057. A numerical investigation conducted by Cai
(2008) showed that in a polyaxial stress state with the minor principal stress of 0, when increasing the
intermediate principal stress, the generated micro-cracks were preferably oriented parallel to the directions
of the major and the intermediate principal stresses.
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Fig. 5.1.6. Extensive wing crack growth from a penny-shape crack in biaxial compression with biaxial load ratio of 1.
(Sahouryeh et al. 2002)

It should be noted that with a higher value of the aspect ratio / , Fig. 5.1.2(b) and (c), the closure of
the initial pore structure may not always be possible, which can make the crack growth mechanisms differ
from that of pre-existing cracks that are in contact between two opposite faces, which can change the balance
of forces according to the analysis by Dyskin et al. (1992; 1993).
The pore shapes in rocks are both varied and complex (Fredrich et al. 1995). Furthermore it is observed
that individual microcracks in porous and brittle solids grow from the pore-like flaws or microcavities when
loaded in compression (Kranz 1979; Sammis and Ashby 1986; Wong et al. 2006b). However, so far we have
not found any systematically conducted experimental studies regarding the crack growth from a single threedimensional internal pore in biaxial compression.
In this paper, in the experimental part, we consider the extreme case of a pore shape, namely spherical
pores (Fig. 5.1.2(c)) in specimens subjected to biaxial compression. A series of biaxial compression tests
with different load ratios are conducted on specimens containing a single spherical pore to investigate the
conditions for extensive crack growth (the wing crack grows extensively towards both loading axes, Fig.
5.1.6) from the pore and to explore the transition process between extensive and restricted (the wing crack
is restricted to the size comparable to the initial pore because of wing crack wrapping, Fig. 5.1.3(b)) crack
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growth modes. In the numerical part, the finite element method (ABAQUS3D) is used as a numerical
simulation tool to explore the mechanisms of wing crack wrapping (restricted wing crack growth) and
wrapping suppression (extensive wing crack growth).

5.1.3. Specimen preparation and experimental setup
5.1.3.1. Specimen preparation
In heterogeneous opaque brittle materials like rock, it is difficult to visualize internal structures and
characterize the crack growth process during rock failure. To overcome this limitation, transparent polyester
casting resin has been successfully applied to study the crack growth behaviour in brittle material and it can
provide good visibility. The usefulness of polyester casting resin for studying the 3-D internal crack growth,
e.g. brittleness and transparency, was verified in previous studies (Dyskin et al. 1994; Dyskin et al. 2003;
Sahouryeh et al. 2002). Furthermore, in some recent studies, using 3-D printing technique, the resin was
successfully used as the material to replicate real rock specimens studying the fracture behaviour (Zhou and
Zhu 2018; Zhu et al. 2018). Subsequently, the transparent casting polyester resin “CRYSTIC 406 COS PA
FC” was adopted in this study.
In this study cubic specimens with the dimension of 100 mm × 100 mm × 100 mm were cast. Before
pouring into the mould, the resin and the catalyst were mixed thoroughly to prevent the “strip-like” effect
(the local strip-like misty part due to the uneven distribution of the catalyst) within the specimens. The
specimens were completely cured in 7 days (according to the resin casting manual). The following technique
for producing the pore was used. Firstly, the specimen was cut into two identical halves and then a
hemispherical void with the radius of 5mm was machined at the centre of the surface of each half specimen.
Then the halves were glued back together. The illustration of two halves of specimen before being glued
together and a completed specimen under biaxial compression is presented in Fig. 5.1.7. In the biaxial
compression tests, the interface between halves of the specimen is orthogonal to the major principal stress
and hence is not supposed to affect the results. Indeed, the experimental results shown in Section 5.1.3.3.1
demonstrate that the influence of the interface between halves of the specimen is minimal. In addition, based
on the previous studies, after freezing to about −6℃ the material becomes brittle, deforms without barrelling
and has a linear stress-strain behaviour up to burst-like fracture (Dyskin et al. 2003). Therefore, to ensure a
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brittle failure regime, specimens were kept in a freezer for at least 48 h (at ≅ −16℃) before testing such that
by the time of testing the temperature would not exceed the required −6℃.
The mechanical properties of the frozen resin material were also investigated. Fig. 5.1.8 shows the axial
stress-strain curves (measured by two extensometers) of uniaxial compression tests on resin specimens with
freezing treatment and on the resin specimens kept at room temperature. It was seen that after freezing, the
stress-strain curve corresponded to brittle material. Furthermore the splitting failure mode was observed.
The mechanical properties of frozen resin material (at ≅ −16℃) are listed in Table 5.1.1 (tensile strength
was measured by Brazilian tests).

Fig. 5.1.7. Illustration of specimen preparation: (a) Two halves of the resin specimen each with a hemispherical void
at the centre of the interface between halves of the specimen and (b) the glued resin specimen with a spherical pore at
the centre of the specimen under biaxial compression.
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Fig. 5.1.8. (a) Stress-strain curves of resin specimens with and without freezing treatment and (b) corresponding
failure modes.
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Table 5.1.1 Mechanical properties of the resin material after freezing treatment.
Properties

Values

Uniaxial compression strength
Young’s modulus

( MPa)

(GPa)

Poisson’s ratio
Tensile strength
Fracture toughness

( MPa)
(MPa√ )

136.8
4.0-4.2
0.37-0.39
18.50-19.36
0.6

5.1.3.2. Experimental set-up
The resin specimens were tested by using the True Triaxial Stress Cell (TTSC) at Curtin University
(Perth, Australia). The dimensions of the loading platens were 98mm × 98mm (the size of loading platen
was 1 mm smaller on each side than resin specimens) to prevent loading platens from touching and
interlocking. The true triaxial loading system can apply independent loading in three orthogonal directions
with three independent pumps capable of delivering 150 MPa hydraulic pressure to jacks (hydraulic
cylinders), Fig. 5.1.9(c). The biaxial loading condition can be achieved by setting the load on one couple of
opposite specimen surfaces to zero and removing the corresponding loading platens. The applied stresses in
three principal directions are σ , σ and σ , with the relationship of σ > σ > σ and σ = 0, Fig. 5.1.7(b).
Therefore, σ , σ and σ are also referred to as the major, intermediate and minor principal stresses,
respectively, when the results are analysed.
The TTSC is shown in Fig. 5.1.9(a), and consists of two frames (1-1 and 1-2) connected by a rotatable
joint (2). Three loading platens (3-1, 4-1, 5-1) applying three principal stresses (σ , σ and σ ) were placed
in Frame 1 (1-1), while the other three opposite loading platens (3-2, 4-2, 5-2) were placed in Frame 2 (1-2).
Frame 1 (1-1) is fixed, and Frame 2 (1-2) needs to be rotated in order to close the TTCS. The closed TTSC
is shown in Fig. 5.1.9(b). After closing, a steel pin should be used to plug into the holes (6-1 and 6-2) such
that both frames are connected.
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Fig. 5.1.9. The true triaxial stress cell (TTSC): (a) before closing (b) after closing and (c) the schematic diagram.
(Feng et al. 2018a, b)

The biaxial compression tests were conducted in load-control regime, and the ratio of loading rates in
two directions was fixed during each test, which means the predefined biaxial load ratio (σ ⁄σ ) can be
maintained within the accuracy of the control module of hydraulic pumps during the whole testing process.
As the TTSC should be fully closed during testing as described above and shown in Fig. 5.1.9, the real-time
observation of the process of crack growth was not possible. Occasionally the spallation may occur at the
free surfaces of the specimen accompanied by appreciable noise. It should however be noted that the main
purpose of this study is to investigate the dependence of wing crack growth pattern on the biaxial load ratio
rather than evaluate the ultimate failure strength of the resin material. Therefore, in order to maintain the
integrity of the resin specimens and thus be able to observe the crack growth after testing, for some tests
with relatively low lateral stress (σ ), spallation was treated as an indicator of the approaching material
failure and thus the test was terminated when the first spallation happened.

5.1.3.3. Experimental results and discussion
A series of tests with progressively decreasing σ ⁄σ ratios, starting from 0.5 were performed to capture
the transition from extensive to restricted crack growth modes. In total, 13 resin specimens were tested. Table
5.1.2 reports the testing parameters including the loading rate (σ ̇ and σ ̇ ), the final stress state reached (σ
and σ ), the final biaxial load ratio (σ ⁄σ ), the pre-defined biaxial load ratio (σ ̇ ⁄σ ̇ ), and the difference
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between the actual final and the pre-defined biaxial load ratios. It should be noted that in test No. 2a, the
difference is relatively large due to the fact that the hydraulic pressure system was not properly set up.
Therefore, an additional test, No.2b with the same σ ⁄σ ratio (0.25) was conducted. In the following, the
typical crack growth morphologies with different biaxial load ratios σ ⁄σ are shown and described.

Table 5.1.2 Details of biaxial compression tests
Test No.

σ
(MPa)

σ (MPa)

σ (MPa)

σ̇
(MPa/min)

σ̇
(MPa/min)

σ ̇ ⁄σ ̇

Difference
(%)

1

84.3

41.3

0

.49

12

6.00

0.500

2.00

2a

83.7

24.5

0

.29

12

3.00

0.250

17.2

2b

83.3

21.0

0

.25

12

3.00

0.250

0.800

3

84.9

10.2

0

.12

12

1.50

0.125

4.00

4

68.6

4.2

0

.061

12

0.750

0.0625

2.08

5

78.1

7.6

0

.097

12

1.14

0.0950

2.42

6

76.4

7.0

0

.092

12

1.08

0.0900

1.78

7

76.4

6.6

0

.086

12

1.02

0.0850

1.65

8

75.2

6.3

0

.084

12

0.990

0.0825

1.58

9

73.6

5.7

0

.077

12

0.960

0.0800

3.25

10

78.3

6.6

0

.084

12

0.990

0.0825

2.18

11

86.3

7.1

0

.082

12

0.990

0.0825

0.240

12

87.5

7.5

0

.086

12

1.02

0.0850

0.824

σ ⁄σ

5.1.3.3.1. Crack growth morphology in biaxial compression tests with different

⁄

ratios.
Fig. 5.1.10 shows a tested resin specimen with σ ⁄σ = 0.5 (test No. 1). The wing crack initiated from
the initial pore and grew extensively towards both loading axes. As the wing cracks produced from both
upper and lower parts of the initial pore surface propagated, they became completely parallel to the σ -σ
plane and extended to the specimen boundaries causing splitting failure of the specimen.
It should be noted that the induced extensive crack surface has no visible offset passing through the
interface between the upper and lower halves of the specimen (the interface produced after cutting the
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specimen into two halves to machine the pore and gluing them together), Fig. 5.1.10(b). This indicates a
negligible effect of the interface between halves of the specimen on the wing crack growth.
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Fig. 5.1.10. Crack growth from a spherical pore in biaxial compression with

⁄

=0.5, test No. 1: (a) front view; (b)

lateral view; (c) top view.
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For comparison, Fig. 5.1.11 shows the crack growth from a pre-existing penny-shape crack created by
embedding two greased aluminium foil disks prior to resin casting (Wang et al. 2018b). The specimen was
loaded with the same biaxial load ratio (σ ⁄σ = 0.5) as that shown in Fig. 5.1.10. It is seen that the wings
sprouting from the upper part of the initial crack contour extended to the specimen boundaries and produced
splitting failure; the wing sprouting from the lower part of the initial crack contour, even though smaller than
the upper one, was also completely parallel to the free surfaces of the specimen. The observed similarity in
crack morphologies shown in Fig. 5.1.10 and Fig. 5.1.11 suggests that σ ⁄σ ratio of 0.5 is capable of causing
the specimen splitting irrespective of the nature of the pre-existing defect which produces the wing cracks.
In addition, it verifies the adopted method of introducing the spherical pore.
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Fig. 5.1.11. Crack growth from an initial penny-shape crack in biaxial compression with

⁄

=0.5: (a) front view;

(b) lateral view; (c) top view (Wang et al. 2018b).
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Fig. 5.1.12 shows a tested resin specimen with a pore under σ ⁄σ = 0.25 (test No. 2b). It shows that
with the biaxial load ratio reduced to 0.25, extensive crack growth towards the both load components, i.e.
σ and σ can still be observed. Along the x-axis (horizontal direction), the wing crack extended nearly to
the specimen boundaries, while along the y-axis (vertical direction), there was some gap between the wing
crack edge and the specimen boundaries. Thus, the overall crack surface was shortened compared to the
wing crack from test No.1 with σ ⁄σ = 0.5, where the wing crack extended to the specimen boundaries
and caused the splitting of the specimen. In addition, for test No. 2b (σ ⁄σ = 0.25), the overall wing
surface, while almost parallel to the free face of the specimen, has a minor curvature, Fig. 5.1.12(c).

Fig. 5.1.12. Crack growth from a spherical pore in biaxial compression with

⁄

= 0.25, test No. 2b: (a) front view;

(b) lateral view; (c) top view.

When σ ⁄σ ratio was reduced to 0.125 (test No. 3), the indications of a transition pattern of crack
growth modes could be observed. The wing crack growth, Fig. 5.1.13, has the following features: (1) the
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overall wing surface shows visible curved shape near the initial pore from the top view, Fig. 5.1.13(c); (2)
the flatness of the wing crack surface was increasingly disturbed: waving could be observed in the area near
the pore, as shown in Fig. 5.1.13(a); (3) the continuity of the wing crack near the initial pore was affected,
i.e. the wing crack at this part started to show discreteness instead of forming a continuous plane, Fig.
5.1.13(c) and most importantly (4) formation of wing crack wrapping near the surface of the initial pore, see
the enlarged views, Fig. 5.1.13(d) and (e), which was similar to the wing crack wrapping that was observed
in uniaxial compression test, Fig. 5.1.3(b).

Fig. 5.1.13. Crack growth from a spherical pore in biaxial compression with

⁄

= 0.125, test No. 3: (a) front view;

(b) lateral view; (c) top view; (d) and (e) enlarged views of wing crack wrapping.

Further reduction of the σ ⁄σ ratio to 0.0625 (test No. 4), the crack growth pattern was totally changed.
As shown in Fig. 5.1.14, fractures emanated from the initial pore in radial directions can be observed.
Furthermore, these cracks are relatively small showing no obvious preferable orientation with respect to the
directions of σ and σ . Thus, σ ⁄σ = 0.0625 can be regarded as the lower boundary when exploring the
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critical value (the minimum) of biaxial load ratio which is capable of inducing extensive crack growth
parallel to the free surface of the specimen. Based on the testing results presented above, it can be confirmed
that the critical value of biaxial load ratio is between 0.0625 and 0.125. In order to find the critical value of
the biaxial load ratio, we conducted more tests with biaxial load ratios in this range.

Fig. 5.1.14. Crack growth from a spherical pore in biaxial compression with

⁄

= 0.0625, test No. 4: (a) top view;

(b) and (c) enlarged views of top view; (d) lateral view; (e) front view.

For σ ⁄σ ratios of 0.095 and 0.09 (tests No. 5 and No. 6, respectively), the crack growth patterns
showed similarity to that of the test under σ ⁄σ = 0.125. These tests obtained extensive wing crack growth
nearly parallel to the free face of the specimen, together with wing crack wrapping of the size comparable
to that of the initial pore, Fig. 5.1.13(e).
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Fig. 5.1.15 shows a tested resin specimen under σ ⁄σ = 0.085 (test No. 7). It was shown that the
abovementioned crack growth patterns became more obvious, while the wing crack wrapping had no further
appreciable elongation compared with the previous cases.

Fig. 5.1.15. Crack growth from a spherical pore in biaxial compression with

⁄

= 0.085, test No. 7: (a) front view;

(b) lateral view; (c) top view; (d) and (e) the enlarged view of the wing crack wrapping.

One test (test No. 12) with σ ⁄σ = 0.085 examined the influence of a longer loading time as compared
to test No. 7. Fig. 5.1.16 shows the results. It was seen that the main crack growth nearly parallel to the free
face of the specimen was induced, which was almost the same as that obtained in test No. 7 (Fig. 5.1.15). In
addition, orientations of wing crack wrapping show that the produced local fractures were sub-perpendicular
to the direction of σ , Fig. 5.1.16(c). Furthermore, the specimen had some local failures at the free faces.
The distribution of cracks is characterised by the radial pattern, as shown in Fig. 5.1.16(b).

157

Chapter 5.1. Experimental and Numerical Study into 3-D Crack Growth from a Spherical Pore in Biaxial
Compression

Fig. 5.1.16. Crack growth from a spherical pore in biaxial compression with

⁄

= 0.085, test No. 12: (a) lateral

view; (b) top view; (c) and (d) the enlarged view of the wing crack wrapping.

The critical crack growth pattern was observed when σ ⁄σ = 0.0825 was applied in test No. 8 and a
repeated test No. 11; the crack growth pattern was similar to that of the tested specimen No. 4, as shown in
Fig. 5.1.14. In both tests, the extensive crack growth parallel to the free face was not observed and the radial
pattern of fractures from the initial pore showed no preferable orientation with regard to the directions of σ
and σ . Therefore, it can be confirmed that with σ ⁄σ = 0.0825, the crack growth pattern was totally
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changed as compared to tests under higher biaxial load ratios. Subsequently, we regarded σ ⁄σ = 0.085
as the critical (threshold) value that induced the extensive crack growth under biaxial compression.

5.1.3.3.2. Influence of the intermediate principal stress on crack growth from a spherical
pore
In uniaxial compression (Dyskin et al. 2003) or in biaxial compression with σ ⁄σ below the critical
(threshold) value, the direction of wing crack growth is only controlled by the direction of the maximum
principal stress (σ in this case). The intermediate principal stress (σx in this case) below the threshold has
negligible effect. In these situations, the wing crack surface wraps around the initial pore, which limits the
wing growth towards the direction of σ , as illustrated in Fig. 5.1.17(a). When the intermediate principal
stress (σx) increases, wing crack wrapping in the direction perpendicular to σx may get suppressed, which
depends upon the ratio of two loading stresses (σ ⁄σ ). When the σ ⁄σ ratio is above the critical (threshold)
value, the wrapping will be suppressed, which gives rise to extensive crack growth, as illustrated in Fig.
5.1.17(b). Then wing cracks propagate parallel to both σy and σx directions as shown in Figs. 5.1.10-5.1.13
and 5.1.15.
According to the experimental results, when σ ⁄σ ratio is in the range of 0.25 to 0.5, (tests Nos. 1-2b),
the wing crack wrapping is completely suppressed by the intermediate principal stress, σ and the induced
wings propagate extensively and are fully parallel to the free surfaces of the specimens. When σ ⁄σ ratio
is reduced to 0.125, the extensive wing cracks are still produced but the transitional indications start to appear:
the intermediate principal stress, σ is no longer capable of completely preventing the wing crack wrapping
and hence the flatness of the crack surfaces will be disturbed. This is especially visible at the locations near
the initial crack, where the crack surfaces fluctuate and form wavy shape, Fig. 5.1.13(c) and Fig. 5.1.15(c).
Approaching the critical value of σ ⁄σ , i.e. 0.085, especially below 0.09, the incapability of σ of
preventing the wrapping is even more obvious, resulting in the formation of few wing cracks near the initial
spherical pore and their curling tendency, e.g. Figs. 5.1.13, 5.1.15 and 5.1.16. Apparently, the wing crack
wrapping shown in Figs. 5.1.13 and 5.1.15 is a type of restricted wing crack, which is somewhat similar to
that observed in 3-D crack growth test under uniaxial compression, Fig. 5.1.3(b). Its appearance indicates
that the applied intermediate principal stress of this magnitude cannot fully supress the tendency of the wing
crack wrapping.
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Fig. 5.1.17. Wing crack growth in compression: (a) wing crack wrapping in uniaxial compression; (b) wing crack
wrapping is prevented by the intermediate principal stress in biaxial compression.

Below the critical value of σ ⁄σ , i.e. 0.085, the wing crack wrapping should be observed. In our tests
where σ ⁄σ was below 0.085, the fractures were clustered around the spherical pore, which finally resulted
in a radial pattern and thus covered in wing crack wrapping, Fig. 5.1.14. In this case, as some of these
fractures were roughly normal to σ , we assume that they were induced during the unloading process
following the formation of the wing crack wrapping. Due to the limitation of the current true triaxial stress
cell, which should be fully closed during the test, there was no possibility for real-time crack growth
monitoring. Further research is needed probably using a true triaxial loading system equipped with the
acoustic emission source location system to confirm the temporal evolution of this radial pattern crack
growth and investigate the mechanisms of formation of small cracks normal to σ . The typical crack growth
features when different biaxial load ratios σ ⁄σ were applied are listed in Table 5.1.3.
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Table 5.1.3 The summary of typical crack growth patterns when different biaxial load ratios

Test No.

Biaxial load ratio σ ⁄σ

⁄

were applied

Crack growth pattern

1

0.5

Extensive crack growth completely
parallel to the free face, causing
specimen splitting

2b

0.25

Extensive crack growth parallel to
the free face

3, 5, 6

0.09, 0.095, 0.125

7

0.085

12

0.085

4, 8, 9, 10, 11

0.0825 and below

0

0 (uniaxial compression test)

Extensive crack growth nearly
parallel to the free face; disturbed
flatness and discreteness of crack
surface; the appearance of wing crack
wrapping
Extensive crack growth nearly
parallel to the free face; disturbed
flatness and discreteness of crack
surface; the appearance of wing
cracks wrapping
Extensive crack growth nearly
parallel to the free face; local
fractures on the basis of wing crack
wrapping
The radial pattern of fractures from
the initial pore
Limited crack growth; wing crack
wrapping

Our experimental results show that the value of σ ⁄σ ratio that suppresses the wing crack wrapping
and thus enables extensive crack growth is not high. Furthermore, during the process of reducing σ ⁄σ ,
when it approaches the critical σ ⁄σ , there exists a sudden change in the stress field near the initial pore
that induces different crack growth patterns. At least there are no more indications and precursory
phenomena which involve the transitional crack growth types. In the following sections, a numerical model
was used to analyse the stress distribution near the initial pore in uniaxial and biaxial compression so as to
explore the mechanics of wing crack wrapping and wrapping suppression.

