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The action principle by Low [Proc. R. Soc. Lond. A 248, 282-287] for the
classic Vlasov-Maxwell system contains a mix of Eulerian and Lagrangian variables.
This renders the Noether analysis of reparametrization symmetries inconvenient,
especially since the well-known energy- and momentum-conservation laws for the
system are expressed in terms of Eulerian variables only. While an Euler-Poincaré
formulation of Vlasov-Maxwell-type systems, effectively starting with Low’s action
and using constrained variations for the Eulerian description of particle motion,
has been known for a while [J. Math. Phys., 39, 6, pp. 3138-3157], it is hard to
come by a documented derivation of the related energy- and momentum-conservation
laws in the spirit of the Euler-Poincaré machinery. To our knowledge only one
such derivation exists in the literature so far, dealing with the so-called guiding-
center Vlasov-Darwin system [Phys. Plasmas 25, 102506]. The present exposition
discusses a generic class of local Vlasov-Maxwell-type systems, with a conscious
choice of adopting the language of differential geometry to exploit the Euler-Poincaré
framework to its full extent. After reviewing the transition from a Lagrangian picture
to an Eulerian one, we demonstrate how symmetries generated by isometries in
space lead to conservation laws for linear- and angular-momentum density and how
symmetry by time translation produces a conservation law for energy density. We
also discuss what happens if no symmetries exist. Finally, two explicit examples will
be given — the classic Vlasov-Maxwell and the drift-kinetic Vlasov-Maxwell — and
the results expressed in the language of regular vector calculus for familiarity.
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I. INTRODUCTION

Recall that the Vlasov-Maxwell system couples an advection equation for particle phase-
space number density F(x,v,t)d*zd*v to Maxwell’s equations for the electromagnetic fields
in a self-consistent manner: the current and charge densities in Maxwell’s equations are
computed as velocity-space moments of the particle distribution function, according to o =
e fv Fd’vandj=e¢ fv vEFd?v, and the Lorentz force responsible for the particle trajectories
depends on the fields E and B. The set of equations, governing the dynamics and constraints
of the system, becomes

WF +V - (vF)+ 0y - ((e/m)(E+v x B)F) =0, (1a)
0O E+j — 115"V x B =0, (1b)

B+V xE=0, (1c)

eoV-E — =0, (1d)

V-B=0. (le)

Conservation laws for this system are straightforward to identify directly from the equa-
tions of motion, with a bit of intuition. Multiplying the advection equation for ' with mwv
and %m|v|2, and integrating over the velocity space, one finds

8t/vad3v+V-/m'v'de3v:QE+j x B, (2)
8t/%m|v|2Fd3’v +V. / %m|v|2'de3'v =3 -FE. (3)

On the other hand, an educated guess and Maxwell’s equations demonstrate that
E-j+ 50l BI + 1" |BP) = V- (15" B x B), (4)
0E +j x B+0,(¢gE x B) = -V - (%(50|E|2 + gt |BI*)1 — pg ' BB — 50EE>, (5)

where 1 is the identity dyad. When the expressions above are combined, local conservation
laws for linear momentum density and energy density are obtained

Oy (/ muFdv + eo,LLOS) +V- </ movFdv — 5) =0, (6)

1 1
at ( [ gmloran - ms)) g ( [ glvforav -+ S) 0, (7)
where Tr(-) is the trace and the Maxwell stress tensor £ and the Poynting vector S are
1
€=~ (=0l BP + 15| BI*) 1 + 20EE + iy BB, (8)
S =u,'E x B. (9)

Conservation of angular momentum with respect to a given axis follows immediately from
the symmetry of vv and &.



While the results above were easy to come by, it is preferable to obtain them directly from
a variational principle using Noether’s theorem. This systematic strategy is especially useful
when dealing with alternate Vlasov-Maxwell-type systems where the particle motion couples
to electromagnetic fields in a far more complicated way, blurring the intuition for making
an educated guess. At least four such Vlasov-Maxwell systems exist and can be used in
numerical modeling of plasmas in various branches of science. These are the guiding-center
[1], the drift-kinetic [2, 3], the gyrokinetic [3, 4], and the spin-Vlasov-Maxwell system [5].
They all have a structure similar to equations (1).

Over the years, several papers discussing action principles for the Vlasov-Maxwell sys-
tem or related ones' have been presented [1-4, 6-20] and many of them [1, 8, 9, 14-18, 20]
discuss the local energy and momentum conservation laws. Nevertheless, to our knowledge
the only documented work dealing with the conservation laws that has been carried out in
the spirit of Euler