5.1.4. Mechanics of wing crack wrapping and wrapping suppression of the
wing crack growth from a spherical pore
The intermediate principal stress plays a key role in the course of the evolution from wing crack wrapping
(the restricted wing crack growth) to wrapping suppression enabling extensive crack growth. Therefore, the
stress fields around the initial spherical pore in uniaxial and biaxial compression need to be examined
numerically. Another objective of this section is to confirm that the abovementioned phenomena (wing crack
wrapping and its suppression) do not depend on the specific properties of the material used in experiments.

161

Chapter 5.1. Experimental and Numerical Study into 3-D Crack Growth from a Spherical Pore in Biaxial
Compression

5.1.4.1. Numerical model set-up
A 3-D finite element (FE) model of the size of the resin specimen and with a spherical pore in the centre
was built. It consists of 232143 nodes, 195688 elements with the denser mesh arrangement around the region
where the initial pore is located, Fig. 5.1.18. The boundary conditions adopted for the FE model shown in
Fig. 5.1.18 are listed in Table 5.1.4, where U , U and U are the displacement along the x, y and z-axes,
respectively. It is seen that three nodes (marked as 1, 2 and 3 in Fig. 5.1.18) on the model are constrained to
prevent their free body movement and rotation.

Fig. 5.1.18. FEM geometry and mesh for modelling of wing crack growth from a pore in uniaxial and biaxial
compression.
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Table 5.1.4 The boundary conditions applied in the numerical model

Node number

Boundary condition

1

U = U =U =0

2

U = U =0

3

U =0

Faces parallel to XOZ

σ = 84 MPa, τ

Faces parallel to YOZ

σ (Table 5.1.5), τ

= τ
= τ

=0
=0

For all models in this study, stresses σ and σ are applied to the external surfaces of the specimen in the
load-control mode, which means that they will be increased step by step until the predefined values are
reached.
As listed in Table 5.1.1, the Young’s modulus of 4.0-4.2 GPa and Poisson’s ratio of 0.37-0.39 were
calculated using the linear elastic part in the stress-strain curve, which was basically the same as the data
obtained in the previous studies (Sahouryeh et al. 2002): Young’s modulus ≅ 4 GPa and Poisson’s ratio ≅
0.38. Thus, the input parameters used in the FE model are: Young’s modulus of 4 GPa, and Poisson’s ratio
of 0.38.
Once the results of each biaxial compression model are obtained, the direction and magnitude of the
secondary principal stress, i.e. the principal stress in prescribed horizontal planes normal to the y-axis (i.e.
the plane highlighted in green in Fig. 5.1.19(a)) will be calculated.
From the stress tensor in the co-ordinate frame (x, y, z) introduced above:
(1)
As illustrated in Fig. 5.1.19(a), the two-dimensional stress tensor in a horizontal plane (normal to the yaxis) is:
(2)
Its principal stresses and directions are referred to as the secondary principal stresses and directions for
stress tensor (2):
0
0

,

(3)
163

Chapter 5.1. Experimental and Numerical Study into 3-D Crack Growth from a Spherical Pore in Biaxial
Compression

In our numerical results, only the direction and magnitude of the secondary principal tensile stress are
presented assuming that the casting resin under low temperatures is brittle and thus fails in tension. Therefore
a new crack front can only be formed perpendicular to the major secondary principal tensile stress
(Germanovich et al. 1996).

Fig. 5.1.19. (a) Illustration of secondary principal stresses in a horizontal plane normal to the y-axis in the specimen;
sketches of the horizontal plane passing through (b) the pore centre and (c) one radius above the pore centre.

5.1.4.2. The results and discussion
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5.1.4.2.1. Modelling of crack growth from spherical pore in uniaxial compression
The results of the experiments presented above show that under uniaxial compression extensive 3-D
crack growth in the direction of the maximum principal stress was hampered because of wing crack wrapping,
Fig. 5.1.3. Under biaxial compression, the intermediate principal stress of magnitude above the threshold
apparently supresses the wrapping.
Both wing crack wrapping and its suppression occur in the horizontal planes that are normal to the yaxis, as shown in Fig. 5.1.19(c). Therefore, in order to understand the mechanism of wing crack wrapping
and its suppression it is necessary to investigate the distribution of secondary principal stresses in horizontal
planes that are normal to the y-axis, as a new crack front can be formed perpendicular to the major secondary
principal tensile stress in these planes, which is illustrated in Fig. 5.1.20.
To this end, the direction and magnitude of the major secondary tensile stress in two horizontal planes,
i.e. (1) passing through the centre of the initial spherical pore and (2) one radius above the pore centre were
calculated and plotted. Taking the uniaxial compression test as an example, both prescribed horizontal planes
are plotted in sketches, Fig. 5.1.19(b) and (c), respectively.
As the dependence of the secondary principal stress directions upon the biaxial load ratio was of interest,
in this simplified numerical modelling, purely elastic analysis was adopted. It is assumed that the material
of the specimens behaves in the brittle fashion, i.e. fails in tension and that is why only the major (tensile)
secondary principal stress was looked at.
This starts with a benchmark case modelling crack growth from a spherical pore in uniaxial compression.
The input parameters are listed in Table 5.1.5, model No. 1.
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Table 5.1.5 Modelling procedure of uniaxial and biaxial compression tests in numerical modelling

Model No.

Modelling type

σ (MPa)

σ (MPa)

σ (MPa)

1

Uniaxial
compression

84

0

0

2-8

Biaxial
compression

84

8.4, 6.72, 5.88,
5.46, 5.25, 5.04,
4.83

0

9-14

Biaxial
compression

84

8.4, 7.98, 7.56,
6.72, 6.51, 6.3

0

15-20

Biaxial
compression

84

8.4, 7.56, 7.35,
7.14, 6.93, 6.72

0

21-22

Biaxial
compression

84

8.4, 0 (uniaxial
compression)

0

σ ⁄σ

0
0.1, 0.08, 0.07,
0.065, 0.0625,
0.06, 0.0575
0.1, 0.095,
0.09, 0.08,
0.0775, 0.075
0.1, 0.09,
0.0875, 0.085,
0.0825, 0.08
0.1, 0 (uniaxial
compression)

The aspect
ratio of the
initial pore
( / )
1
1

0.75

0.5
0.25

Figs. 5.1.21(a) and (b) show the distribution of the secondary principal tensile stress in the corresponding
horizontal planes. The values of the coordinates, x and z, are given in the units of the initial spherical pore
radius, i.e. 5 mm and the length of each stress bar is proportional to the applied maximum stress magnitude
(σ ). In the horizontal plane one radius above the initial pore centre, Fig. 5.1.21(b), the tensile stress
distribution near the right upper pore surface shows radial secondary principal directions with respect to
the centre of the spherical pore. This clearly indicates the mechanism of wing crack wrapping as a new crack
front can only be formed perpendicular to the secondary principal tensile stress directions, Fig. 5.1.20(b). In
the horizontal plane passing through the pore centre, Fig. 5.1.21(a), the tensile stress shows much lower
magnitude than that in the plane that is one radius above the initial pore. Therefore, crack growth from the
horizontal plane passing through the initial pore centre (Fig. 5.1.21(a)) cannot be induced. As shown in Fig.
5.1.3(b), the wing cracks only sprouted from the upper and lower surfaces of the initial pore; while there is
no visible crack initiation at the horizontal plane passing through the initial pore centre.
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Fig. 5.1.20. Illustration of the relation between the secondary principal tensile stress directions and the wing crack
growth in compression from top view: (a) extensive wing crack growth; (b) wing crack wrapping.

Fig. 5.1.21. Direction and magnitude of the secondary principal tensile stress in horizontal planes passing through (a)
the pore centre and (b) one radius above the pore centre.

5.1.4.2.2. Modelling of crack growth from spherical pore in biaxial compression
As was mentioned in the introduction, the shapes of pre-existing defects in rocks range from subspherical pores to elongate and flat ellipsoids. In the experimental part, only the extreme case of the pore
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geometry was tested, i.e. the spherical pore. In order to investigate the crack growth mechanisms when
different pore geometries are considered, in biaxial compression models, four types of the initial pore
geometry ( =

≥ ) are modelled, with different aspect ratios, / , as shown in Table 5.1.6. The modelling

procedure for each pore geometry is listed in Table 5.1.5.

Table 5.1.6 Pore geometry
Arrangement
number

1

2

168

Pore structure arrangement

Aspect
ratio

/ =
=

/
= .
=
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3

/
= .
=

4

/
= .
=

Fig. 5.1.22 shows the distribution of secondary principal tensile stresses in the horizontal plane that is
one radius above the pore centre for specimens with the spherical pore loaded with different ratios σ ⁄σ .
In Fig. 5.1.22(a), it is seen that the tensile stresses decay rapidly away from the pore in all cases considered.
At a distance from the pore centre of about 1.5 radii, the secondary tensile stress directions change little with
the σ ⁄σ ratio. However within the distance of one pore radius, as shown in the enlarged view, Fig.
5.1.22(b), the secondary tensile stresses have relatively large magnitude and the directions changing with
the σ ⁄σ ratio.
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Fig. 5.1.22. The directions and magnitudes of the secondary principal tensile stresses in a horizontal plane that is one
radius above the centre of the initial pore with / =
of

⁄

and

=

in biaxial compression with different ratios

: (a) the overall view; (b) the enlarged view of the local area within the blue frame in (a).

When σ ⁄σ = 0.1, the secondary tensile stress direction near the lateral surface of the spherical pore
(the part of the initial pore close to the x-axis, i.e. the local area within the blue frame in Fig. 5.1.22(a)) are
subparallel to the z-axis, indicating that the initiated wing crack is parallel to the free surfaces of the specimen
that is without wrapping phenomenon, as illustrated in Fig. 5.1.20(a). With progressive decrease of
the σ ⁄σ ratio, the direction of the tensile stresses near the lateral surface of the spherical pore turns towards
the radial direction with respect to the centre of the initial pore. However, even when the σ ⁄σ ratio is as
low as 0.0625, the change of the tensile stress directions in the enlarged area is still limited.
When the σ ⁄σ ratio decreases to 0.0625 and below, the difference in the tensile stress directions is
more obvious. When the value of the σ ⁄σ ratio is 0.06, the directions of tensile stresses at the local
enlarged area show sudden change. The secondary principal tensile stresses at the same location are no longer
subparallel to the z-axis but are directed along the radii of the initial pore, which is similar to that in uniaxial
compression model (Fig. 5.1.21(b)), indicating that the type of wing crack growth in the biaxial compression
model is radically changed.
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Based on the numerical results, the value of 0.0625 can be regarded as the critical (threshold) value of
the σ ⁄σ ratio in the biaxial compression models for extensive crack growth from a pore of perfectly
spherical shape.
Models with the initial pore of different aspect ratios ( / ), i.e. 0.75, 0.5 and 0.25 (see Table 5.1.6) were
also developed and the secondary principal tensile stresses in the same horizontal plane were plotted, as
presented in Figs. 5.1.23, 5.1.24 and 5.1.25, respectively. It should be noted that since the horizontal planes
normal to the y-axis (Plane XOZ) are presented in Figs. 5.1.23-5.1.25, the projection of the initial pores with
different aspect ratios ( / ≠ 1 but

= b, Table 5.1.6) on Plane XOZ, which is what the top view (Fig.

5.1.2(d)) is, still shows a circular shape ( = b) in these figures, as illustrated in Fig. 5.1.2(b). Figs. 5.1.23
and 5.1.24 show that the transition from wing crack wrapping to extensive crack growth has a pattern similar
to the case of spherical pore. For a pore with aspect ratio of 0.75, the critical value of the σ ⁄σ ratio is
determined to be 0.0775, at which a sudden change of the direction of the secondary principal tensile stress
happens, Fig. 5.1.23(b). For a pore with aspect ratio of 0.5, the critical value of the σ ⁄σ ratio is determined
to be between 0.08 and 0.0825, where the direction of the secondary principal tensile stress gradually
approaches horizontal direction (along the x-axis), indicating that the wing crack wrapping can be produced,
Fig. 5.1.24(b). In summary, the critical values of the σ ⁄σ ratio are determined to be 0.0625, 0.0775 and
0.08~0.0825 in the cases when the aspect ratios ( / ) of the initial pores are 1, 0.75, and 0.5, respectively,
indicating that the critical value of the σ ⁄σ ratio increases when the aspect ratio ( / ) of the initial pore
decreases. In addition, it is seen that with decrease of the pore aspect ratio, the tensile stress field narrows in
a stepwise mode. When the aspect ratio reduces to 0.25, Fig. 5.1.25, for both uniaxial compression model
and biaxial compression model, the tensile stress field is only confined at a small area near the pore surface.
In this case, it can happen that the wing crack growth by tension will not occur.
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Fig. 5.1.23. The directions and magnitudes of the secondary principal tensile stresses in a horizontal plane that is one
radius above the centre of the initial pore with / = .
of

⁄

=

and

in biaxial compression with different ratios

: (a) the overall view; (b) the enlarged view of the local area within the blue frame in (a).

Fig. 5.1.24. The directions and magnitudes of the secondary principal tensile stresses in a horizontal plane that is one
radius above the centre of the initial pore with / = .
⁄
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and

=

in biaxial compression with different ratios of

: (a) the overall view; (b) the enlarged view of the local area within the blue frame in (a).
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Fig. 5.1.25. The directions and magnitudes of the secondary principal tensile stresses in a horizontal plane that is one
radius above the centre of the initial pore with / = .
of

and
⁄

=

in biaxial compression with different ratios

.

It should be noted that due to the manufacturing difficulty, the machined pores in resin specimens used
in physical experiments were not perfectly spherical; they appeared as sub-spherical in the shape with minor
shrinkage along the semi-minor axis ( ), which contributed to the deviation of the critical biaxial load ratios
obtained in experiments and numerical modelling. This deviation could also be caused by other factors, for
instance, some non-homogeneity of the resin material, the presence of the initial interface between halves of
the specimen, and the end friction effect between specimen-loading platen contacts.

5.1.5. Conclusion
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In 3-D, two extreme cases of pre-existing defects in rocks are usually considered, i.e. (i) a penny-shape
crack inclined to the axis of the major principal stress and (ii) a spherical pore. The penny-shape crack is
characterized by the presence of a contact between two opposite faces, while the pores in brittle materials
like rocks remain open.
In uniaxial compression, for both cases, the wrapping restricts the induced wing cracks to grow
sufficiently to produce failure. In biaxial compression, this situation radically changes.
For wing cracks initiated by a spherical pore, the presence of the second compressive load can prevent
the wing cracks wrapping and their self-arrest thus effecting extensive wing crack growth sufficient to split
the specimen. Therefore the wing crack growth is highly sensitive to the intermediate principal stress (the
minor principal stress being zero): the wing crack wrapping can be prevented by the intermediate principal
stress as low as 8.5% of the major principal stress. Numerical modelling shows that for oblate pores this
critical value increases but not dramatically.
Some other geometrical features of wing cracks also depend upon the magnitude of the intermediate
principal stress. When high intermediate principal stress is applied, the wing crack surface is larger and
flatter. Approaching the critical value of σ ⁄σ , the extensive crack growth parallel to the free face of the
specimen coexists with wing cracks wrapping.
An important conclusion can be drawn that similar to the pre-existing 3-D cracks, the pores in rocks are
also important sources of extensive crack growth when the intermediate principal stress is applied. It is
interesting that even in the absence of the contact surfaces, the extensive crack growth can still be induced
from the pores with the presence of the intermediate compressive stress.
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Chapter 5.2. 3D Crack Growth in Biaxial Compression: Influence of
Shape and Inclination of Initial Cracks
5.2.1. Abstract
An experimental study of 3-D crack growth in biaxial compression with different biaxial load ratios
(σ ⁄σ ) from initial cracks of different shapes and inclinations is presented. Unlike 3-D crack growth in
uniaxial compression, which is characterised by the presence of intrinsic limits on 3-D growth of wing cracks
associated with wing wrapping, in biaxial compression the wing crack can grow extensively and is parallel
to the free surface of the specimen as long as the σ ⁄σ ratio exceeds a threshold. Surprisingly, the threshold
is extremely low: around 0.05 for all cases considered; below this threshold, the crack growth is restricted.
It is found that the shape and inclination angle of the initial crack have minor effect on this transition process,
which thus reveals the fact that in heterogeneous materials like rocks the initial cracks are highly sensitive
to the intermediate principal stress.

5.2.2. Introduction
In Griffith’s original theory of fracture in compression, the assumption is made that any material contains
a large number of randomly-oriented microscopic flaws or ‘cracks’, such that under compression, secondary
crack growth is induced when the maximum tensile stress near the tips of the most unfavourably oriented
crack reaches a value characteristic of the material (Griffith 1924). Fig. 5.2.1(a) shows a typical 2-D crack
growth pattern under uniaxial compression: with the increase of the compression magnitude, the wing cracks
on the top and bottom tips of the initial crack firstly grow along a curved path (in a jump-like pattern) and
then continue in the direction parallel to the direction of the applied major principal stress. Since then,
extensive studies of fracture propagation subjected to compression based on 2-D models (plates with through
cracks) were carried out to capture the microcrack development in uniaxial compression. The results
obtained from experiments (Bobet and Einstein 1998a; Bombolakis 1963; Brace and Bombolakis 1963;
Chaker and Barquins 1996; Li et al. 2005; Petit and Barquins 1988; Reyes and Einstein 1991; Yang and Jing
2011) and numerical modelling (Bobet and Einstein 1998b; Bocca et al. 1990; Chan et al. 1990; Yang et al.
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2014; Zhang and Wong 2012) suggest the possibility of extensive wing crack growth towards compression,
which has the capability of causing the splitting failure of the specimen in uniaxial compression.

Fig. 5.2.1. (a) The 2-D concept of substantial crack growth in uniaxial compression. The wing crack growth is
produced from an inclined sliding crack (Dyskin et al. 2003); (b) Under uniaxial compression loading condition the 3D crack growth (Dyskin et al. 2003) from an initial disc-like crack.

In heterogeneous materials like rocks, the pre-existing cracks are three-dimensional. The volume of wing
crack opening contributes to dilatancy while sliding over the contact area (pre-existing cracks) results in
pronounced nonlinearity of the deformation behaviour (Dyskin 1989; Dyskin and Sahouryeh 1997; Hsieh et
al. 2014). Therefore, understanding the 3-D crack growth mechanisms is crucial for mechanical and fracture
behaviours of rocks and then can contribute to the design and stability assessment of structures built on or
in rock matrix.
Some advanced techniques, e.g. acoustic emission source location and seismic moment tensor analysis
(Chang and Lee 2004; Townend et al. 2008) have been used to understand the mechanics of progressive
failure of rocks. However, due to highly heterogeneous nature of rocks the failure mechanism is still difficult
to reveal. Therefore, an experimental approach that visualises and thus reveals the process of single crack
growth is necessary. The experiments conducted on the specimen containing a single 3-D initial internal
crack show that unlike the 2-D case, there are intrinsic limits on 3-D crack growth and the maximum possible
size of wing cracks is about the size of the initial crack (Dyskin et al. 1994; 1999; 2003), Fig. 5.2.1(b). It is
seen that the wings assume a special shape curving or wrapping around the initial crack. Subsequently this
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phenomenon is called wrapping (Wang et al. 2018a). Clearly, it is the wing crack wrapping that prevents the
crack from growing extensively. Further loading, not leading to a marked increase in the crack dimensions,
eventually causes a burst-like specimen destruction after reaching the compressive strength of the intact
material. The wing crack wrapping was also observed in some following studies (Wong et al. 2007; Wong
et al. 2004a; Wong et al. 2004b; Zhou et al. 2018). Thus, according to the results obtained from the crack
growth studies using the transparent and relatively homogeneous materials, under perfect uniaxial loading
condition the macroscopic fractures in heterogeneous materials should be attributed to the interaction and
coalescence of wing cracks sprouting from multiple initial cracks (Dyskin et al. 2003) and the lateral crack
growth mechanism (Germanovich et al. 1994) instead of the wing crack growth from a single pre-existing
defect.
It was however found that the extensive crack growth can be induced in biaxial compression. Sahouryeh
et al. (2002) conducted biaxial compression tests on sandstone, concrete and transparent casting resin with
a single penny-shape crack situated in the centre of the specimen. They found that in biaxial compression
with approximately equal loads (the biaxial load ratio was approximately 1), the pattern of growth of the
initial crack dramatically differed from that observed in uniaxial compression. In biaxial compression, the
second (intermediate) principal compressive stress prevented the overall wing cracks from wrapping, and
therefore wing cracks were able to grow extensively parallel to both loading directions, which ultimately
leads to the splitting failure of the tested specimens. Although in this study, the applied biaxial load ratio
was limited to approximately 1, the capability of the extensive crack growth in biaxial compression was well
revealed.
In a recent experimental and numerical study conducted by Wang et al (2018a), the transition process
from extensive to restricted crack growth patterns was uncovered. In that study, biaxial compression with
different intermediate to major principal stress ratios (σ ⁄σ , the biaxial load ratio) were applied to
specimens each containing an initial penny-shape crack inclined at 30° to the major principal stress direction
and parallel to the intermediate principal stress direction. It was found that there exists a threshold value of
the biaxial load ratio: above the threshold the intermediate principal stress is capable of suppressing wing
wrapping to some extent and inducing extensive crack growth. Interestingly, the threshold is found to be
rather low: 5.7%. After that Wang et al. (2019) conducted experiments on crack growth from a spherical

180

Chapter 5.2. 3D Crack Growth in Biaxial Compression: Influence of Shape and Inclination of Initial Cracks

pore under biaxial compression. In this case the critical (threshold) value of biaxial load ratio (σ ⁄σ ) was
a bit higher, 0.085 (8.5%), but still small.
In heterogeneous materials, e.g. rock and concrete, pre-existing imperfects are randomly oriented and
are of different shapes. However, in previous studies, the inclination angle and the shape of initial cracks
were restricted and thus may have been a limitation in the quest for understanding the crack growth
mechanisms in biaxial compression. In this paper, a series of biaxial compression tests with different load
ratios are conducted on specimens each containing a single penny-shape crack inclined at 45° or 60° to the
major principal stress direction (but parallel to the intermediate principal stress direction), and square-shape
crack inclined at 30° to the major principal stress direction. The main aim of this study is to explore the
transition process between extensive and restricted (the wing crack is restricted to the size comparable to the
initial crack because of wing crack wrapping, Fig. 5.2.1(b)) crack growth modes and thus determine the
critical biaxial load ratios of each type of the initial crack. Particularly, it is important to investigate the
influence of the inclination angle and shape of the initial 3-D cracks on their growth, especially the critical
value of the biaxial load ratio in biaxial compression before confirming the high sensitivity of the 3-D crack
growth to the intermediate principal stress in heterogeneous materials like rocks.

5.2.3. Experimental setups
5.2.3.1. Specimen preparation
Due to the opaque characteristic of the heterogeneous materials such as rocks and concrete and the fact
that the pre-existing cracks have sizes comparable to that of the structural element, the crack growth
behaviour in real materials cannot be directly observed. The experimental studies of the 3-D surface crack
growth provide the convenience of introducing the initial crack and the feasibility of observing the cracking
behaviour (Guo et al. 2007; Lu et al. 2015; Wong et al. 2007; Wong et al. 2006; Wong et al. 2004a; Wong
et al. 2004b; Yin et al. 2014). However, for the studies into the 3-D internal crack growth, the specimen’s
capability of observing the cracking behaviour is needed. The polyester casting resin, which can provide
good transparency and can be brittle after being frozen, was proven to be a suitable material to study crack
growth behaviour (Dyskin et al. 1994; 2003). Furthermore, in some recent studies, using 3-D printing
technique, the resin was successfully used as the material to replicate the real rock studying the progressive
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fracturing behaviour (Zhou and Zhu 2018; Zhu et al. 2018). Subsequently, we adopted the polyester casting
resin to prepare specimens in this study.
Cubic specimens with dimensions 100 mm × 100 mm × 100 mm were made from transparent casting
polyester resin “CRYSTIC 406 COS PA FC”. To model the initial penny-shape and square-shape cracks,
two greased aluminium foil disks or squares, 10 mm in diameter or in side, inclined at the prescribed angle
to one of the loading axes (y-axis) were hanged in the centre of a cubic aluminium mould by a pair of copper
wires prior to resin casting. Before pouring into the mould, the resin and the catalyst were mixed thoroughly
to prevent the “strip-like” effect (a local strip-like heterogeneity due to the inconsistent speed of curing
caused by the non-uniform distribution of the catalyst) within specimens. After being completely cured
(around 7 days according to the resin casting manual), the specimens were cut and polished to the required
dimensions. Taking the initial penny-shape crack as an example, a schematic diagram and a completed resin
specimen are shown in Fig. 5.2.2 (a) and (b), respectively. Based on the previous studies, the material
becomes brittle at the temperature of about −6℃; it deforms without barrelling and has a linear stress-strain
behaviour up to burst-like fracture (Dyskin et al. 2003). Subsequently, to ensure elastic and brittle behaviour,
the specimens were kept in a freezer for at least 48 h (at ≅ −16℃) before testing such that by the time of
the end of testing the temperature did not exceed the required −6℃.

Fig. 5.2.2. Resin specimen with internal crack: (a) the schematic diagram showing the specimen and the initial crack
geometries; (b) a completed specimen.
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5.2.3.2. Testing apparatus
The resin specimens were tested using the True Triaxial Stress Cell (TTSC) at Curtin University (Perth,
Western Australia, Australia). The true triaxial loading system is illustrated in Fig. 5.2.3. The dimensions of
the contact between the specimen surfaces and the loading platens were 98mm × 98mm that is the size of
loading platen was 1 mm smaller on each side than resin specimens to prevent loading platens from touching
and interlocking. The true triaxial loading system can apply independent loading in three orthogonal
directions (σ , σ and σ in Fig. 5.2.3) by using three independent pumps (Pumps 1, 2 and 3 in Fig. 5.2.3)
capable of delivering 150 MPa hydraulic pressure to the jacks (hydraulic cylinders). The biaxial loading
condition can be achieved by setting the load (σ ) on two opposite specimen surfaces to zero and removing
the corresponding loading platens.

Fig. 5.2.3. The true triaxial loading system.

As illustrated in Fig. 5.2.2(a), in biaxial compression tests the applied stresses in three principal directions
are σ , σ and σ , with the relationship of σ > σ > σ = 0. Therefore, σ , σ and σ are also referred to
as the major, intermediate and minor principal stresses, respectively, when the experimental results are
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analysed and discussed. The biaxial compression tests were conducted in the load-control regime, the ratio
of loading rates in two directions (x-axis and y-axis) being fixed during each test, which means the predefined
biaxial load ratio (σ ⁄σ ) can be maintained within the accuracy of the control module of hydraulic pumps
during the whole testing process. As the TTSC should be fully closed during the testing, the real-time
observation of the process of crack growth was not possible. It is well-known that decreasing the lateral
confinement can reduce the strength of the material in biaxial compression (Cai 2008; Haimson and Chang
2000; Takahashi and Koide 1989; Wiebols and Cook 1968). Therefore, in order to maintain the integrity of
the resin specimens and to allow them to provide clear perspective of the crack growth after testing, when
the low lateral stress (σ ) was applied, the loading time was correspondingly reduced so as to avoid the
destruction of the specimen.

5.2.4. Testing results
As presented in Introduction, the restricted wing crack (the wing crack is restricted to the size comparable
to the initial crack because of wing crack wrapping) is produced from the 3-D initial crack in uniaxial
compression (σ ⁄σ = 0) (Dyskin et al. 2003), Fig. 5.2.1(b); while in biaxial compression with σ ⁄σ = 1,
the extensive wing crack (the wing crack grows extensively towards both loading axes and is parallel to the
free surface of the specimen) can be induced (Sahouryeh et al. 2002). Therefore, to explore the transition
process between extensive and restricted crack growth modes, a series of tests with different σ ⁄σ ratios
were performed. The applied biaxial load ratio σ ⁄σ was started from 0.5 and was progressively decreased
in the following tests until the critical value inducing the extensive crack growth was determined.
Altogether, 35 specimens, each with a single initial crack in the centre were tested in biaxial compression:
12 specimens with penny-shape crack with inclination angle of 45°, 11 specimens with penny-shape crack
inclined at 60° and 12 specimens with square-shape crack inclined at 30° to the direction of the major
principal stress (σ ), as illustrated in Fig. 5.2.2(a). Tables 5.2.1, 5.2.3, 5.2.5 report the testing parameters
including the loading rate, the final stress reached, the biaxial load ratio and the error between final and predefined biaxial load ratio for the abovementioned three types of specimens, respectively. For the pennyshape cracks with inclination angle of 45°, the detailed transition process is presented; while for the other
two types of tested specimens, only some distinct features are described.
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5.2.4.1. Biaxial tests on penny-shape crack with inclination angle of 45°
The details of the testing procedure of this set of biaxial compression tests are reported in Table 5.2.1.
For wing crack sprouting from the upper part of the initial crack contour, the vertical (y-axis) half height is
herein denoted as , the half horizontal (x-axis) length is denoted as . For wing crack sprouting from the
lower part of the initial crack contour, the height is denoted as . These definitions are shown in Fig. 5.2.4(a)
and (b) and are also illustrated in a sketch in Fig. 5.2.4(c). In some tests, the wing cracks initiated from the
upper and lower parts of the initial crack contour merge together. In this case, we regard the overall wing as
the wing sprouting from the upper part of the initial crack contour and thus its size is quantified by

and ,

along vertical (y-axis) and horizontal directions (x-axis), respectively. The parameters of crack growth in the
extensive pattern in biaxial compression for penny-shape crack inclined at 45° to the direction of σ are
listed in Table 5.2.2.

Table 5.2.1 Biaxial tests on initial penny-shape crack with inclination angle of 45°

σ ̇ ⁄σ ̇

Error
(%)

Extensiv
e crack
growth
(Y/N)

6

0.50

4.2

Y

12

3

0.25

4.4

Y

0.13

12

1.5

0.125

4.0

Y

0

0.063

12

0.75

0.062
5

0.8

Y

4.3

0

0.058

12

0.72

0.06

3.3

Y

73.6

4.3

0

0.0587

12

0.69

2.1

Y

P-45-7

72.6

4.1

0

0.0565

12

0.66

2.7

Y

P-45-8

73.2

3.9

0

0.0532

12

0.63

1.3

Y

P-45-9

70.3

3.6

0

0.051

12

0.6

2.0

N

P-45-10

73.5

3.9

0

0.0528

12

0.63

0.57

Y

P-45-11

71.2

3.7

0

0.0520

12

0.62

0.58

N

P-45-12

72.7

3.8

0

0.0520

12

0.618

0.97

N

Test
No.

σ
(MPa)

σ
(MPa)

σ
(MPa)

σ̇
(MPa/min)

σ̇
(MPa/min)

P-45-1

82.3

42.9

0

0.521

12

P-45-2

84.3

22.0

0

0.261

P-45-3

83.2

10.8

0

P-45-4

77.6

4.9

P-45-5

73.9

P-45-6

σ ⁄σ

0.057
5
0.055
0
0.052
5
0.05
0.052
5
0.051
7
0.051
5
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Table 5.2.2 Parameters of crack growth in the extensive pattern in biaxial compression for penny-shape crack
inclined at 45° to y-axis

Inclination
to loading
axis σ (°)

Initial crack

Specimen
No.

Shape

size (mm)

P-45-1

Circular

10

P-45-2

Circular

P-45-3

Lower
wing

Upper wing

Merge with
each other or
not (Y/N)

(mm)

(mm)

(mm)

-

45

45

47

3.8

N

10

45

45

45

5

N

Circular

10

45

43

45

-

Y

P-45-4

Circular

10

45

42

44

-

Y

P-45-5

Circular

10

45

44

45

-

Y

P-45-6

Circular

10

45

46

48

-

Y

P-45-7

Circular

10

45

44

45

-

Y

P-45-8

Circular

10

45

35

34

-

Y

P-45-10

Circular

10

45

35.5

38

-

Y

Figs. 5.2.4 and 5.2.5 show the results of tests No. P-45-1 and No. P-45-2, respectively. In both tests, it
can be seen that with relatively high σ ⁄σ ratios (0.5 and 0.25), the wing cracks initiated from the upper
contour of the initial crack grew extensively towards both loading axes, approaching the boundaries of
specimens. At the end of both tests, the extensive wing cracks (sprouting from the upper contour of the initial
cracks) were found to be perfectly parallel to the free surfaces of the specimens. However, in both tests the
wing cracks initiated from the lower contour of the initial cracks are small and show some features of the
wing crack wrapping, see the local enlarged views in Fig. 5.2.4(b) and Fig. 5.2.5(b) and the sketches in Fig.
5.2.4(c) and Fig. 5.2.5(c). In test No. P-45-1, the size of the wing crack initiated from the upper contour of
the initial crack is as follows:
= 45

and

= 45

= 45

and

= 47

; the corresponding size in test No. P-45-2 is:

. The vertical length (along y-axis) of the wing cracks initiated from the lower

contour of the initial cracks in test No.P-45-1 and No. P-45-2 is 3.8 mm and 5 mm, respectively, showing
slight expanding trend with the decease of σ ⁄σ ratio. Therefore, it is clear that when the σ ⁄σ ratio was
of 0.25 or 0.5, the growth of the wing crack initiated from the lower part of the initial crack contour was
suppressed to some extent, see the sketches from the top view in Fig. 5.2.4(d) and Fig. 5.2.5(d).
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Fig. 5.2.4. Crack growth in biaxial compression with

⁄

=0.5 (test No. P-45-1): (a) front view; (b) lateral view; (c)

sketch from the perspective view; (d) sketch from the top view.
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Fig. 5.2.5. Crack growth in biaxial compression with

⁄

=0.25 (test No. P-45-2): (a) front view; (b) lateral view; (c)

sketch from the perspective view; (d) sketch from the top view.

When σ ⁄σ ratio was reduced to 0.125 (test No. P-45-3), the wing cracks initiated from the upper and
lower parts of the initial crack contour were found to merge together, Fig. 5.2.6(a) and (b). This type of crack
growth is also shown in sketches in Fig. 5.2.6(c) and (d). The overlapping areas were formed between two
individual wing cracks, as pointed out in Fig. 5.2.6(a) and sketched in Fig. 5.2.6(d). The overall size of the
wing crack is:

= 43

and

= 45

. It is seen that approaching the ratio σ ⁄σ = 0.1, the flatness

of the wing crack starts to be disturbed, i.e. the induced wing crack surface shows undulations in some local
areas (Fig. 5.2.6(a) and (c)), which is different from the smooth mirror-like crack surface obtained from the
tests when higher biaxial load ratios were applied, e.g. Figs. 5.2.4 and 5.2.5. This phenomenon is herein
referred to as crack surface waviness. This observation agrees well with the previous studies for wing cracks
grown from both pre-existing cracks and spherical pores in biaxial compression (Wang et al. 2018a; Wang
et al. 2019), where the overall wing crack surface started to show waviness in some local areas in biaxial
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compression tests with the same biaxial load ratio. It is clear that this phenomenon is attributed to the fact
that the intermediate principal stress (σ ) cannot fully prevent the wing crack wrapping. Therefore, the
imperfect flatness was produced in both wing crack surfaces induced from the upper and lower parts of the
initial crack contour, and when merging together, the overall crack surface inherits the waviness, Fig. 5.2.6(a).

Fig. 5.2.6. Crack growth in biaxial compression with

⁄

= 0.125 (test No. P-45-3): (a) front view; (b) lateral view;

(c) sketch from the perspective view; (d) sketch from the top view.

Further reduction of σ ⁄σ to 0.0625 (test No. P-45-4) does not change the general crack growth pattern:
the extensive crack growth parallel to the free surface of the specimen was still observed, see the front, lateral
and top views in Fig. 5.2.7(a)-(c), respectively. In addition, the wing cracks initiated from upper and lower
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contour of the initial crack merged together, as sketched in Fig. 5.2.7(e) and (f). Unlike the crack pattern
obtained in tests with higher σ ⁄σ ratios, the overlapping area between two individual wing cracks
produced from the upper and lower parts of the initial crack contour were narrower, see the comparison
between Fig. 5.2.6(d) and Fig. 5.2.7(f), and a continuous crack surface was produced away from the initial
crack. The overall crack surface shows slight waviness near the initial crack, Fig. 5.2.7(c). Fig. 5.2.7(d)
shows the top view of test No. P-45-5, where σ ⁄σ ratio was 0.06. It is seen that the waviness near the
initial crack aggravated (the increase of the curvature of the wing crack surface) compared to that obtained
in the test with σ ⁄σ = 0.0625 (Fig. 5.2.7(c)), see the top view of the wing in Fig. 5.2.7(d). However,
when σ ⁄σ = 0.0575, the wing crack at this part started to show unconnected fragments instead of forming
a continuous surface, as pointed out in Fig. 5.2.8 (a) and (b), and a sketch of this crack pattern is provided in
Fig. 5.2.8(c). As illustrated in Fig. 5.2.8(c), a local part of the wing crack surface near the initial crack is
disconnected from the continuous crack surface and thus becomes a fragment of crack. This may be
attributed to the fact that the more serious waviness of the wing surface near the initial crack cannot be
maintained, thus resulting in fragmented crack surface near the initial crack.

190

Chapter 5.2. 3D Crack Growth in Biaxial Compression: Influence of Shape and Inclination of Initial Cracks

Fig. 5.2.7. Crack growth in biaxial compression with

⁄

= 0.0625 (test No. P-45-4): (a) front view; (b) lateral view;

(c) top view; (d) the top view of the specimen with

⁄

= 0.06 (test No. P-45-5); (e) sketch from the perspective

view; (f) sketch from the top view.
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Fig. 5.2.8. Crack growth in biaxial compression with

⁄

= 0.0575 (test No. P-45-6): (a) front view; (b) top view; (c)

sketch from the front view.

According to the previous study (Wang et al. 2018), the appearance of the fragmented wing crack surface
can be served as a precursor of approaching the critical value of σ ⁄σ . This is because the unconnected
fragments of the wing crack surface is attributed to the incapability of low value of σ of completely
suppressing the wing crack wrapping near the initial crack. For the following we need to remember that in
the testing equipment the pre-defined biaxial ratio could not be kept absolutely the same during testing by
simply specifying the loading rate at the beginning of the test, especially when biaxial compression test with
low biaxial load ratio was conducted. Therefore when testing specimens with low biaxial load ratio, we had
to keep adjusting the loading rates along both directions (σ and σ ) during the whole test in order to achieve
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and keep the pre-defined biaxial load ratio σ ⁄σ . (If the adjustment did not work the test was repeated with
the same load ratio but a different specimen.) As a result, we managed to reduce the value of σ ⁄σ within
the interval of 0.0025 between two successive tests until the critical value of σ ⁄σ was determined. When
σ ⁄σ was reduced to 0.055 and 0.0525 in tests No. P-45-7 and test No. P-45-8, the flatness of the overall
crack surface was highly disturbed (the obvious waviness formed the unsmooth crack surface) and the crack
size was significantly reduced compared to that obtained from the tests with higher σ ⁄σ , as shown in Fig.
5.2.9 and Fig. 5.2.10, respectively. These features are of course attributed to the low value of σ ⁄σ to
induce fully extensive wing cracks. The overall size of the wing crack in test No. P-45-7 is

=

35.5

=

34

and

= 38

. For test No. P-45-8, the size of the overall wing crack is:

= 35

and

. It should however be noted that despite the sizes of wing cracks are small in both tests, their sizes

( and ) are 7 times the initial crack radius and the overall crack surfaces are sub-parallel to the free surfaces
of the tested specimens. Therefore, they can still be identified as the extensive crack growth pattern. In
addition, in test No. P-45-8 the wing cracks sprouting from the upper and lower parts of the initial crack
contour did not merge together and the gap between them can be clearly identified, as pointed out in Fig.
5.2.10(c) and sketched in Fig. 5.2.10(d).

Fig. 5.2.9. Crack growth in biaxial compression with

⁄

= 0.055 (test No. P-45-7): (a) front view; (b) lateral view.

193

Chapter 5.2. 3D Crack Growth in Biaxial Compression: Influence of Shape and Inclination of Initial Cracks

Fig. 5.2.10. Crack growth in biaxial compression with

⁄

= 0.0525 (test No. P-45-8): (a) front view; (b) lateral

view; (c) top view; (d) sketch from the top view.

The extensive wing crack growth disappeared and the restricted wing crack growth was observed when
σ ⁄σ ratio was reduced to 0.052 in test No. P-45-11 and a repeated test No. P-45-12, as shown in Fig.
5.2.11. It is seen from Fig. 5.2.11 that wing crack wrapping was induced, which is the crack growth pattern
resembling that obtained in uniaxial compression, Fig. 5.2.1(b). In both cases, the wing cracks assume a
special shape curving or wrapping around the initial crack and thus show no favourable orientations with
respect to the directions of the applied stresses, i.e. σ and σ . In addition, the size of wing cracks is restricted
to that of the initial crack. This indicates that under this biaxial load ratio (σ ⁄σ = 0.052), the crack growth
was switched to the restricted crack growth pattern. Therefore, we regarded σ ⁄σ = 0.053 as the critical
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(threshold) value of the biaxial load ratio separating extensive crack growth from restricted crack growth
when the initial crack is inclined at 45° to the direction of the major principal stress (σ ).

Fig. 5.2.11. The top view of the restricted crack growth in biaxial compression with

⁄

= 0.052 (test No. P-45-11):

(a) front view; (b) lateral view; (c) top view.
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5.2.4.2. Biaxial tests on penny-shape crack with inclination angle of 60°
A series of resin specimens with penny-shape crack inclined to σ at 60° were tested in a procedure
similar to the one explained in the previous section. The details of the testing procedure are reported in Table
5.2.3. The critical (threshold) value of σ ⁄σ separating the extensive and restricted wing growth was
determined to be 0.05. The size of the extensive crack surface in each test is listed in Table 5.2.4. Some of
the distinct features in this set of biaxial tests are described below.

Table 5.2.3 Biaxial tests on initial penny-shape crack with inclination angle of 60°
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Test
No.

σ
(MPa)

σ
(MPa)

σ
(MPa)

σ̇
(MPa/min)

σ̇
(MPa/min)

σ ̇ ⁄σ ̇

Error
(%)

P-60-1

84.0

41.7

0

0.497

12

6

0.50

0

0.253

12

3

0.25

0.6
1.2

P-60-2

83.8

21.2

P-60-3

83.5

10.7

0

0.128

12

1.5

0.125

P-60-4

78.4

4.8

0

0.0618

12

0.75

0.062
5

P-60-5

74.2

4.3

0

0.058

12

0.72

0.06

P-60-6

72.9

4.2

0

0.0575

12

0.69

P-60-7

73.0

4.0

0

0.0552

12

0.66

P-60-8

73.4

3.9

0

0.053

12

0.63

P-60-9

72.5

3.7

0

0.051

12

0.6

0.05

P-60-10

72.8

3.4

0

0.0472

12

0.57

0.047
5

P-60-11

72.5

3.4

0

0.0475

12

0.576

0.048

σ ⁄σ

0.057
5
0.055
0
0.052
5

2.4
1.12
3.3
<0.1
0.36
0.95
2.0
0.63
1.0

Extensive
crack
growth
(Y/N)
Y
Y
Y
Y
Y
Y
Y
Y
Y
N
N
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Table 5.2.4 Parameters of crack growth in the extensive pattern in biaxial compression for penny-shape crack
inclined at 60° to y-axis

Specimen
No.

Initial crack

Upper wing

Inclination
to loading
axis σ (°)

Shape

size (mm)

P-60-1

Circular

10

P-60-2

Circular

P-60-3

Lower wing

(mm)

Merge with
each other or
not (Y/N)

(mm)

(mm)

-

60

43

45

0

N

10

60

38

39

0

N

Circular

10

60

39

41

0

N

P-60-4

Circular

10

60

37.5

39

0

N

P-60-5

Circular

10

60

40

42

0

N

P-60-6

Circular

10

60

43

47

-

Y

P-60-7

Circular

10

60

43

46

-

Y

P-60-8

Circular

10

60

41

42

-

Y

P-60-9

Circular

10

60

37

40

-

Y

Fig. 5.2.12 shows a resin specimen tested under σ ⁄σ = 0.5 (test No. P-60-1). The wing crack grew
extensively towards both loading axes (x-axis and y-axis in Fig. 5.2.12). The wing produced from the upper
part of the initial crack contour extended to nearly specimen boundaries, while no visible wing sprouting
from the lower contour of the initial crack was observed, see the local enlarged view in Fig. 5.2.12(b) and
Fig. 5.2.12(c). The overall wing crack surface is smooth and completely parallel to the free surfaces of the
specimen.
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Fig. 5.2.12. Crack growth in biaxial compression with

⁄

= 0.5 (test No. P-60-1): (a) front view; (b) lateral view;

(c) top view; (d) sketch from the perspective view; (e) sketch from the top view.

For comparison, Fig. 5.2.13(a) and (b) present the lateral and top views of extensive wing crack sprouting
from the initial crack with inclination angle of 30° under σ ⁄σ = 0.5 (Wang et al. 2018), respectively. It is
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seen that the wing crack sprouting from the lower part of the initial crack assumes a “moth-shape”, which is
sketched in Fig. 5.2.13(c). Comparing Fig. 5.2.13 to Fig. 5.2.4 and Fig. 5.2.12, where the same σ ⁄σ ,
namely 0.5 was applied, it can be confirmed that with the increase of the inclination angle of the initial crack
from 30° to 60° with respect to the direction of σ (y-axis), the extent of the wing sprouting from the lower
contour of the initial crack obviously shrinks and finally disappears, see sketches from top view in Fig.
5.2.13(d), Fig. 5.2.4(d) and Fig.5.2.12(e). The horizontal distance between upper and lower tips of the initial
crack contour, i.e.

as illustrated in Fig. 5.2.13(d), may play an important role in controlling the extent of

the lower wing crack, as this distance contributes to the interaction between two individual wings.
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Fig. 5.2.13. Crack growth in biaxial compression with

⁄

= 0.5 when the initial crack is inclined at 30° to

(a)

lateral view; (b) top view; (c) sketch from the perspective view; (d) sketch from the top view.

Reducing the σ ⁄σ ratio from 0.25 to 0.06 does not change the fundamental features of the crack
growth: the extensive wing cracks were induced and were parallel to the free surface of the specimen, Fig.
5.2.14. It is seen from Fig. 5.2.14(a) and (b) that when σ ⁄σ ratios are 0.25 and 0.125, respectively, the
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wing crack surfaces have high flatness, i.e. smooth mirror-like surface without obvious undulations; while
when σ ⁄σ ratios were reduced to 0.0625 and 0.06, Fig. 5.2.14(c) and Fig. 5.2.14(d), respectively, the
flatness of the wing crack surfaces were disturbed, exhibiting wrapping near the wing crack boundary and
the waviness near the initial crack. It should also be noted that in these tests shown in Fig. 5.2.14, the
extensive wing crack only sprouted from the upper part of the initial crack contour while no visible wing
crack was observed at the lower part of the initial crack contour, as shown in sketches in Fig. 5.2.14(e) and
(f), resembling the observation in tests where higher σ ⁄σ ratios were applied on this type of initial crack,
e.g. Fig. 5.2.12.
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Fig. 5.2.14. The lateral view of the extensive crack growth in biaxial compression test with (a)
P-60-2); (b)

⁄

= 0.125 (test No. P-60-3); (c)

⁄

= 0.0625 (test No. P-60-4); (d)

⁄

(e) sketch from the perspective view; (f) sketch from the top view.
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When σ ⁄σ is below 0.06 approaching the critical value, the strongly disturbed wing surfaces were
produced, i.e. the wing crack surface is no longer smooth but with serious waviness and fragments near the
initial crack. Fig. 5.2.15 and Fig. 5.2.16 show the lateral views and the top views of the tested specimens
with σ ⁄σ ratio of 0.0575, 0.055, 0.0525 and 0.05, respectively. In some areas, the wing crack shows
fragmented pattern, as pointed out in Fig. 5.2.15(b) and (c). The typical fragmented pattern can be referred
to the sketch shown in Fig. 5.2.8(c). This indicates that the wing crack itself near the initial crack cannot
sustain the serious waviness and thus becomes fragmented. It can also be observed from the top view in Fig.
5.2.16 that in some tests, the wing surface was out of shape and distorted because of waviness, i.e. some
local areas near the initial crack in the wing crack surface are no longer sub-parallel to the free surfaces of
the specimens, e.g. Fig. 5.2.16 (b) and (d). Nevertheless, the overall wing cracks are still much larger than
the size of the initial crack (see Table 5.2.4) and are sub-parallel to the free surfaces of the specimens. Again,
the abovementioned characteristics can serve as precursors of approaching the restricted mode of wing crack
growth (wing crack wrapping), because the low value of σ ⁄σ obviously cannot ensure the formation of
the smooth extensive wing crack surface.
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Fig. 5.2.15. The lateral view of the extensive crack growth in biaxial compression with (a)
60-6); (b)
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⁄

= 0.055 (test No. P-60-7); (c)

⁄

= 0.0525 (test No. P-60-8); (d)

⁄

⁄

= 0.0575 (test No. P-

= 0.05 (test No. P-60-9).
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Fig. 5.2.16. The top view of the extensive crack growth in biaxial compression with (a)
6); (b)

⁄

= 0.055 (test No. P-60-7); (c)

⁄

= 0.0525 (test No. P-60-8); (d)

⁄

⁄

= 0.0575 (test No. P-60-

= 0.05 (test No. P-60-9).

The above results together with the experimental study with initial cracks inclined at 30° to the y-axis
(Wang et al. 2018) show that the transition from the extensive wing crack to the restricted wing crack seems
to be a major feature of crack growth in biaxial compression and the inclination angle of the initial crack has
a minor effect on this process.

5.2.4.3. Biaxial tests on initial crack with square shape and with inclination angle of 30°
To test the effect of the shape of the initial crack on the growth mechanism in biaxial compression, a
series of resin specimens with square-shape crack inclined to σ at 30° were tested using the described
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procedure as listed in Table 5.2.5. Finally, the critical value of σ ⁄σ was determined to be 0.0475. The size
of each extensive wing crack is listed in Table 5.2.6 and some distinct features are described below.

Table 5.2.5 Biaxial tests on initial square-shape crack with inclination angle of 30°

σ̇
(MPa/min)

σ̇
(MPa/min)

0.516

12

6

0.50

3.2

Extensive
crack
growth
(Y/N)
Y

0

0.245

12

3

0.25

2

Y

10.2

0

0.123

12

1.5

0.125

1.6

Y

79.2

4.9

0

0.0618

12

0.75

0.0625

1.12

Y

S-30-5

75.7

4.7

0

0.062

12

0.72

0.06

3.3

Y

S-30-6

74.4

4.2

0

0.057

12

0.69

0.0575

0.87

Y

S-30-7

74.2

4.2

0

0.056

12

0.66

0.055

1.8

Y

S-30-8

73.9

3.8

0

0.0519

12

0.63

0.0525

1.14

Y

S-30-9

71.8

3.5

0

0.0505

12

0.6

0.05

3.0

Y

S-30-10

71.1

3.4

0

0.048

12

0.57

0.0475

1.1

Y

S-30-11

71.2

3.2

0

0.0453

12

0.54

0.045

0.67

N

S-30-12

72.2

3.3

0

0.0457

12

0.54

0.045

1.56

N

Test No.

σ
(MPa)

σ
(MPa)

σ
(MPa)

S-30-1

84.2

43.4

0

S-30-2

83.5

20.6

S-30-3

83.3

S-30-4
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Table 5.2.6 Parameters of crack growth in the extensive pattern in biaxial compression for square-shape crack
inclined at 30° to y-axis

Specimen
No.

Inclination
to loading
axis σ (°)

Initial crack

Shape

size (mm)

S-30-1

square

10

S-30-2

square

S-30-3

Lower
wing

Upper wing

Merge with
each other or
not (Y/N)

(mm)

(mm)

(mm)

-

30

44

43

43

N

10

30

43

44

6

N

square

10

30

41

45

-

Y

S-30-4

square

10

30

46

47

-

Y

S-30-5

square

10

30

46

46

-

Y

S-30-6

square

10

30

44

46

-

Y

S-30-7

square

10

30

47

48

-

Y

S-30-8

square

10

30

46

48

-

Y

S-30-9

square

10

30

44

46

-

Y

S-30-10

square

10

30

44

45

-

Y

Fig. 5.2.17 shows a tested resin specimen with σ ⁄σ = 0.5 (test No. S-30-1). In the test, the extensive
wing crack was produced. The wing produced from the upper part of the initial crack contour nearly extended
to the specimen boundaries and was completely parallel to the free surface of the specimen. The wing
sprouted from the lower part of the initial crack contour assumed the form of “moth-shape”, similar to that
shown in Fig. 5.2.13, where the penny-shape initial crack with the same inclination angle was tested under
σ ⁄σ = 0.5. However, the “moth-shape” crack was not induced from other types of the initial crack (the
initial crack with different inclination angles with respect to the major principal stress (σ )), indicating that
under the same σ ⁄σ ratio, the shape of the initial crack has minor effect on the extent of the wing crack
sprouting from the lower contour of the initial crack. Even though the extent of “moth-shape” wing was
much smaller compared to that sprouting from the upper contour, it was also completely parallel to the free
surfaces. As for the overall extensive crack growth (sprouting from the upper contour of the initial crack), it
has a similar pattern to that sprouting from the penny-shape initial crack with the same inclination angle
under the same σ ⁄σ , see sketches in Fig. 5.2.13(c) and Fig. 5.2.17(c), indicating that the formation of the
extensive crack growth is also not attributed to the special shape of the initial crack.
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Fig. 5.2.17. Crack growth in biaxial compression with
crack is inclined at 30° to

⁄

= 0.5 (test No. S-30-1) when the initial square-shape

(a) lateral view; (b) top view; (c) sketch from the perspective view; (d) sketch from the
top view.

Fig. 5.2.18 shows wing cracks when σ ⁄σ ratio is approaching the critical (threshold) value. The
waviness and the unconnected fragments of the wing crack surface near the initial crack can be observed.
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Fig. 5.2.18. The top view of the extensive crack growth in biaxial compression with (a)
7); (b)

⁄

= 0.0525 (test No. S-30-8); (c)

⁄

= 0.05 (test No. S-30-9); (d)

⁄

⁄

= 0.055 (test No. S-30-

= 0.0475 (test No. S-30-10); (e)

sketch from the perspective view; (f) sketch from the top view.
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It is worth noting that the similar transitional process between extensive and restricted crack growth
patterns can be obtained in both penny-shape and square-shape initial cracks, and the critical values of σ ⁄σ
ratio determined in each set of biaxial compression tests are close to each other. This suggests that the
influence of the shape of the initial cracks on their growth in biaxial compression is minor.

5.2.5. Discussion
5.2.5.1. The effect of the intermediate principal stress
In uniaxial compression, the role of the major principal stress (σ in this case) is to cause the sliding
between the opposite surfaces of the initial crack. In this way, the tensile stress field is formed near the upper
and lower contour of the initial crack and thus the wing cracks can be induced. However, under this
circumstance (σ ≠ 0 and σ = σ = 0, i.e. uniaxial compression, Fig. 5.2.1(b)), the direction of wing crack
growth is only controlled by the direction of the major principal stress (σ ), i.e. the induced wing crack
grows along the direction of the major principal stress (σ ) but wraps around the initial crack. It should be
noted that the wing crack growth from the pre-existing cracks of different shapes was investigated
systematically by Dyskin et al (2003), where the restricted crack growth pattern was still observed in uniaxial
compression tests. This is similar to that observed in biaxial compression with σ ⁄σ below the critical
value, in which the effect of the intermediate principal stresses (σ ) is negligible, Fig. 5.2.11. In both cases
(in uniaxial compression and in biaxial compression with σ ⁄σ below the critical value), it is seen that a
curly crack surface due to wrapping of the wings is formed, parallel to σ without any preferred orientation
relative to σx and σz. This results in only limited wing crack growth in the direction of σ , as illustrated in
Fig. 5.2.19(a).
As the intermediate principal stress (σ ) increases, i.e. the increase of the biaxial load ratio σ ⁄σ , wing
wrapping in the direction perpendicular to σx is suppressed to some extent depending on σ ⁄σ ratio. When
σ ⁄σ ratio is above the critical (threshold) value, the wrapping can be highly suppressed and the wing
cracks are thus straightened, which gives rise to extensive crack growth that is parallel to directions of both
σ and σ , as shown in Fig. 5.2.19(b). When σ ⁄σ ratio is approaching the critical (threshold) value, there
are some features that reflect the incapability of the intermediate principal stress (σ ) to completely prevent
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the wing wrapping, see the figures presented above, e.g. Figs. 5.2.7-5.2.10, Figs. 5.2.15-5.2.16 and Fig.
5.2.18: (i) the waviness near the initial crack (ii) the unconnected fragments of the wing crack surface and
(iii) the narrowed extent of the wing crack in some tests. However, these features do not change the overall
crack growth pattern, i.e. the extensive crack growth parallel to the free surface of the specimen is still
formed. Based on the experimental results presented above, the inclination angle and the shape of the initial
crack have minor effect on the transitional process of crack growth from the extensive to restricted modes,
especially the critical value of biaxial load ratio inducing the extensive crack growth, as illustrated in Fig.
5.2.19(c). This indicates that the 3-D crack growth pattern is highly sensitive to the intermediate principal
stress that is not included in the classical failure criteria, such as the Mohr-Coulomb strength criterion and
the Hoek-Brown empirical strength criterion. In other words, a small value of the intermediate principal
stress may lead to the macroscopic fracture in rocks, which could occur in the original biaxial stress field
(spalling or slabbing failure at the excavation boundaries (Wang et al. 2018b)) or in other stress fields where
the intermediate principal stress is induced by other factors, e.g. the end friction effect in uniaxial
compression tests.
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Fig. 5.2.19. Wing crack growth in compression from the top view (Wang et al. 2018): (a) wing crack wrapping in
uniaxial compression (the loading axis is perpendicular to the drawing plane); (b) in biaxial compression, wing crack
wrapping is prevented by the intermediate principal stress; (c) the mode of wing crack separated by the critical value
of the biaxial load ratio.

5.2.5.2. The non-symmetry of two wing cracks in biaxial compression with the biaxial
load ratio above the critical value
The non-symmetry of two wing cracks from the upper and lower parts of the initial crack contour in
biaxial compression with the biaxial load ratio above the critical value, i.e. one of the wings is obviously
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smaller than another one (extensive crack growth), might be attributed to the interaction between two
individual wings.
In the restricted crack growth pattern, wing cracks grow independently: the wing sprouting from the
upper part of the initial crack contour grows above the initial crack, while the wing sprouting from the lower
part of the initial crack contour grows below the initial crack, and vice versa, as shown in Fig. 5.2.1(b) and
Fig. 5.2.11. Thus, there is no overlapping part between two individual wings in the restricted crack growth
pattern. Under this circumstance, there is minor interaction between two individual wings and they are
capable of growing symmetrically. However, it is different in the case when the extensive crack growth is
induced in biaxial compression with the biaxial load ratio higher than the critical value. In most of the tested
specimens presented in this paper, the extensive crack growth is produced forming a large crack surface
extending to the boundaries of the specimen, and therefore two individual wings sprouting from the upper
and lower parts of the initial crack contour inevitably have the overlapping part and interact with each other.
The interaction between two wing cracks can be supported by the studies of the crack coalescence in
uniaxial compression. In 2-D case, a single initial crack is capable of growing extensively under uniaxial
compression. However, it has been confirmed that when two wing cracks (sprouting from two different
initial cracks) overlap, they have the tendency to avoid each other (Melin 1983), and the tip-to-tip
coalescence of wings is unlikely (Ashby et al. 1986; Brace and Bombolakis 1963; Germanovich et al. 1994;
Horii and Nemat-Nasser 1985; Nemat-Nasser and Horii 1982). This phenomenon was also observed in 3-D
crack growth studies (Dyskin et al. 2003). In fact, it has been proved that the growing tensile cracks tend to
avoid each other because of peculiarities of the stress distribution near the crack tips, see more information
in Melin (1983) and Germanovich et al. (1994). This explains the phenomenon that one wing crack grows
extensively suppressing another one to some extent in the experiments and demonstrates that the nonsymmetry of two wing cracks is not attributed to the non-uniform load applied.

5.2.6. Conclusions
In heterogeneous materials such as rocks and concrete, pre-existing defects are randomly oriented and
are of different shapes. The secondary crack sprouting from these pre-existing defects play an important role
in controlling the macroscopic constitutive behaviour and contributes to the pronounced nonlinearity of the
deformation behaviour. Under uniaxial compression, there are intrinsic limits on 3-D growth of wing cracks
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because of the wing wrapping and thus a single pre-existing internal crack shows inability to produce the
macroscopic failure.
Under biaxial compression, at the macroscopic scale, fractures parallel to the loading directions can be
generated, e.g. the spalling and slabbing failure at the excavation boundaries, which is attributed to the
growth of pre-existing defects at the microscopic scale. Biaxial compression tests (the major and
intermediate principal stresses are applied and the minor principal stress is zero) undertaken on initial pennyshape and square-shape crack with different inclination angles to the applied major principal stress
demonstrate that the 3-D internal crack can grow extensively towards both loading axes and parallel to the
free surface of the specimen. The biaxial load ratio (the ratio of the intermediate principal stress to the major
principal stress) that is capable of inducing extensive crack growth is extremely low: around 0.05 for all
cases considered. Below the critical biaxial load ratio, wing crack wrapping is observed and therefore the
wing crack growth is restricted.
The current experimental outcomes indicate that the 3-D crack growth is highly sensitive to the
intermediate principal stress, which can provide some insights into the surface parallel fractures happen at
the walls of excavations or at a larger scale, skin rockburst.
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Chapter 6. Mechanics of In-situ Spalling Based on 3-D Crack Growth
in Biaxial Compression
6.1. Abstract
The in-situ spalling strength (stress at which spallation or, at larger scale rockburst start) is known to be
lower than the uniaxial compressive strength (UCS) obtained in the laboratory, which has long been a puzzle.
We assumed that the spallation is caused by extensive crack growth parallel to the excavation surface with
subsequent buckling of the separated rock layers. To investigate this mechanism a series of transparent
casting resin samples, each with a single initial penny-shape crack, square-shape crack of different
inclination angles or spherical pore at the sample centre tested under biaxial compression with different load
ratios σ ⁄σ (the ratios of the intermediate to the major principal stresses) are presented. It was found that
σ ⁄σ > 0.06 was sufficient to make wings sprouting from one of these initial defects straighten and grow
into a large crack surface comparable to the size of the sample and was parallel to the free faces. The load
ratios σ ⁄σ estimated by calculating the in-situ stresses at the excavation sidewall and driving face at the
Mine-by tunnel 420 level (depth of 420 m) in Underground Research laboratory (URL) in Canada – a place
where spalling was observed – were found to exceed 0.26, which ensures extensive wing crack growth
parallel to the excavation surface and finally spallation. A simple model of the wing crack growth and
interaction with the free surface (excavation surface) allows relating the spalling strength to the UCS if the
initial cracks causing spallation are sufficiently small. In the case of large initial cracks, the obtained model
involves uniaxial compressive strength of the rock mass of the corresponding scale.

6.2. Introduction
When excavating an opening, the stress in the rock elements at the excavation boundary increases in the
tangential direction and reduces in the radial direction. In the immediate vicinity of the (unsupported)
excavation boundary (distances from the surface small compared to the dimensions of the opening) the
induced radial stress is almost zero (σ ≈ 0), as shown in Fig. 6.1(a). Under this circumstance, the stress
state of biaxial compression is formed and the generation of surface parallel fractures (slabbing or spalling
type failure) are often observed in highly stressed ground relative to the UCS at the excavation boundary [1-
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3], one example is shown in Fig. 6.1(b). According to the analysis by Fairhurst and Cook [1], spalling is the
failure process involving extensional splitting/cracking during the excavation of deep hard tunnels under
high-stress conditions.

Fig. 6.1. Stress regime in a rock mass with unsupported cylindrical excavation or borehole: (a) stress near the
excavation boundary [4]. σx0, σy0 and σz0 are the far-field principal stresses; (b) spalling observed around a 1.8-mdiameter borehole in the ̈

̈ Pillar Stability Experiment [5].

When the (major principal) stress on the boundary of an underground excavation reaches the magnitude
at which the failure occurs, the corresponding stress is termed “the spalling strength” [5]. In other words, the
in-situ spalling strength is defined as the stress magnitude which initiates the spallation [5-8]. As the fractures
developed are parallel to the free surface, rock slabs separated by the fractures can buckle into the opening.
As shown in Fig. 6.1(b), the slabs can be thin producing nonviolent spalling and thus in some cases maybe
non-visible at the opening boundary, but can be detected by microseismic (MS) events, acoustic emission
(AE) monitoring system [6, 9-11]. Observation boreholes drilled perpendicular to the excavation boundary
[12] or other techniques that involve non-contact measurement methods such as laser scanning [13] were
also used to investigate this type of fracture. In many cases rock spalling can be directly observed at the
sidewalls, for instance, at the tunnel after slashing excavation in China Jinping Underground Laboratory Phase
II (CJPL-II) [14].

When analysing such events, the uniaxial compressive strength (

or UCS) obtained in the laboratory

is often adopted to compare the in-situ rock spalling strength at the excavation boundary. It is widely
accepted that the in-situ spalling strength is much lower than σ . Results of some such measurements and
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back analysis are summarized in Table 6.1. Fig. 6.2 shows these stresses vs. the normalised failure depth. It
is seen that the larger values of

⁄

produce deeper failures (

⁄ > 1). In this case,

is the

maximum tangential stress around the circular opening calculated by the far-field in-situ stresses
(

=3

-

according to Kirsch’s solution). Therefore, for some cases with

⁄ > 1,

and
is higher

than the corresponding in-situ spalling strength (the stress level at which the fractures initiate at the
immediate excavation surfaces) as the progressive failure has already developed towards the internal rock
mass, e.g. the formation of the v-shaped notch in the rock mass. In this way, the in-situ spalling strength
(macroscopic failure initiation stress,

⁄ = 1) can be approximated to be (0.4 ± 0.1 )σ , i.e. it follows a

linear relationship shown in Fig. 6.2 as pointed out in the study of Martin et al. [15].
It is interesting that the crack initiation stress ( σ ) in uniaxial compression tests conducted in the
laboratory also falls into this range, (0.4 ± 0.1) σ . Crack initiation stress is the stress magnitude that
corresponds to the initiation of (stable) wing crack growth and the onset of dilatancy in rocks. As summarized
by Cai et al. [9], the normalized crack initiation stress (σ ⁄σ ) generally varies between 0.3 and 0.5 for
different rock types. There are also relatively low and large values close to this range reported in the literature:
for instance, Martin and Chandler [16] found the normalized crack initiation stress to be 0.2-0.3; while Yuan
and Harrison [17] gave values of 0.5-0.7.
Therefore, as suggested by Martin et al. [5], the crack initiation stress obtained in uniaxial compression
tests can provide references for the in-situ rock mass spalling strength. Apparently, due to the difference in
the failure mechanisms between in situ spalling and rock samples tested in uniaxial compression, this
conclusion should be treated with scepticism.

Table 6.1 Summary of case histories (circular tunnel) in the literature.
The maximum tangential stress
(σ
)

Rock type

References

0.56 UCS

Lac du Bonnet granite

Read et al. [8]

0.44-0.56 UCS

Lac du Bonnet granite

0.5 UCS
0.47-0.66 UCS
0.61 UCS
0.44 UCS
0.59 UCS
0.65 UCS

Mica schist, Pyrite ore, Amphibolite etc.
Interbedded siltstone-mudstone
Quartzite
limestone
Äspö Diorite
Granodiorite

Martin et al. [6], Martin [18],
Martin and Christiansson [5]
Myrvang [19]
Pelli [20]
Stacey and de Jongh [21]
Lu et al.[22]
Andersson et al. [23]
Martin and Christiansson [5]
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Fig. 6.2. The ratio of the maximum tangential stress to UCS when macroscopic failure initiated in situ [15].

The relatively low magnitudes of the in-situ spalling strength have been presenting a puzzle for many
years. The complex loading path involving stress rotation experienced by the rock elements located near the
excavation boundary may contribute to the in-situ spalling strength reduction as argued by some researchers
(e.g., see studies of [6, 8, 24]). During the progressive advancement of the tunnel face, the three-dimensional
redistribution of excavation-induced stresses could provide “preconditioning” for the anterior rock mass of
the driving face and lead to inevitable damage accumulation and the rock mass strength degradation. Laigle
[25] suggested that because the in-situ loading rate due to the tunnel excavation was much lower than the
loading rate used in the laboratory, therefore the in-situ rock strength was about 50% of the laboratory σ .
Cai and Kaiser [7] attributed the “apparent” reduction of in-situ rock strength to the highly irregular
excavation boundary profiles which led to stress concentration and thus the “actual” in-situ rock strength
was larger than it appeared. In addition, the end friction acting in the lab testing and the geometry difference
between laboratory sample and in-situ rock mass are also attributable factors as proposed by some
researchers. For example, Diederichs [26] argued that due to the friction mobilized at the sample-platen
interfaces and the cylindrical geometry of the laboratory sample, the radial constrain could be induced on
wing crack opening and therefore the rock sample strength was improved. Also, the scale effect cannot be
ignored. It was demonstrated that keeping the same slenderness ratio of samples, the sample with larger size
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leads to lower uniaxial compressive strength, as the larger rock sample is likely to contain more and larger
pre-existing defects [7]. This seems to be a plausible explanation for the present question. However, at
excavation boundaries, the rock elements are under biaxial loading condition, which is characterized by the
presence of a free surface (the minor principle stress is zero) and the intermediate principal stress. This is
the major difference from the samples tested in uniaxial compression and hence the influence should be
investigated.
It has been recognized that extensile crack growth empowered by local tensile stresses generated by rock
heterogeneity, in particular pre-existing cracks, pores or other defects in the presence of free surface can lead
to spallation [27-29].
Rocks are heterogeneous materials, which contain various defects or weakness at all scales. On the
micro-scale, these defects include grain boundaries, micro-cracks, foliation and pores. At the larger scales
these are cracks, and joints, faults, shears and bedding planes [30]. Therefore it is natural to investigate the
fracture mechanisms associated with these pre-existing cracks.
The majority of existing experiments and models are two-dimensional [31-38], while the pre-existing
cracks and pores which serve as the sources of the initiation and growth of the secondary cracks in
compression are three-dimensional in nature. This difference is important as shown by the experimental
study of Dyskin et al. [39, 40]: the growth of wing cracks produced by a 3-D initial crack or a spherical pore,
is restricted to the wing crack sizes comparable to the initial crack, owing to the phenomenon of wing
wrapping. Therefore such wing cracks cannot grow sufficiently to cause macroscopic failure, see Fig. 6.3.
This pattern of crack growth is consistent in samples made from various materials such as polyester resin,
PMMA [41], glass, cement and mortar [40], and therefore should be regarded as an intrinsic feature of the
single 3-D crack growth in uniaxial compression.
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Fig. 6.3. Crack growth under uniaxial compression [40] from: (a) an initial crack; (b) a spherical pore.

The crack growth mechanism can be radically changed when the intermediate principal stress is applied.
Sahouryeh et al. [42] conducted biaxial compression tests on concrete and transparent casting resin with a
single penny-shaped crack situated in the centre of the sample. It was found that in biaxial compression with
approximately equal loads, the intermediate principal compression stress prevented the wing cracks from
wrapping, and therefore wing cracks were able to grow extensively forming a crack surface parallel to both
loading directions, which ultimately gave rise to the splitting failure of the tested samples.
The rock spalling occurs at the locations where the rock elements are under biaxial loading condition. In
this case, the intermediate principal stress and the presence of free faces could play important roles in forming
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the surface parallel fractures and thus influence the in situ rock spalling strength. However, as mentioned
above, when attempting to analyse the in situ spalling strength, these two critical factors were seldom taken
into account in previous studies. In addition, on the microscopic scale, the analysis mainly focused on the 2D crack growth mechanism.
We argue that there are two issues that prevent the direct comparison between the spalling strength in
the field and the uniaxial compressive strength obtained from small sample in the laboratory: 1) the different
mechanisms between failure in biaxial and uniaxial compression and 2) the scale effect. These two issues
will be addressed in the present work based on the 3-D crack growth theory [43-45]. First, we show the
results of biaxial compression tests on penny-shape cracks with different inclination angles (30°, 45° and
60°) to the major principal stress direction, a square-shape crack of 30° and a spherical pore at the centre of
the resin samples. Then, on the basis of the experimental results, the rock spalling mechanisms were analysed,
the stable-unstable crack growth stages and the scale effect were discussed and the in situ spalling strength
was interpreted. To this end we will consider a case study: the Mine-by tunnel 420 level in Underground
Research laboratory (URL) in Canada.

6.3. The case study
We take the Mine-by tunnel 420 level in Underground Research laboratory (URL) in Canada as an
example because the fractures parallel to the free surface were visible at the side wall and the v-shaped notch
was well developed at the roof and floor, Fig. 6.4. The stress measurements [6] revealed that the far-field
maximum, intermediate and minimum principal stresses at the Mine-by tunnel 420 level were σ = 60 MPa,
σ = 45 MPa and σ = 11 MPa, respectively. The tunnel axis is nearly parallel to the intermediate principal
stress direction and the direction of σ is inclined at 15° to the horizontal plane.
Using a boundary element program Examine 2D, the local maximum and minimum principal stresses
were calculated in three sections, namely the immediate sidewall of the opening and two cross sections at
the driving faces, sections A-A and B-B as presented in Fig. 6.4, the results of modelling are shown in Figs.
6.5, 6.6 and 6.7, respectively. It can be seen from Fig. 6.5 that σ

≈ 169 MPa at the stress concentration

area, which agrees with solution obtained from Kirsch’s equation. Given that the direction of the intermediate
principal stress at infinity is nearly parallel to the excavation axis its magnitude can be taken as the
intermediate principal stress near the excavation surface. Therefore the biaxial load ratio will be taken as
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σ /σ

= 0.266. At the driving face, section A-A, lower stress concentration is induced. At the driving

face, section B-B, σ

= 102.5~124.6 MPa may not exceed the in situ spalling strength. Nevertheless, we

identify the biaxial load ratio σ /σ

= 0.0883~0.107. Consequently, two biaxial load ratios, 0.25 and

0.1 will be adopted in the biaxial compression tests of 3-D crack growth.

Fig. 6.4. Spalling in the roof and floor of a circular test tunnel in the Underground Research Laboratory (URL) at
Pinawa in Manitoba, Canada [46].
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Fig. 6.5. The stress distribution near the side wall (compressive stress is taken as positive in Examine2D): (a) the
major principal stress; (b) the minor principal stress is close to zero.
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Fig. 6.6. The stress distribution at the driving face A-A in Fig. 6.4: (a) the major principal stress; (b) the minor
principal stress is close to zero.
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Fig. 6.7. The stress distribution at the driving face B-B in Fig. 6.4: (a) the major principal stress; (b) the minor
principal stress is close to zero.

Now taking into account that the spalling prone areas of rock mass are under biaxial load with the
direction normal to the excavation wall free of load we consider the mechanism of wing crack growth under
biaxial loading condition. This is achieved by special experiments on crack growth in a transparent material
such that the wing crack shape can be observed [39, 40]. The results are described in the following section.
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6.4. The biaxial compression tests of 3-D crack growth
In previous studies of Wang et al. [43-45], experiments on 3-D crack growth from different types of
initial cracks in biaxial compression with different biaxial load ratios (

⁄

) were conducted, and critical

values of biaxial load ratios were found (around 0.05 for initial crack and 0.085 for spherical pore). This
section presents some results from previous tests and new results [43-45] with biaxial load ratios of 0.25 and
0.1.

6.4.1. Sample preparation
The cubic samples with the dimension of 100 mm × 100 mm × 100 mm were made from transparent
casting polyester resin. The following technique for prefabricating initial cracks (both penny shape and
square shape) was adopted. Two aluminium foil disks or squares adhered by couplant, 10 mm in diameter
or in side, inclined at different angles (30°, 45°, 60°) to one of the loading axes were hanged in the centre of
a casting mould by a pair of copper wires prior to resin casting, as shown in Fig. 6.8(a). Then the liquid resin
mixed with catalyst was poured into the mould. The following process for manufacturing the spherical pore
was adopted. Firstly, the original resin sample without initial crack was cast. Then it was cut into two
identical halves and a hemispherical void with the radius of 5mm was machined at the centre of the surface
of each half sample. Finally two halves of sample were glued back together by the use of an adhesive. The
schematic diagrams of a completed resin sample with a spherical pore are shown in Fig. 6.8 (b).
After casting, the samples were cut and polished such that they fit the size of the current true triaxial
stress cell and can provide sufficient transparency. In addition, before each test, the freezing treatment was
carried out on samples to ensure the brittle failure regime, following the instruction established in a previous
study of 3-D crack growth in uniaxial compression [40]. The mechanical properties of resin sample after
freezing treatment are listed in Table 6.2.
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Fig. 6.8. The schematic diagram of the resin sample enclosing initial defect: (a) square-shaped crack; (b) spherical
pore.

Table 6.2 The mechanical properties of the resin sample after freezing treatment.
Properties

Values

Uniaxial compression strength
Young’s modulus

( MPa)

(GPa)

Poisson’s ratio
Fracture toughness

(MPa√ )

136.8
4.0-4.2
0.37-0.39
0.6

6.4.2. Experimental set-up
The resin samples were tested by using a True Triaxial Stress Cell (TTSC) that is capable of applying
independent loading in three orthogonal directions with three independent pumps capable of delivering 150
MPa hydraulic pressure to hydraulic cylinders. The biaxial loading condition was achieved by setting the
load on two opposite sample surfaces to zero and removing the corresponding loading platens. The size of
each loading platen was 1 mm smaller on each side than resin samples, i.e. the contact dimensions were
98mm × 98mm to prevent loading platens from touching and interlocking when sample deforms.
The biaxial compression tests were conducted in load-control, which is a limitation of the loading system.
The ratio of loading rates in two directions was fixed during each test such that the predefined biaxial load
ratio (σ ⁄σ ) can be maintained within the accuracy of the control module of hydraulic pumps during the
whole testing process, see Table 6.3. The TTSC is fully closed during testing. This did not permit the real229
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time observation of the process of crack growth. In order to ensure the integrity of the resin samples so as to
allow them to provide clear perspective of the crack growth after testing, for low magnitudes of lateral stress
(σ ), the loading time was correspondingly reduced to prevent the burst-like failure.

6.4.3. Wing crack growth under different biaxial load ratios
Table 6.3 reports the testing parameters including the initial defect type, the loading rates, the final stress
reached, and the pre-defined biaxial load ratio in each biaxial compression test. The morphologies of the
induced wing cracks in each test are shown in Figs. 6.9-6.12.

Table 6.3 Biaxial compression tests
⁄

̇
(MPa/min)

̇
(MPa/min)

̇ ⁄ ̇

0

0.244

12

3

0.25

8.0

0

0.11

12

1.2

0.1

84.3

22.0

0

0.261

12

3

0.25

45°

72.1

7.3

0

0.101

12

1.2

0.1

circular

60°

83.8

21.2

0

0.253

12

3

0.25

6

circular

60°

83.5

10.7

0

0.128

12

1.5

0.125

7

Square

30°

83.5

20.6

0

0.245

12

3

0.25

8

Square

30°

73.4

7.0

0

0.095

12

1.2

0.1

-

82.9

21.3

0

0.257

12

3

0.25

-

74.4

7.2

0

0.097

12

1.2

0.1

Test
No.

Crack
shape

Inclinatio
n angle

(MPa)

(MPa)

(MPa)

1

circular

30°

84.1

20.5

2

circular

30°

72.7

3

circular

45°

4

circular

5

9
10

Spherical
pore
Spherical
pore

Figs. 6.9 and 6.10 show the front and lateral views of wing cracks in the tested resin samples sprouted
from penny-shape and square initial cracks and a spherical pore under the biaxial load ratio of σ ⁄σ = 0.25.
When the penny-shape crack inclined 30° to σ , it is seen that two wings produced from the upper and
lower contour of the initial crack grew extensively and approached the top and bottom boundaries of the
sample separately. The produced wing cracks are completely parallel to the free faces of the sample, Fig.
6.10(a). An overlapping area was formed between two individual wings presented in the form of “moustacheshape” at the middle of the sample as shown in Fig. 6.9(a).
When the penny-shape crack inclined 45° to σ , the wing cracks initiated from the upper tip of the initial
crack grew extensively towards both loading axes, Fig. 6.9(b), whereas the wing crack initiated from the
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lower tips of the initial crack was limited, Fig. 6.10(b). At the end of the tests, the wing cracks are perfectly
parallel to the free faces of the samples. Unlike the splitting failure observed in test No. 1, the wing crack
was narrowed to some extent and the whole sample remained intact.
Even for the inclination angle of the initial crack as large as 60° to σ approaching the horizontal
direction, the large wing crack surface was still induced. The major feature that can be observed is that at
the end of the test, the wing surface was totally produced from the upper part of the initial crack contour
extending towards to both loading axes, while no visible wing sprouted from the lower tip of the initial crack.
On the basis of the abovementioned three tests, it can be concluded that with the increase of the inclination
angle of the initial crack to the direction of major principal stress σ , under the same ratio of the
applied σ ⁄σ , the overall wing surface area decreased and the wing sprouting from the lower contour of
the initial crack was suppressed to some extent and finally disappeared, indicating the potential effect of
interaction between two individual wing surfaces.
When the shape of the initial crack was changed to square, the extensive wing crack with the nearly arcshape can be observed in Fig. 6.9(d) and Fig. 6.10(d). The similarity of wing crack growth from two extreme
shapes of the initial cracks suggests that the influence of the shape of the initial cracks on wing crack growth
is minor.
Fig. 6.9(e) and Fig. 6.10(e) show the morphology of wing crack produced by a spherical pore under the
same biaxial load ratio. It shows that initiating from the top and the bottom of the pre-existing spherical pore
the wing cracks grew towards the top and bottom boundaries of the sample, respectively, without visible
offset at the cutting plane, Fig. 6.10(e). Along the x-axis (horizontal direction), the wing crack extended
nearly to the sample boundaries, while along the y-axis (vertical direction), there existed some distance
between wing crack and the sample boundaries. According to the previous analysis by Dyskin et al. [47], the
pre-existing defects with contacted faces are the strongest drivers of wing crack growth. It can be seen from
the experimental results that even without the contacted surfaces, the pore can still be regarded as one of the
important sources of the extensive crack growth in biaxial compression.
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Fig. 6.9. The front view of the crack growth morphologies in biaxial compression with

⁄

= .

generated from:

(a) penny-shape crack with inclination angle of 30°; (b) penny-shape crack with inclination angle of 45°; (c) pennyshape crack with inclination angle of 60° (d) square-shape crack with inclination angle of 30°; (e) spherical pore.
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Fig. 6.10. The lateral view of the crack growth morphologies in biaxial compression with

⁄

= .

generated

from: (a) penny-shape crack with inclination angle of 30°; (b) penny-shape crack with inclination angle of 45°; (c)
penny-shape crack with inclination angle of 60° (d) square-shape crack with inclination angle of 30°; (e) spherical
pore.
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When the biaxial load ratio σ ⁄σ was reduced to 0.1, for all the types of initial cracks tested, the wing
cracks still grew extensively: wing surfaces were generated and sub-parallel to the free faces of samples.
However Figs. 6.11 and 6.12 show waving near the initial crack and slight discreteness of the wing crack
surface, indicating the incapacity of the low intermediate principal stress to fully prevent wing wrapping.

Fig. 6.11. The front view of the crack growth morphology in biaxial compression with

⁄

= .

with the wing

crack produced from: (a) penny-shape crack with inclination angle of 30°; (b) penny-shape crack with inclination
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angle of 45°; (c) penny-shape crack with inclination angle of 60° (d) square-shape crack with inclination angle of 30°;
(e) spherical pore.

Fig. 6.12. The lateral view of the crack growth morphologies in biaxial compression with

⁄

= . with the wing

crack produced from: (a) penny-shape crack with inclination angle of 30°; (b) penny-shape crack with inclination
angle of 45°; (c) penny-shape crack with inclination angle of 60° (d) square-shape crack with inclination angle of 30°;
(e) spherical pore.
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The experimental results presented above show that the curving crack surface due to wrapping of wings
in uniaxial compression can be completely suppressed by the intermediate principal stress, especially when
σ ⁄σ = 0.25. This corresponds to field evidence shown in Fig. 6.13 which is an example of grain-scale
“onion-skin” fracture at the Mine-by tunnel (depth 420m) in URL. (The local in situ stresses are σ =
169 MPa, σ = 45

, σ ≈ 0 and σ ⁄ σ ≈ 0.26 , which corresponds to a biaxial load ratio that is

conducive to extensive planar wing crack growth.)

Fig. 6.13. A granite slab showing grain-scale layered fracturing that occurred at the Mine-by tunnel (depth 420m) at
the URL [12, 48].

6.5. Mechanism of spallation
The experimental results presented above show that the intermediate principal stress, while not
participating in some classical failure criteria (e.g. Mohr-Coulomb and Hoek-Brown criteria [49]) is crucial
in that it is capable of changing the mechanics of brittle fracturing in compression, that is the crack growth
mechanism is highly sensitive to the presence of the intermediate principal stress.

6.5.1. Characteristics of 3-D crack growth in biaxial compression
In uniaxial compression, the 3-D crack initiation stress is about 0.33-0.5 UCS [40], which agrees well
with the crack initiation stress at 0.3 to 0.5 of the peak strength of rock samples, see Brace et al. [50] and the
subsequent studies summarized in the Introduction Section. In the immediate vicinity of excavation
boundary, the rock elements are under biaxial loading conditions and the fractures developed sub-parallel to
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the free surface are often observed. Since the role of the intermediate principal stress is only to prevent the
3-D wing crack wrapping, the crack initiation stress should be similar to that in uniaxial compression (about
0.33-0.5 UCS) [40], at least for the pre-existing cracks oriented sub-parallel to the intermediate principal
stress (i.e. to the free surface), such that the tensile stresses generated by these cracks are not reduced by the
intermediate principal stress. Unlike the uniaxial compression in the biaxial compression the large wing
crack can be formed as soon as the major principal stress passes the magnitude of the wing crack initiation.
This conclusion is supported by in-situ observation from the literature: the in-situ crack initiation stress was
found to be 0.33 UCS [6] in Underground Research Laboratory (URL) and 0.13 UCS Äspö Hard Rock
Laboratory (HRL), (The low crack initiation stress level in the latter case was explained by the presence of joints
in the rock mass which are absent in laboratory rock samples [7]). Apparently, the generally obtained in-situ
spalling strength, i.e.(0.4 ± 0.1 )σ , is close to the in-situ crack initiation stress.
After the wing crack is initiated at the relatively low stress (with respect to the UCS) close to the relative stress
of crack initiation in rock samples, the wing crack will grow in a stable manner until its interaction with free
surface turns the crack growth into unstable due to interaction with the free surface. The unstable phase leads to
the creation of spallation or at larger scale to skin rockburst [27, 28]. The presence of the stable and unstable
phases of crack growth can be confirmed by the morphology of the wing crack surface.
Two characterized regions can be identified during in the induced wing surfaces: Region I featured by the
mirror-like crack surface (the crack surface within the blue circle in Fig. 6.14) and Region II with plumose textures
in the external part, or mirror zone and hackle zone, respectively, as defined by Engelder [51]. This transition of
crack growing from Region I to Region II is independent on the shape and the orientation of the initial crack, see
the experimental results in Section 3.3. The presence of these two regions in rock is supported by the field evidence
shown in Fig. 6.15, demonstrating the exposed surface of a spalling fracture [52] . The model described in the
following subsection will illustrate the transition from the stable phase of wing crack growth that produces Region
I of crack surface to the unstable one; the latter producing the Region II surface and finally the spalling or skin
rockburst.
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Fig. 6.14. Two different regions of a typical wing crack surfaces (test No.1) (a) the front view (b) the lateral view.

Fig. 6.15. The exposed surface of spalling in quartzite sidewall of a Vaal Reefs tunnel [52].

6.5.2. Model of 3-D crack growth in biaxial compression
In order to determine the magnitude of the major principal stress at which the stable wing crack growth turns
into unstable we use a simplified model proposed by Sahouryeh et al. [42]. Inspired by the 2-D wing crack growth
concept by Fairhurst and Cook [1], the large growing 3-D wing crack in biaxial compression is modelled as a
disc-like crack opened at the centre by a pair of concentrated forces simulating the wedging action of the initial
crack, Fig. 6.16.
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Fig. 6.16. Model of 3-D crack growth in biaxial compression [42]:

is the radius of the initial crack,

inclination angle with respect to the plane of the major and intermediate principal stress axes and

is the

is the radius of

the produced wing crack.

The generated shear stress at the sliding faces of the initial 3-D crack when
=

is applied:

cos sin

(1)

Neglecting friction between the faces of the initial crack and assuming it being penny-shape, the horizontal
projection of force reads:
=

cos sin

(2)

This concentrated force produces the following stress intensity factor at the contour of the disc-like model of
wing crack of radius R [53]:
= (

)

⁄

(3)

It is seen from Equation (3) that as the wing crack elongates (an increase of ), the stress intensity factor
decreases, hence higher loads are required to maintain the propagation, implying that the crack growth is stable
and will eventually cease. This process is reflected in the production of Region I of the wing crack surface
morphology, which is the smooth mirror-like zone, Figs. 6.14 and 6.15. This zone has essentially flat surface
without any appreciable undulations and represents the relatively low velocity of crack growth [54] and thus the
stable crack growth region can be identified. In rocks, Kulander et al. [55] concluded that the local heterogeneities
would affect the flatness of the fracture surfaces and thus the fracture surface without undulations larger than the
grain size can represent some sort of the mirror region.
When the interaction with the free surface is taken into account, with the increase of the wing crack size, the
unstable crack growth will eventually be induced [27, 56]. The simplest way to approximate the effect of free

239

Chapter 6. Mechanics of In-situ Spalling Based on 3-D Crack Growth in Biaxial Compression

surface is to account for the main term of its influence in the asymptotics R/h<<1, where h is the distance between
the wing crack and the free surface [42]. Using the solution of Srivastava and Singh [57], and retaining the main
asymptotic term expression, the stress intensity factor reads:
( )=

(

) ⁄

1+

(4)

After normalisation we obtain the following dimensionless expression
ℎ

⁄

where

=

⁄
⁄

+

⁄

(5)

= ⁄ℎ.

The dependence of

ℎ

⁄

on ⁄ℎ is plotted in Fig. 6.17.

Fig. 6.17. The normalised stress intensity factor
radius

accounting for the effect of the free surface, i.e. the wing crack

normalised by the distance h to the free surface [42].

In Fig. 6.17, the unstable part can be clearly identified starting from ⁄ℎ ≈ 0.856, after which the stress
intensity factor increases with the expanding of the induced wing crack size and therefore the rapid (dynamic)
crack growth is obtained in this part. Within Region II on the wing crack surface, the main feature is the appearance
of ripples. As shown in Fig. 6.14 and Fig. 6.15, ripples can be found in the hackle zone causing the wing surface
to be misty in both a resin sample and in real rock, and the wing cracks grew fast enough to cause the trend of the
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crack growth to branch or bifurcate. These characteristics signify the rapid and unstable crack front propagation
[54, 55, 58, 59].
At the point of instability in Fig. 6.17,
=(

1+

) ⁄

= 2(

The average concentrated force
=

∫ sin

cos

) ⁄

=

√

(6)

⁄

reads:
=

(7)

Substituting (7) into (6) gives
=

√

=

⁄

√

(8)

⁄

The spalling failure will be formed when the unstable wing crack growth is reached since in this case a layer
of rock will be separated from the bulk. Further, if the surrounding rock uniformity or stress state variations allow
the layer length be sufficient for buckling, the spallation process (skin rockburst at larger scales) will commence.
Subsequently we will call the stress

of unstable wing crack growth the in-situ spalling strength. This criterion

of the unstable crack growth is
=
where

(9)
is the rock fracture toughness.

Substituting Equation (8) into Equation (9) one obtains
√

=

(10)

⁄

Now consider tensile failure of the rock with the same initial cracks. Assuming that in tension the failure is
produced by the growth of a similar initial penny-shape crack oriented normal to tensile stress direction (we
assume that there are enough initial cracks to find one normal to that direction) we can express the tensile strength
in terms of the fracture toughness KIc and the crack radius a: (We note that in tension produced by uniform
stress the crack growth is unstable such that the beginning of crack growth leads to the ultimate failure.)
=2

⁄

(11)

The ratio between the stress needed to reach the unstable crack growth ( ) that is the spalling strength in
biaxial compression and the tensile strength ( ) reads:
=

(12)

√

According to Equation (12), the only variable determining

⁄

is ℎ⁄ . Furthermore, the closer the initial

crack to the surface the smaller the spalling strength. Given that there are multitudes of randomly located and
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oriented cracks near the excavation wall it is obvious that the smallest distance of the wing-producing crack to the
excavation wall h~a as a closer distance would mean that the initial crack is either touches the free surface or will
do so during its growth. Substituting ℎ⁄ =1 to Equation (12) one obtains
=

√

≈ 3.7

(13)

Given that the rock strength in compression (UCS) can be an order of magnitude higher that the tensile
strength,

~10

, one obtains

~0.4 , which corresponds to the observations referred to in the Introduction.

This is of course if the rock samples used to determine the UCS contain the initial cracks of similar size as those
near wall rock (opening boundaries). Such a situation is plausible as far as small-scale spallation is concerned
similar to those shown in Figs. 6.1(b), 6.4 and 6.13. When the initial cracks are larger and cause skin rockburst
the UCS we refer to is the strength of the rock mass at the corresponding scale. Since spalling or strainburst often
occur in hard and intact rocks, the strength of the laboratory-scale sample and the rock mass should be close to
each other (i.e. not so dependent on scale).

Finally, the criterion of buckling of the isotropic rock layer separated from the bulk by a wing crack
reached size L can be obtained by assuming that the separated rock layer has a square shape of size L and
thickness h uniaxially loaded by force

=

ℎ. Using the well-known buckling criterion (see e.g. a

textbook [60]) one obtains the criterion of spalling
=

where

(14)

is the Young’s modulus.

6.6. Conclusion
The in-situ rock spalling strength is defined as the stress of spalling initiation at the excavation boundary
determined by direct or indirect measurements or back analysis. It is widely accepted that the in-situ rock
spalling strength is lower than the uniaxial compressive strength (UCS) obtained from laboratory tests, i.e.
(0.4 ± 0.1) UCS. This relationship is adopted as an empirical criterion for in situ spalling strength. While a
number of explanations were offered of the origins of this empirical relation the spallation mechanism was
not considered. Based on our research into the mechanics of crack growth in compression we have been able
to shed light on the nature of this relation.
In uniaxial compression the real three-dimensional (wing) cracks are unable to growth to the extend
exceeding the size of their sources either initial cracks (independent of the shape) or pores and therefore
242

Chapter 6. Mechanics of In-situ Spalling Based on 3-D Crack Growth in Biaxial Compression

cannot cause failure. The reason for this is the phenomenon of wing wrapping, i.e. wing curving near the
initial crack/pore, which leads to self-arresting the wing cracks. The situation changes completely when the
second (intermediate) stress is presented as 5-6% of its magnitude (compared to the major principle stress)
is sufficient to suppress wing wrapping and ensure extensive wing crack growth.
An intermediate principal stress is invariably present at the excavation wall or face and its magnitude
usually exceeds 10% of the major principal stress. Therefore the extensive wing crack growth near the
excavation surface is guaranteed. Another feature of the excavation wall is that wing cracks grow parallel or
sub-parallel to the free surface and close to it. The interaction turns an initially stable crack growth into
unstable after which the crack closest to the free surface rapidly increases its size and separate a thin layer
from the rock. Traces of such layers are sometimes seen in the rock near excavations. If the layer is large
enough it can buckle causing spalling or, at even larger scale, skin rockburst. The spalling strength is the
stress magnitude which ensures unstable crack growth. It can be determined using a simple model of
extensive wing crack, which is a disc-like crack opened by a pair of concentrated forces applied at the crack
centre and representing the wedging effect of the initial crack.
Further insight into the value of the spalling strength can be obtained by expressing the rock fracture
toughness controlling the wing crack propagation through the criterion of propagation of a similar initial
crack under tension leading to the expression of the in-situ spalling strength through the in-situ tensile
strength. In the case of small initial cracks similar to those in the laboratory tested rock samples it is possible
to relate the spalling strength to the UCS using the compressive to tensile strength ratio. In the case of larger
initial cracks the relation involves uniaxial compressive strength of the rock mass of the corresponding scale
and hence cannot be directly related to the lab measurements.
The proposed concepts offer insight into the mechanics of spalling at different scales and can provide a
method of monitoring skin rockbursts.
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Chapter 7. Possible Mechanism of Splitting in Rock Samples under
Uniaxial Compression
7.1. Abstract
In uniaxial compression, rocks are often recognized to fail by sudden splitting parallel to the direction of
loading, which has been a puzzle for many years. The extensive axial propagation of 2-D crack growth in
uniaxial compression is one of the accepted mechanisms of developing splitting failure mode. However, the
real 3-D crack growth in uniaxial compression is restricted and thus cannot result in macroscopic failure.
Also, there is negligible possibility of formation of large cracks due to wing crack coalescence in 3-D. In
biaxial compression, it is found that the 3-D crack growth is highly sensitive to the intermediate principal
stress when the presence of the loading-free surface exists: once the biaxial load ratio exceeds the critical
value, the wing crack grows extensively and is parallel to the loading-free surface. In uniaxial compression,
the rock cylinder is generally compressed at top and bottom ends with the lateral surface being exposed. By
the use of the finite element method (FEM), we analyse stress distributions in the polar coordinate system
of the sample with end-boundary conditions including sample ends with perfect lateral confinement and
directly contacting with metal loading platens under uniaxial compression. The results show that near the
sample ends, the rock elements at the lateral surface is actually biaxially compressed followed by the zone
where the tensile tangential stress appears, which is due to the end effect. Possible mechanisms of the
routinely observed splitting failure mode in uniaxial compression are discussed in connection with the
modelling results and the 3-D crack growth theory.

7.2. Introduction
The uniaxial compression test is one of the fundamental and simple tests conducted in the laboratory to
investigate the mechanical behaviour of rocks. The rock properties such as uniaxial compressive strength
(UCS), Young’s modulus ( ) and Poisson’s ratio ( ) determined from the uniaxial compression tests are
used as important input parameters in most of empirical failure criteria and numerical modelling to be
considered for predicting the overall strength of rock masses and providing references for ground support
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design. There are some suggested methods for conducting uniaxial compression tests in the laboratory such
as that provided by ISRM [1] and ASTM [2].
In the literature, rock failure mainly occurs in two modes under uniaxial compression [3-5]: 1) axial
splitting parallel to the applied stress and 2) the oblique fracture (also referred to as “shear” or faulting in
some studies). In order to illustrate both failure modes, two typical concrete samples tested in uniaxial
compression tests are presented and described in the followings. The samples were well prepared and tested
following the ISRM standard [1]. The sample ends and the loading platens are in direct contact during testing,
and therefore the radial tension produced by extrusion of lubricants does not exist in this case.
Fig. 7.1 shows a tested sample forming the macroscopic oblique fracture along the diagonal line of the
sample. This type of fracture was often observed in the course of rock strength-testing in the laboratory, but
some features were not highlighted previously. First, the fracture initiated below the sample ends rather than
at the immediate end surface. As can be seen in Fig. 7.1(c), the top sample surface remained intact after
testing. Secondly, the local part of the macroscopic fracture near the sample ends can be regarded as in the
form of lateral surface parallel. In addition, the inclination angle of the fracture with respect to the loading
direction gradually increases when approaching the midheight part of the sample. In other words, near the
sample ends, the fracture is relatively thin, which is only induced in the neighbourhood of the lateral surface
of the sample; while near the midheight part, the fracture penetrated through the sample. In this way, the
macroscopic oblique fracture was formed. In Fig. 7.1 (a), the lateral surface parallel fracture which is marked
in the green circle forms the ultimate macroscopic oblique fracture; at the opposite side of the sample, i.e. in
the yellow circle, the lateral surface parallel fracture was also produced in a small area near the sample end
but did not further propagate.
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Fig. 7.1. A tested sample with the macroscopic oblique fracture in a uniaxial compression test (a) the top surface (b)
the bottom surface (c) the front view.

Another typical failure mode is shown in Fig. 7.2. In this tested sample, lateral surface parallel fractures
were induced at two opposite sides near the sample end (top), and one of them further propagated forming a
column (splitting fracture) while another produced an oblique fracture, as pointed out in Fig. 7.2(b) and (c),
respectively. The splitting fracture presented in vertical form with relatively thin thickness near the sample
ends but became slightly thicker approaching the midheight of the sample. The oblique fracture formed in
this test resembled that shown in Fig. 7.1.
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Fig. 7.2. A tested sample with splitting and oblique fractures in a uniaxial compression test (a) the top surface (b) the
back view (c) the front view.

In summary, regardless of the final failure modes, oblique fracture or splitting, the fractures are
characterized by the following features: 1) the lateral surface parallel fractures which are relatively thin are
formed in the local area below the sample ends; 2) the initial fractures may further propagate penetrating the
sample at the location away from the ends and causes the ultimate failure, which is more obvious in oblique
fractures than in the splitting fracture. These features can also be identified in tested rock samples, e.g. the
tested Chelmsford granite samples which were placed in direct contact with the loading platens during
uniaxial compression tests, see Peng and Johnson [5].
The splitting of rock samples tested in uniaxial compression is similar to the slabbing or spalling failure
propagating sub-parallel to the free surface of an excavation or a borehole. Fig. 7.3(a) and (b) show examples
of surface parallel fractures at boundaries of an excavation and a borehole, respectively. Due to this
similarity, the splitting observed in uniaxial compression tests was often related to surface parallel fractures
formed at the underground opening boundaries in some early studies, see, for example, Fairhurst and Cook
[6]. Also, as suggested by Martin et al. [7], the crack initiation stress obtained in uniaxial compression tests
can provide references for the in-situ rock mass spalling strength at the excavation boundaries. However, in
uniaxial compression test, the rock sample is expected to only be subjected to axial stress while rocks at the
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boundaries of an opening are under biaxial loading condition [8, 9]. Therefore, under an ideal condition (the
uniaxial compression test is perfectly conducted), the failure mechanisms in two cases are different and thus
cannot be directly related.

Fig. 7.3. Surface parallel fractures produced in biaxial loading condition (a) a well-developed slabbing in a footwall
drive pre-developed ahead of stoping at depth of 2600m on East Rand Proprietary Mines [10] (b) spalling observed
around a 1.8-m-diameter borehole in the ̈

̈ Pillar Stability Experiment [7].

As is stated in a pioneer study by Peng and Johnson [5], “it has been recognized, at least since 1902,
however, that stresses within cylindrical specimens are non-uniform and depend upon end-boundary
conditions of the specimens. Without knowing the stress distribution within a specimen, therefore,
theoretically it is not even possible to predict orientations of cracks that will initiate within a brittle-elastic
material loaded in a testing machine.” Apparently, previous researchers recognized that the stresses within
a cylindrical sample loaded in uniaxial compression cannot be simplified as purely axial stress equal to the
axial force divided by the cross-sectional area of the sample. Peng and Johnson [5] analysed the fracturing
process of Chelmsford granite subjected to various end-boundary conditions, e.g. perfect confinement, direct
contact with loading platen, uniform loading and with Teflon or neoprene inserts between sample ends and
loading platens. In addition, the Griffith’s theory of crack propagation [11], which is essentially 2-D crack
growth theory, was adopted to account for the observed failure modes in uniaxial compression tests.
When analysing the fracture modes of uniaxially compressed rock cylinders, the end effect is one of the
important factors that cannot be ignored. The most commonly encountered end effect originates from the
friction at the sample-loading platen contacts. When a rock sample is axially loaded, the friction between the
sample ends and the loading platens produces shear stress acting on the sample ends. The friction is
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mobilised due to the mismatch in the elastic parameters (Young’s modulus and Poisson’s ratio) between the
metal platens and rock sample producing shear stresses. This shear stress generates a non-uniform stress
distribution in the sample, the strongest at the areas near the sample surfaces that are in contact with the
loading platens; this situation is conventionally termed the end friction effect [5, 12-18]. Despite
considerable efforts the end friction is still practically impossible to be completely excluded [19, 20] at the
current stage. According to the literature (see, for example, Hawkes and Mellor [21], Xu et al. [20], Rashed
and Peng [22], and Feng et al. [12]), the range of 0.1 to 0.3 is reasonable to reflect the general friction
coefficient at contacts between well-polished, smooth and dry rock sample and loading platens without the
application of lubricants.
In conventionally conducted uniaxial compression tests, the load is applied by metal platens at the top
and bottom ends of a rock cylinder with the exposure of the lateral surface (the loading-free surface). An
important motivation of this study is that the splitting, especially the surface parallel fracture [23] produced
near the sample ends in uniaxial compression test (even in non-lubricated samples [5, 24]) appears to be
quite analogous to slabbing and spalling failure produced in biaxial loading condition. Therefore, a question
should be asked here: in uniaxial compression, will the stress field at the lateral surface near the sample ends
be changed to biaxial loading condition due to the end effect and thus form the lateral surface parallel fracture
leading to the splitting failure?
Essentially, the rock fracturing are attributed to the crack initiation, growth and interaction at small scale.
In other words, the macroscopic fracturing is the form of a group of micro-crack growth responding to a
specific stress field. These include crack growth from pre-existing cracks, pores, grain boundaries and other
types of inhomogeneity that are three-dimensional in real rocks. Extensive studies have been devoted into
understanding the splitting failure mode in uniaxial compression tests using either 2-D or 3-D crack growth
theories. In this paper, we first review the current understandings of mechanisms of splitting in uniaxial
compression; then we conduct numerical modelling using finite element method (FEM) to investigate the
stress fields in the polar coordinate system in cylindrical rock samples in uniaxial compression under
different end-boundary conditions, including perfect confinement at sample ends and direct contact with
loading platens with different friction coefficients. The mechanisms of oblique fracture and the radial tension
produced at the sample ends by the lateral spreading of lubricants such as Teflon and neoprene are not
discussed in this study. With a combination of the obtained stress fields from the numerical modelling and
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the 3-D crack growth theory, the splitting failure mode, especially the lateral surface parallel fractures
induced near the sample ends in uniaxial compression tests are interpreted from a new perspective.

7.3. Current understandings of mechanisms of splitting in uniaxial
compression
7.3.1. Extensive wing crack growth and possible coalescence in 2-D
In 2-D crack growth studies the pre-existing defects in rocks are simplified as two-dimensional
representation, in which the through (fully penetrating) flaws are machined in the samples. Usually, two
types of 2-D pre-existing defects are considered as sources of the wing crack growth : (i) initial through
cracks and (ii) cylindrical pores [25]. Starting from Griffith’s theory of fracture [11], extensive studies
revealed that wing cracks emanating from a single pre-existing crack can grow extensively and have the
capability of causing the splitting failure of the sample in uniaxial compression [26-34]. Similar crack growth
pattern was also observed in samples with pre-existing cylindrical pores [35-41]. Examples of wing crack
growth from two types of pre-existing defects are shown in Fig. 7. 4. Subsequently in some studies [6, 37,
42], the observed substantial 2-D crack growth was regarded as one of the commonly accepted mechanisms
of developing splitting failure that is the macroscopic failure parallel to the direction of loading in uniaxial
compression.
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Fig. 7.4. The substantial crack growth in uniaxial compression in 2-D. The crack growth is produced by (a) sprouting
wings from an inclined sliding crack in a plate of Columbia resin CR39 [4] and (b) emanating wing cracks from a
cylindrical hole in a granite sample [37].

There are also some studies [43-45] that regarded the crack coalescence as the mechanism of developing
the splitting failure, i.e. the coalescence of practically parallel, tensile cracks growing along the same line in
the direction of the uniaxial loading. However, it has been confirmed that the tip-to-tip coalescence of wings
is unlikely in 2-D case [4, 27, 45-47] and has the tendency to avoid each other [48]. Therefore, in 2-D case
the crack coalescence may not significantly contribute to the splitting failure in uniaxial compression.

7.3.2. Restricted real 3-D wing crack growth in uniaxial compression
In most of the cases, the pre-existing defects in rocks are three-dimensional in reality. Experimental
results [49, 50] show that in 3-D when an initial crack is located in the centre of the sample subjected to
uniaxial compression, wing cracks are restricted to the size comparable to the initial crack and cannot
substantially grow to cause the macroscopic failure of the sample. Fig. 7.5(a) and (b) show the front and
lateral views of wing cracks sprouting from an initial penny-shape crack in uniaxial compression,
respectively. It was hypothesised that the main reason for the growth restriction is the wrapping of the wings
around the initial crack leading to the arrest of their growth. The shape of the pre-existing defects in brittle
materials like rocks and cement are irregular, and the penny-shape crack is the simplest flaw geometry that
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incorporates an adequate set of flaw variables [51]. The wing crack growth from the pre-existing cracks of
different shapes was investigated by Dyskin et al. [50], where the restricted crack growth pattern was still
observed in uniaxial compression tests. This pattern of crack growth has also been verified to be consistent
in samples made from various materials such as polyester resin, PMMA, glass, cement and mortar [50], and
thus can be regarded as a major feature of the single 3-D internal crack growth subjected to uniaxial
compression. The restricted crack growth in uniaxial compression is supported by the observation in real
rocks. Fig. 7.5(c) shows a thin rock section from scanning electron microscope, presenting some
transgranular cracks induced at grain boundaries between Quartz and Biotite in rock sample under uniaxial
compression. Most importantly, it can be seen that the produced crack size was approximately equal to the
pre-existing grain size even though the rock sample was tested near the ultimate failure [52].

Fig. 7.5. Wing crack wrapping (wings assume a special shape curving or wrapping around the initial crack) in a resin
sample under uniaxial compression [50]: (a) front view (b) side view; (c) transgranular cracks were induced at grain
boundaries in a Westerly granite sample under uniaxial compression [52].

7.3.3. Negligible possibility of formation of large cracks due to wing crack coalescence in
3-D in uniaxial compression
Dyskin and his colleagues [49, 50] carried out a series of uniaxial compression tests on samples
containing differently arranged initial cracks to explore the possible wing crack coalescence producing
macroscopic fractures in 3-D. Fig. 7.6(a) shows a tested sample containing horizontally aligned parallel
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inclined initial cracks. It is seen that cracks with this arrangement hampered each other’s opening, i.e. the
induced wings were even smaller than that obtained in the case of a single initial crack. Fig. 7.6(b) shows a
tested sample with the parallel initial cracks that were vertically aligned. In this case, the wing cracks induced
from the outer and inner tips of the initial cracks were enlarged due to the cracks interaction. The crack
coalescence was not observed at the inner tips of the initial cracks and new cracks seemed to grow
independently.
Two examples of the samples with several initial cracks are presented in Fig. 7.6(c) and (d). Fig. 7.6(d)
shows several initial cracks with different inclination angles aligned vertically and tested in uniaxial
compression. The size of each induced wing crack was restricted, and some of wing cracks were even
suppressed to some extent. Fig. 7.6(c) shows a tested sample with three horizontally aligned initial cracks
with the same inclination angle but the crack contour spacing was larger than one diameter of the initial
crack. It is seen that the propagation stopped after the wing cracks reached a size approximately equal to the
radius of the initial crack, and the crack growth hampered each other, indicating that the crack coalescence
was not possible.
Negligible possibility of formation of large cracks due to wing crack coalescence in 3-D under uniaxial
compression can also be found in some following studies, e.g. Yang et al. [53], Guo et al. [54], Zhou et al.
[55], and Zhou et al. [56], where initial 3-D cracks with various arrangements were adopted in samples.
One may argue that even though in 3-D the tip-to-tip coalescence is unlikely to occur, further loading
may lead to the failure of the bridges between inner wing cracks like that shown in Fig. 7.6(b) and (d) and
thus the macroscopic axial splitting can be formed. However, generally the splitting failure forms a planar
fracture surface, which requires that all the involved wing cracks grow and the bridges between wing cracks
are broken in the same plane. Given the facts that the wing crack in uniaxial compression is in the form of
wrapping shape and that in a cylindrical sample the splitting is not only propagating along the axial loading
direction but is lateral surface parallel near the sample ends (Fig. 7.2), this assumption is also unlikely to
occur. Therefore, under perfect uniaxial loading condition, the crack growth study should focus on the crack
interaction inducing new macroscopic fractures.
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Fig. 7.6. Typical crack growth patterns when: (a) two parallel initial cracks horizontally aligned; (b) two parallel
initial cracks vertically aligned; (c) three initial cracks horizontally aligned; (d) several initial cracks with different
inclination angles vertically aligned [50].
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7.3.4. Formation of large cracks by wing crack interaction
The crack interaction in uniaxial compression needs special initial crack arrangements. It was found that
the crack interaction was induced when two horizontally aligned initial cracks with the spacing between
cracks was equal or less than an initial crack diameter [50]. Fig. 7.7(a) shows an example of this type of
crack interaction. In uniaxial compression, the initial cracks firstly grew independently as a single crack
would with restricted maximum size comparable to the size of the initial crack. Then a third large tensile
crack emerged and grew dynamically tending to split the sample parallel to the applied stress direction. The
appearance of this macro crack was attributed to the tensile stresses resulted from the superposition of
additional stresses created by the opening of the wing cracks, see the sketch in Fig. 7.7(b). The appearance
of the tensile fracture is independent on the manufacturing method of the initial cracks and the inclination
angle to the loading direction, as long as both angles are approximately equal. Also, the initial cracks can be
inclined in the opposite direction, as illustrated in Fig. 7.7(c).

Fig. 7.7. Crack interaction: (a) the typical crack growth pattern when two initial cracks were horizontally aligned
with the spacing less than an initial crack diameter [50]; (b) sketch of (a); (c) sketch of two initial cracks inclined in
the opposite direction.

This type of crack interaction was verified in the tested resin samples containing multiple initial cracks,
Fig. 7.8. The test results show that large cracks were induced in different vertical planes. It was believed that
due to the dense crack populations, the probability of having at least two closely located cracks with proper
arrangement was high and therefore their interaction induced large tensile cracks [50]. Similar crack growth
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pattern was also observed in PMMA sample where the multiple initial cracks were induced by laser pulses
[57].
In this case, however, the crack interaction can only ensure that the splitting is parallel to the loading
direction, which still cannot provide sufficient explanations of the lateral surface parallel splitting in
cylindrical samples under uniaxial compression.

Fig. 7.8. Crack growth from multiple initial cracks in uniaxial compression: (a) sketch of a tested resin sample
containing multiple thermally induced initial crack [50]; (b) a tested resin sample with many laser-induced initial
cracks [57].

7.4. Extensive crack growth in biaxial compression
In biaxial compression, the 3-D crack growth pattern radically changes. Sahouryeh et al. [58] conducted
biaxial compression tests on concrete and transparent casting resin with a single penny-shape crack situated
in the centre of the sample. They found that in biaxial compression with biaxial load ratio of approximately
1, the intermediate principal stress prevented the wing cracks from wrapping, and therefore wing cracks were
able to grow extensively parallel to both loading axes, which gave rise ultimately to the splitting failure of
the tested samples. Wang et al. [59] conducted a series of biaxial compression tests on penny-shape crack
inclined at 30° to the major principal stress with different biaxial load ratios. It was found that the threshold
of the intermediate principal stress that was capable of inducing the extensive crack growth parallel to the
loading-free surface was only 5.7% of the major principal stress. This critical (threshold) biaxial load ratio
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were found to be consistent when testing initial 3-D crack of different inclination angles and shapes: around
5% of the major principal stress [60]. After that Wang et al. [61] conducted experiments on crack growth
from a spherical pore under biaxial compression. In this case the determined critical (threshold) value of
biaxial load ratio was a bit higher, 0.085 (8.5%). Results of numerical modelling also show that when
transition is made from spherical pore to oblate pores, this threshold increases.
Therefore, the experimental outcomes indicate that the 3-D crack growth pattern is highly sensitive to
the intermediate principal stress that is not included in the classical failure criteria, such as the MohrCoulomb strength criterion and the Hoek-Brown empirical strength criterion. Fig. 7.9(a) shows a typical
wing crack growth pattern in biaxial compression. This is supported by the observation in real rocks at the
excavation boundary, where the rock elements are under biaxial loading condition. The exposed fracture
surface presented in Fig. 7.9(b) is described as “this occurs in the form of radial traces along which two or
more fractures develop out of the plane of the original single fracture (crack)” [10].

Fig. 7.9. Extensive wing crack growth (a) in a resin sample under biaxial compression (wings grow extensively
towards both loading axes parallel to the loading-free surface of the sample) [59]; (b) the detail of near-perfect arc
fracture at an excavation boundary where the biaxial loading condition is presented [10].

The single 3-D crack growth in compression can be summarized as follows: in uniaxial compression and
in biaxial compression with biaxial load ratio lower than the critical (threshold) value (around 0.05), small
wing cracks (wing crack wrapping) restricted to the size comparable to that of the initial crack are produced,
Fig. 7.10(a); in biaxial compression with biaxial load ratio larger than the critical value (around 0.05), the
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wing crack wrapping is suppressed thus enabling the extensive crack growth parallel to the loading-free
surface, Fig. 7.10(b).

Fig. 7.10. Wing crack growth in compression from the top view: (a) top view of the wing crack wrapping in uniaxial
compression or in biaxial compression with biaxial load ratio (
extensive crack growth in biaxial compression with

⁄

) below the critical value; (b) top view of
⁄

above the critical value.

The restricted size and the wrapping shape of wing crack throw difficulties to the understanding of the
splitting failure produced in uniaxial compression. This is also because: 1) the pre-existing defects are in
random arrangement in rocks; 2) the tip-to-tip coalescence of wings is unlikely in both 2-D and 3-D cases
and 3) the crack interaction requires special arrangement of initial cracks and the induced large crack is only
parallel to the loading direction. On the contrary, the failure mechanism in biaxial compression appears to
be straightforward to be comprehended, since the wing crack sprouting from a single pre-existing crack in
biaxial compression is capable of leading to the macroscopic fracture of rocks and is parallel to the loadingfree surface.

7.5. Numerical models
7.5.1. Modelling parameters
The models with perfect confinement at sample ends, and the models, in which sample ends directly
contact with loading platens with different friction coefficients at the contacts were developed using finite
element method, ABAQUS3D. The mechanical properties used in models are listed in Table 7.1. It should
be noted that in the course of the sample testing in uniaxial compression, the lateral deformation
perpendicular to the loading axis consists of the elastic deformation and the dilatancy (non-linear). The end-
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boundary conditions constrain this lateral deformation near the sample ends to some extent (forming the
barrel-like sample), which leads to the non-uniform stress distributions, i.e. the end effect. On the one hand,
for a given value of Young’s modulus of the rock sample, the Poisson’s ratio determines the lateral elastic
deformation of rock sample. On the other hand, the dilatancy results from the opening of the wing cracks at
the later stage of the loading [62-64]. The performed numerical simulation in this study is the simplest one:
the Poisson’s ratio is used as a variable for the parametric study and the failure at the micro-crack scale is
not introduced. Thus the least possible effect of the end-boundary conditions will be determined. During the
real rock testing the loading induces cracks whose sizes are comparable to that of the structural elements [50,
65], the effect of the specific end-boundary conditions on rock fracturing behaviour could be more severe.

Table 7.1 The mechanical properties of steel loading platens and rock samples

Young’s modulus (GPa)

Poisson’s ratio

Steel platens

200.0

0.30

Rock samples

40

Table 7.3

7.5.2. Modelling procedure
The direct contacting between the ends of the sample and the loading platens is one of the most
commonly encountered end-boundary conditions in uniaxial compression tests conducted in the laboratory.
On the contrary, the perfect confinement end-boundary condition may not be possible in a regularly
conducted uniaxial compression test. For instance, in Peng and Johnson [5], the “perfect confinement endboundary condition” was approached in rock samples that had narrow hose clamps tightened around their
ends. However, by adopting this method to constrain lateral deformation, it cannot be guaranteed that the
perfect confinement only acts at the sample ends (top and bottom surfaces), which will in turn suppress the
tensile fractures near the sample ends (see Fig. 35 in Peng and Johnson [5], where the sample only flaked at
midheight). The perfect confinement end-boundary condition applies for pillar structures in underground
mines and civil engineering. Pillars are in situ rock remnants left between adjacent underground openings
[66], e.g. in underground mines exploited by the room-and-pillar method. Within the same rock stratum, the
shear stress between the roof or floor and the pillar cannot be mobilised as the latter firstly attaches to the
surrounding rock mass and secondly has similar or equal modulus thus not capable of creating considerable
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shear stresses at the junction. In this case, at the ends of the pillar, no displacement perpendicular to the roof
pressure from the overlying rock should be expected.
According to the ISRM suggested method for the uniaxial compression test [1], the model of a cylindrical
rock sample with dimension of 100 mm (height) × 50 mm (diameter) was built, Fig. 7.11. The boundary
conditions of surfaces marked in Fig. 7.11 are listed in Table 7.2 for developing model with perfect
confinement end-boundary condition, where U , U and U are the displacements along x, y and z-axes,
respectively. To build the model of samples directly contacting with loading platens with different friction
coefficients, models of two cylindrical loading platens with dimension of 20 mm (height) × 54mm (diameter)
were prepared, as shown in Fig. 7.12. For both types of modelling, the displacement-controlled vertical
loading is applied to the sample or platen ends to generate the axial stress. The displacement U0 is increased
step by step until the predefined strain value of 0.1875% of the whole loading system is reached.
According to a critical review by Gercek [67], the range of the Poisson’s ratio bounded by the values of
0.05 and 0.45 covers most types of rocks. Also, there are negative values or values greater than 0.5 of the
Poisson’s ratio reported in the literature [68-70]. Subsequently, the modelling plan is listed in Table 7.3.

Fig. 7.11. Model geometry and mesh in the model with perfect confinement end-boundary condition.
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Table 7.2 The end-boundary conditions applied in the numerical model shown in Fig. 7.11.

Surface number

Boundary condition

1

U = U = 0, U = −U
U = U = U =0

2

Fig. 7.12. Model geometry and mesh in the model of samples directly contacting with loading platens.

Table 7.3 Modelling plan
Modelling type
Model with perfect confinement
end-boundary condition

Model of samples directly
contacting with loading platens

Model No.

Poisson’s ratio

Benchmark modelling

0, 0.01

1-6

0.05, 0.1, 0.2, 0.3, 0.4, 0.45

Benchmark modelling
7-12
13-18
19-24

0.479
0.05, 0.1, 0.2, 0.3, 0.4, 0.45
0.05, 0.1, 0.2, 0.3, 0.4, 0.45
0.05, 0.1, 0.2, 0.3, 0.4, 0.45

friction coefficient (µ)

N/A

1
0.1
0.2
0.3

7.6. Formation of zones of biaxial compression in uniaxially loaded samples
When analysing the disturbed stress distributions, we focus on the stress components in the polar
coordinate system, i.e. radial stress ( ), tangential stress (
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surface of a cylindrical sample along vertical direction, as illustrated in Fig. 7.11. This is because the
immediate lateral surface of the sample is loading-free, and the biaxial loading condition might be formed
changing the 3-D crack growth pattern, which then influences the fracture mode of tested samples. Given
the symmetrical stress distribution between two ends with respect to the middle horizontal plane of the
sample, only the stress fields in the polar coordinate system in half of the sample along vertical direction
(the z-axis) are presented.

7.6.1. Model with perfect confinement end-boundary condition
7.6.1.1. Benchmark modelling
In the benchmark modelling, the Poisson’s ratio slightly increases from 0 to 0.01, and the comparison of
the stress distributions are plotted in Fig. 7.13.
When Poisson’s ratio is of 0, there is no lateral elastic deformation of the sample, therefore the endboundary condition does not influence the stress distributions and three stress components remain unaffected
in the whole sample. In Fig. 7.13(a), it is seen that with the slight increase of the Poisson’s ratio, from 0 to
0.01, the radial stress is induced near the sample end. However, within 1 mm of the sample length in vertical
direction, the radial stress rapidly reduces to lower than 0.1 MPa, as shown in the local enlarged view in Fig.
7.13(a). For the rest of the sample, the radial stress at the immediate lateral surface is the same as the case
where Poisson’s ratio is of 0, i.e. about 0 MPa. In Fig. 7.13(b), it shows that the compressive tangential stress
is induced, and length of the perturbation zone is as large as 23 mm from the sample end to the middle of
the sample. The induced tangential stress has the maximum value at the sample end and gradually decreases.
Immediately after the compressive tangential stress reaches 0, it turns into tensile stress, and the value is
very small for the given Poisson’s ratio of the sample, see the local enlarged view in Fig. 7.13(b). As for the
vertical stress, the stress concentration is found near the sample ends, which was also discovered in previous
studies [13, 71]. Then the vertical stress gradually reduces with the distance from the sample end,
approaching the desired stress value, i.e. 75 MPa, corresponding to the applied vertical displacement at the
sample ends.
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Fig. 7.13. The stress distributions from the top end to the middle of the sample at the lateral surface (compressive
stress is taken as negative in ABAQUS) in the model with perfect confinement end-boundary condition (a) radial
stress (b) tangential stress (c) vertical stress (d) the biaxial load ratio.

From the results presented above, it is seen that unlike the smooth change of tangential and vertical
stresses, the rapid reduction of the radial stress within a small area needs to be further investigated. Therefore,
some additional numerical models with the Poisson’s ratio of 0.45 (the induced radial stress in this case
should be relatively high near the sample end because of the large tendency of the lateral deformation of
sample) were carried out to check the dependence of the radial stress on the mesh size. The results were
plotted in Fig. 7.14. It shows that reducing the mesh size, the location where the radial stress reaches 0 (the
inflection point) is getting close to the immediate sample end, i.e. the zone where the radial stress is induced
is smaller. However, a small movement of this inflection point towards the immediate sample end needs
relatively large increase of the total element number in the model. In fact, it can be inferred that if the mesh
size is infinitesimal, the radial stress field should only be induced at the immediate sample ends, as the lateral
surface of rock sample is exposed and thus free of loading in radial direction. Therefore, when analysing the
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stress distributions near the sample ends, we can safely ignore the induced radial stress as it only exists in
the zone which is infinitely close to the top and bottom sample ends (surface) in reality. Considering the
huge computational cost in three-dimensional model calculation, the current mesh arrangement (mesh size
of 0.6 mm) is still adopted as the induced tangential stress and vertical stress stabilize when finer mesh
arrangement is adopted.

Fig. 7.14. The radial stress dependence on the mesh size of the model.

Therefore, the biaxial loaded zone can be defined at the location where the compressive tangential stress
is induced at the immediate lateral surface of the sample, as the vertical stress distributes in the entire sample.
The biaxial load ratio is defined by the ratio between the tangential stress and the vertical stress, which is
plotted versus the distance from the sample end, Fig. 7.13(d). The length of the biaxial loaded zone can be
as large as 23 mm in the half sample, and the maximum value almost reaches 0.01 near the sample end.
In the perfect uniaxial loading condition, only the vertical stress should be expected. Apparently, this
benchmark modelling reveals the stress field perturbation due to the specific end-boundary condition.
Furthermore, the biaxial loaded zone was found. It is seen that the biaxial load ratio in the affected area is
limited when Poisson’s ratio of the sample is of 0.01, i.e. lower than 0.01.
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7.6.1.2. Parametric study of the model with perfect confinement end-boundary condition
and different Poisson’s ratios of the sample
In this parametric study, with the perfect confinement end-boundary condition, we selected Poisson’s
ratios of 0.05, 0.1, 0.2, 0.3, 0.4 and 0.45 in models No.1-6, respectively. The modelling results are presented
below.
In Fig. 7.15(a), similar to the results obtained from the benchmark modelling, the radial stress at the
sample ends is induced for all models conducted. With the increase of the Poisson’s ratio, the maximum
value of radial stress at the direct sample end increases, as shown in the enlarged view in Fig. 7.15(a).
However, according to the modelling results, within small distance from the sample ends, the induced radial
stress immediately reduces to 0. It is seen that with the same mesh arrangement, the locations where radial
stresses reach 0 (inflection point) are close to each other for all models, irrelevant to the assigned Poisson’s
ratio of the sample. This phenomenon demonstrates the inference mentioned above: in reality, the area where
the induced radial stress exists at the immediate lateral surface of the sample is limited, only concentrating
on the area that is infinitely close to the sample ends (top and bottom surfaces).
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Fig. 7.15. The stress distributions from the top end to the middle of the sample at the lateral surface with different
Poisson’s ratios in the model with perfect confinement end-boundary condition (a) radial stress (b) vertical stress (c)
tangential stress.

The induced compressive tangential stress distributes in a relatively large zone starting from the sample
end, Fig. 7.15(c). It is seen that with the increase of the Poisson’s ratio of the sample, the tangential stress
increases at the sample ends. Then, with the increase of the distance from the sample end, the compressive
tangential stress gradually decreases to a stress level of approximately 0. With a larger Poisson’s ratio, the
compressive tangential stress decreases more rapidly. In other words, the zone where the compressive
tangential stress exists is shortened with the increase of the Poisson’s ratio of sample. It is interesting that
after the compressive tangential stress reaching 0, the tensile tangential stress appears resembling the
phenomenon observed in the benchmark modelling but with a higher value. Regardless of the assigned value
of the Poisson’s ratio, the tensile stress increases rapidly to a peak value with the increase of the distance
from the sample end and then gradually reduces to 0 at the midheight of the sample, where the end effect is
minor. The higher Poisson’s ratio leads to the larger peak value of the tensile tangential stress. It can be
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observed from Fig. 7.15(c) that the total area where the tensile tangential stress is induced is even larger than
the area where the compressive tangential stress is induced.
In Fig. 7.15(b), the vertical stress concentrates near the sample end and is more pronounced when the
larger value of Poisson’s ratio is applied. It should be noted that with some distance from the sample end, in
all models, the value of the vertical stress continuously decreases to a stress level that is even lower than the
desired value, i.e. 75 MPa. Then the vertical stress increases slightly based on the value of Poisson’s ratio.
Generally the higher Poisson’s ratio results in a larger value of the stable vertical stress near the midheight
of the sample.

7.6.2. Models of samples directly contacting with loading platens with different friction
coefficients
The results presented above focus on the model with a special end-boundary condition, i.e. the sample
end’s lateral displacement perpendicular to the applied axial stress is not allowed and thus the end effect is
introduced. Similarly, in uniaxial compression tests conducted in the laboratory, the shear stress induced
between metal loading platens and the sample ends prevents the sample from expanding laterally to some
extent leading to the end friction effect. In the following, the interaction between loading platens and the
rock sample in uniaxial compression is modelled in order to investigate if the end friction effect in this case
can produce the similar zone of biaxial compression at the lateral surface near the sample ends.

7.6.2.1. Benchmark modelling
In this benchmark modelling, the maximum end effect in two types of models with different endboundary conditions (perfect confinement at sample ends and sample ends directly contacting with loading
platens) are compared. To this end, in both cases, the highest Poisson’s ratio, i.e. 0.479 was assigned to the
sample (the Poisson’s ratio exceeding 0.48 may cause convergence problems in ABAQUS3D, see reference
[72]). In addition, the friction coefficient of 1 was defined in the model where sample ends directly contact
with loading platens.
As expected, when the interaction between loading platens and the rock sample is considered, the end
effect is similar but less severe than that in the model with perfect confinement end-boundary condition (see
the comparison in Fig. 7.16), as in the latter model the sample ends cannot have lateral deformation at all
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and thus more obvious stress disturbance is produced. It should be noted that despite the same axial
displacement is applied in both types of models, the stable vertical stresses at the sample midheight have
different values, Fig. 7.16(b). When the loading platen is modelled, the stable vertical stress is smaller than
that in the model with perfectly constrained ends. This is partly attributed to the deformation of the loading
platen, i.e. the stiffness of the loading system.
Also, the tensile tangential stress appears following the compressive tangential stress reaching 0 in both
cases. It is obvious that the appearance of the tensile tangential stress is closely related to the end effect: the
more severe end constrain leads to the larger peak value of the tensile tangential stress, Fig. 7.16(d).
The biaxial load ratios in both models are calculated and plotted in Fig. 7.16(e). It is seen that relatively
high biaxial load ratio acts near the sample ends in both models. The biaxial load ratio in the model with
perfectly constrained end is slightly larger than that in the model of sample directly contacting with loading
platens whereas the ranges of effect are basically the same in both cases.
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Fig. 7.16. Comparison of the stress distributions from the top end to the middle of the sample at the lateral surface
with Poisson’s ratios of 0.479 in models with different end-boundary conditions (a) radial stress (b) vertical stress (c)
tangential stress (d) the appearance of the tensile tangential stress and (e) biaxial load ratios.

7.6.2.2. Parametric study of models with different Poisson’s ratios and friction
coefficients
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In the followings, the commonly obtained Poisson’s ratios (from 0.05 to 0.45) and friction coefficients
(from 0.1 to 0.3, see introduction section) in the field of rock mechanics were adopted in numerical models.
From Figs. 7.17-7.19, it is seen that regardless of the assigned value of the friction coefficient, the pattern
of the disturbed stress fields near the sample ends are similar, resembling the phenomena presented above.
It is worth noting that, as expected, the values of stress components along the same direction near the
immediate sample ends increase with the increase of the friction coefficient at loading platen-sample end
contacts. Also, increasing the Poisson’s ratio of sample when the same friction coefficient is assigned at
contacts leads to the higher disturbed stress fields. This is because the increase of the friction coefficient at
contacts and the Poisson’s ratio of sample results in the enhanced constraining effect at sample ends.

Fig. 7.17. The stress distributions from the top end to the middle of the sample at the lateral surface with different
Poisson’s ratios of the sample when friction coefficient at platen-sample contact is of 0.1: (a) vertical stress (b)
tangential stress.
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Fig. 7.18. The stress distributions from the top end to the middle of the sample at the lateral surface with different
Poisson’s ratios of the sample when friction coefficient at platen-sample contact is of 0.2: (a) vertical stress (b)
tangential stress.

Fig. 7.19. The stress distributions from the top end to the middle of the sample at the lateral surface with different
Poisson’s ratios of the sample when friction coefficient at platen-sample contact is of 0.3: (a) vertical stress (b)
tangential stress.

7.7. Discussion
7.7.1. Zones of biaxial compression
7.7.1.1. Biaxial load ratio in the model with perfect confinement end-boundary condition
According to the stress distribution obtained in the model with perfect confinement end-boundary
condition, models No. 1-6, Fig. 7.15, the biaxial load ratios at the immediate lateral surface of the sample
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are calculated and plotted in Fig. 7.20. For all models conducted with this type of end-boundary condition,
the biaxial loaded zone was formed at the lateral surface immediately below the sample ends. The biaxial
load ratio is the stress ratio between the compressive tangential stress and the vertical stress. From Fig. 7.20,
in most of the area, the higher Poisson’s ratio of the sample leads to the larger biaxial load ratio at the same
location, but the shorter overall biaxial loaded zone. In other words, for the higher Poisson’s ratio, the biaxial
load ratio shows larger rate of decay with the distance from the sample ends. Taking the biaxial load ratio of
0.05 as the critical value inducing the extensive crack growth parallel to the loading-free surface (see Fig.
7.10), as marked in Fig. 7.20, the extensive crack growth are supposed to be induced in a relatively large
zone, i.e. approximately 5 to 8 mm from the sample ends depending on the value of the Poisson’s ratio of
the sample.

Fig. 7.20. The biaxial load ratio when different Poisson’s ratios are applied in the sample with perfect confinement
end-boundary condition.

7.7.1.2. Biaxial load ratio in the model where samples directly contact with loading platens
The lateral constrain on the sample ends from the interaction at the sample-loading platen contacts is less
severe than that of the model with the perfect confinement end-boundary condition, thus inducing the lower
end effect. The biaxial load ratios are calculated and plotted in Fig. 7.21(a), (b) and (c) for models No. 7-12
with friction coefficient of 0.1 (Fig. 7.17), models No. 13-18 with friction coefficient of 0.2 (Fig. 7.18) and
models No. 13-18 with friction coefficient of 0.3 (Fig. 7.19), respectively.
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Apparently, compared to the model with the perfect confinement end-boundary condition, the biaxial
loaded zone in models with this end-boundary condition is shortened and the peak biaxial load ratios are
reduced to some extent. However, according to the 3-D crack growth theory in biaxial compression, the
critical biaxial load ratio (around 0.05) separates the extensive and restricted crack growth patterns. In other
words, as long as the biaxial load ratio exceeds the critical value, the extensive wing crack growth parallel
to the free surface does not have essential change when reducing the biaxial load ratio [59, 60], Figs. 7.9 and
7.10. Therefore, even though the biaxial load ratio in this case is relatively low, the extensive crack growth
parallel to the free surface can still be produced. Nevertheless, the higher biaxial load ratio still indicates the
higher possibility of suppressing the wrapping of wing crack and then leading to the extensive crack growth.
As can be seen in Fig. 7.21, in the range of 0.1 to 0.3 of the friction coefficient at contacts, when the
Poisson’s ratio of the sample is between 0.05 and 0.1, no area in the rock sample reaches the critical biaxial
load ratio. When the Poisson’s ratio is of 0.2 and above, the length of the biaxial loaded zone where the
stress ratio is above the critical value does not change significantly when increasing the friction coefficient
at contacts and the Poisson’s ratio of the sample, i.e. approximately 5 to 6 mm below the direct sample ends.
Actually, in some rock engineering applications, a value between 0.2 and 0.3 is a common estimate for the
Poisson’s ratio of rocks [67].
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Fig. 7.21. The biaxial load ratio when different Poisson’s ratios are applied in the sample directly contacting with
loading platens with friction coefficient of (a)

= .

(b)

= .

(c)

= .

at contacts.

7.7.2. Tensile tangential stress appearance
Without exception, in all of models presented above, the tensile tangential stress appears immediately
following the compressive tangential stress reducing to 0. The appearance of this type of tensile stress is
important in analysing the fracturing mode in uniaxial compression tests. It has been confirmed in some
studies, for example, Nemat-Nasser and Horii [4, 46], that with a very small lateral tension, the crack growth
becomes unstable after a certain crack length is reached in compression, i.e. the crack grows spontaneously
in the direction of axial compression.

7.7.2.1. Tensile tangential stress in the model with perfect confinement end-boundary
condition
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In Fig. 7.22(a), the tensile tangential stresses were extracted from Fig. 7.15(c), in which models are with
perfect confinement end-boundary condition but different Poisson’s ratios. It is seen that for all models with
this condition, with the increase of the distance from the sample ends towards the middle part, the tensile
tangential stress first increases, reaches a peak value, and gradually decreases to 0. In addition, with the
increase of the Poisson’s ratio of the sample, the peak value of the tensile tangential stress increases and the
tensile stress loaded zone elongates. When the Poisson’s ratio is of 0.05 to 0.2, the induced tensile tangential
stress is less than 1 MPa; the dramatic increase of tensile tangential stress occurs when the Poisson’s ratio
of the sample reaches 0.2 and above.
In order to confirm that the appearance of the tensile tangential stress is independent on the mesh size,
an element size which is two times smaller than the original one was adopted in an additional model. Taken
the Poisson’s ratio of 0.479 of the sample as an example, the comparison of the tangential tensile stresses
obtained from models with two different mesh arrangements is shown in Fig. 7.22(b). It is seen that the
results stabilizes, indicating that the appearance of tensile tangential stress does not arise from the specific
mesh arrangement.

Fig. 7.22. The tensile tangential stress in the model with perfect confinement end-boundary condition (a) in Fig.
7.15(c); (b) in the model with different mesh arrangements when Poisson’s ratio of 0.479 is assigned to the sample.

7.7.2.2. Tensile tangential stress in the model of samples directly contacting with loading
platens
Similar phenomena are also observed in the model considering the interaction between sample ends and
loading platens with different friction coefficients at contacts. As shown in Fig. 7.23, with the same value of
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friction coefficient, the value of tensile tangential stress increases and the acting zone elongates when higher
Poisson’s ratio of sample is assigned. When the friction coefficient is of 0.1, there is no tensile tangential
stress loaded zone when Poisson’s ratio is of 0.05. Even the Poisson’s ratio of the sample is as large as 0.45,
the value of the induced tensile tangential stress is limited, i.e. less than 1 MPa. With the increase of the
friction coefficient, for the same Poisson’s ratio of the sample, the value of the tensile tangential stress at the
same location increases, whereas the tangential tensile stress loaded zone has limited extension.

Fig. 7.23. The appearance of the tensile tangential stress in models directly contacting with loading platens with
friction coefficient of (a) 0.1 (b) 0.2 (c) 0.3 at contacts.

In summary, in uniaxial compression, the stress distribution in polar coordinate system at the immediate
lateral surface of the sample are characterized by the biaxial compression zone near the sample ends followed
by the appearance of the tensile tangential stress due to the end effect. This special type of stress distribution
may explain the splitting failure mode in uniaxial compression: the biaxial compression zone is associated
with the surface parallel fractures produced near the sample ends; then the induced fracture further
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propagates spontaneously in the direction of axial compression by the action of the tensile tangential stress.
In this way, the splitting failure mode is formed and eventually cause the ultimate failure of the rock sample.
Further research is needed to uncover the mechanisms of formation of oblique (“shear”) fracture in
compression.

7.8. Conclusions
Many rock mechanicists in mining and civil engineering have been pursuing revealing the mechanism
of the splitting failure mode of rock cylinders under uniaxial compression for many years. In well conducted
uniaxial compression tests on accurately prepared samples, the inserts of the lubricants such as Teflon or
neoprene between sample ends and loading platens produce the radial tension that leads to the splitting
fractures. However, when sample ends directly contact with the metal loading platens or in rock pillar
structures, i.e. in the absence of “friction reducers”, the splitting is still often be formed. Although with
different boundary conditions, the splitting in uniaxial compression is similar to the slabbing or spalling
failure observed at excavation boundaries which is subjected to biaxial compression.
Attempts to explain the splitting failure have frequently been based on the extensive crack growth along
uniaxial loading direction in 2-D. However, the real single 3-D crack growth in uniaxial compression is
restricted and thus cannot result in macroscopic failure. Also, there is negligible possibility of formation of
large cracks due to wing crack coalescence in 3-D.
The numerical results show that in uniaxial compression the end effect disturbs the stress distribution
within rock cylinders. The zone of biaxial compression can be formed at the immediate lateral surface near
the cylindrical sample end: with the presence of the vertical stress, compressive tangential stress and the
loading-free surface (the immediate lateral surface) in the polar coordinate system. The biaxial load ratio
gradually reduces to 0 away from the sample ends, and the tensile tangential stress appears approaching the
sample midheight.
According to the 3-D crack growth theory, in biaxial compression, the 3-D crack growth is highly
sensitive to the intermediate principal stress when the presence of the loading-free surface exists: once the
biaxial load ratio exceeds the critical value (about 0.05), the wing crack grows extensively and is parallel to
the loading-free surface. Therefore, the induced biaxial compressed zone is responsible for the surface
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parallel fractures near the sample end and the tensile tangential stress may lead to the further unstable fracture
propagation towards the axial loading direction ultimately forming the splitting in uniaxial compression.
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This work has fulfilled the research objectives outlined in Chapter 1. First, the numerical investigation
has been conducted to understand the effect of friction during rock testing under uniaxial loading, biaxial
loading and true triaxial unloading conditions. Then, the transition process between extensive (the wing
crack grows extensively towards both loading axes) and restricted (the wing crack is restricted to the size
comparable to the initial defects because of wing crack wrapping) crack growth modes has been explored
experimentally for different types of the pre-existing defects under biaxial compression. The critical values
of the biaxial load ratio inducing the extensive crack growth have been determined. In the numerical part,
the finite element method (FEM) has been adopted to explore the mechanisms of wing crack wrapping and
wrapping suppression (extensive crack growth) in compression. Based on the 3-D crack growth concept, the
mechanisms of the in-situ spalling at excavation boundaries and the splitting failure of the cylindrical
samples tested in uniaxial compression have been investigated using analytical and numerical modelling
approaches, respectively.

8.1. Rock fracturing in biaxial loading: the effect of friction in laboratory
experiments
The so-called “true triaxial unloading test” has been previously developed and reported in the literature
to study rock failure at the excavation walls based on modified biaxial compression test, whereby one surface
of a prismatic rock sample along the direction of the minimum principal stress is loaded in addition to the
conventional biaxial loading. We show that in such tests two types of shear stress distribution arise on the
sample-platen contacts: on top of the usual shear stress developed in biaxial test a second type of shear stress
preventing the rock sample from sliding is developed resulting from the end friction effect. As a result, the
minimum principal stress does not distribute linearly from the free face to the opposite surface throughout
the whole sample as conventionally expected. The contact friction highly disturbs the minimum principal
stress distribution and leads to rotation of the major principal stress direction. Therefore the “true triaxial
unloading test” cannot be considered appropriate for laboratory modelling of near wall failure at the openings
as the stress disturbance in the loading sample is massive and difficult to control.

8.2. 3-D crack growth in biaxial compression
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Previous studies of crack growth in uniaxial compression in 3-D shows that there exists a limit on crack
growth even near a free surface caused by the wing crack wrapping. Wrapping of the wings around the preexisting crack leads to self-arrest of the wings resulting in inability of wings to show extensive growth
sufficient to produce failure. The situation radically changes in biaxial compression (the major and
intermediate principal stresses are applied and the minor principal stress is zero). The presence of the
intermediate principal stress can prevent the wing wrapping and their self-arrest thus effecting extensive
wing crack growth sufficient to split the sample. The most interesting finding is that the magnitude of the
intermediate principal stress needed to prevent wrapping does not have to be high: the wing wrapping can
be prevented by the intermediate principal stress as low as 5.7% of the major principal stress (for initial
penny-shape cracks inclined at 30o to the major principal stress direction). Thus, 0.057 can be taken as the
threshold value for the biaxial load ratio above which the wrapping is suppressed and the wing crack can
grow extensively. What depends on the magnitude of the intermediate principal stress is the extent of the
wing crack growth: the higher the biaxial load ratio the larger the crack. Also the magnitude of the
intermediate principal stress affects the flatness of the wing crack: high biaxial load ratios make the wing
crack flat, while at low biaxial load ratio close to the threshold the crack surface is wavy near the pre-existing
crack.
In addition, systematic biaxial compression tests were undertaken on initial penny-shape and squareshape cracks with several different inclination angles to the major principal stress. The determined critical
(threshold) biaxial load ratios that are capable of inducing extensive crack growth are also around 0.05 for
different types of the initial cracks, which demonstrates that this feature is largely independent on the
inclination and shape of the initial crack.
For a single spherical pore, the presence of the intermediate principal stress can also prevent the wing
wrapping and self-arrest thus producing extensive wing crack growth sufficient to split the sample. The wing
crack growth is also highly sensitive to the intermediate principal stress of the biaxial compression: the wing
wrapping can be prevented by the intermediate principal stress starting from 8.5% of the major principal
stress. Therefore, the pore structures in rocks are also important sources of the subsequent crack growth
under compression. This is in contrast to the previous studies where it was believed that the presence of a
contact between two opposite faces was the strongest driver of the substantial crack growth.
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The finite element method (FEM) has been adopted to explore the mechanisms of wing crack wrapping
and wrapping suppression (extensive crack growth) in compression. In the case of initial crack, the modelling
results show that above the threshold value determined in physical experiments, the direction of the
secondary principal tensile stress near the initial crack is roughly perpendicular to the intermediate principal
compressive stress direction, where the extensive crack growth can be induced; while below the threshold
value, it shows the radial direction with respect to the initial crack and the wing crack wrapping is formed.
In the case of spherical pore, the modelling results show that with the intermediate principal stress above
this threshold the directions of most of the secondary principal stresses (tensile) along the lateral surface of
the initial pore are roughly perpendicular to the intermediate principal compressive stress direction. For the
intermediate principal stress below the threshold, the directions of the secondary principal tensile stresses
near the lateral surface of the initial pore are distributed in radial directions with respect to the initial pore.
The results of the numerical modelling also show that when a transition is made from spherical pore to oblate
pores, this threshold increases but not significantly. The consistency between experimental and numerical
results also verifies that this transition process is independent of the specific material properties.

8.3. Mechanics of in-situ spalling based on 3-D crack growth in biaxial
compression
The extensive wing crack growth near the excavation surface is guaranteed, because an intermediate
principal stress is invariably present at the excavation wall or face and its magnitude would normally exceed
10% of the major principal stress. Another feature of the excavation wall is that wing cracks grow parallel
or sub-parallel to the free surface and close to it. The interaction with the free surface turns an initially stable
crack growth into unstable after which the crack closest to the free surface rapidly increases its size and
separate a thin layer from the rock. Traces of such layers are sometimes seen in the rock near excavations.
If the layer is large enough it can buckle causing spalling or, at even larger scale, skin rockburst. The spalling
strength is the stress magnitude which ensures unstable crack growth. This magnitude has been determined
using a simple model of extensive wing crack consisting of a disc-like crack opened by a pair of concentrated
forces applied at the crack centre and representing the wedging effect of the initial crack.
The magnitude of the spalling strength can be obtained by expressing the rock fracture toughness
controlling the wing crack propagation through the criterion of propagation of a similar initial crack under
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tension leading to the expression of the in-situ spalling strength through the in-situ tensile strength. It is
concluded that in the case of small initial cracks similar to those in the laboratory tested rock samples it is
possible to relate the spalling strength to the UCS using the compressive to tensile strength ratio. In the case
of larger initial cracks the relation involves uniaxial compressive strength of the rock mass of the
corresponding scale and hence cannot be directly related to the lab measurements.

8.4. Possible mechanism of splitting in rock samples under uniaxial
compression
Attempts to explain the splitting failure have frequently been based on the extensive crack growth along
uniaxial loading direction in 2-D. However, the real single 3-D crack growth in uniaxial compression is
restricted and thus cannot result in macroscopic failure. Also, there is negligible possibility of formation of
large cracks due to wing crack coalescence in 3-D.
The numerical results show that in uniaxial compression the end effect disturbs the stress distribution
within rock cylinders. The zone of biaxial compression can be formed close to the lateral surface near the
cylindrical sample end. The biaxial load ratio gradually reduces to 0 away from the sample ends, and the
tensile tangential stress appears approaching the sample midheight.
According to the 3-D crack growth concept, in biaxial compression, the 3-D crack growth is highly
sensitive to the intermediate principal stress when the presence of the loading-free surface exists: once the
biaxial load ratio exceeds the critical value (about 0.05), the wing crack grows extensively and is parallel to
the loading-free surface. Therefore, the induced biaxial compressed zone can be responsible for the fractures
parallel to the sample lateral surface near its end, while the tensile tangential stress may lead to further
unstable fracture propagation towards the axial loading direction ultimately forming the splitting in uniaxial
compression.
The results obtained will form a basis for more accurate models of rockburst near the excavation surface
and even for models of sample (and pillar) splitting in uniaxial compression. This will eventually allow
monitoring and prediction of dangerous (and deadly) rock falls in underground mining. Similar conditions
of biaxial loading exist at the process of thermal spallation. The results of this research will assist in
developing models of thermal spallation of rocks and concrete. This in turn will lead to the optimisation of
this perspective rock cutting technique.
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The study presented here has attempted to provide a comprehensive understanding of 3-D crack growth
in brittle materials under biaxial compression and its applications in the field of rock mechanics and rock
engineering. In spite of the extensive tests and numerical analysis that have been conducted, some of the
aspects need further investigation in future research including the following.
1.

It is necessary to study a single 3-D crack growth under biaxial compression in real time in order to

distinguishing the phases of the whole crack growth process consisting of crack initiation, stable growth and
unstable growth. For such an investigation, two things are needed: 1) a pure biaxial loading system which is
not closed and hence permits visual monitoring and video recording of the process of crack growth and 2)
new materials which are transparent and sufficiently brittle at room temperatures such that the freezing
treatment does not need to be carried out.
2.

The experimental results obtained in this study need to be verified by carrying out biaxial

compression tests on samples with internal crack made from different brittle materials adopting the 3-D
printing technique.
3.

Achieving further understanding of the mechanics of crack propagation in compression requires

undertaking experiments on samples containing a single initial 3-D crack which has different inclination
angles with respect to the intermediate principal stress.
4.

The research reported here is based on the growth of a single crack. In order to analyse the effect of

crack interaction and possible coalescence experiments are needed on samples containing two or more initial
3-D cracks.
5.

Further theoretical work is required to develop new crack growth criterion based on the

experimental outcomes and applying it in the numerical modelling.
6.

Undertaking new biaxial compression tests on brittle materials such as rocks and gypsum is needed

to investigate the spalling strength with respect to different values of the intermediate principal stress.
7.

The results reported form a basis for developing a model of rockburst, which is one of the deadliest

types of rock fall in underground excavations. Such a model will have to be developed and validated against
the recorded instances of rockbursts in the course of further research.
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8.

The most difficult task to be faced in the future is uncovering the mechanisms of formation of the

oblique (“shear”) fracture in compression.
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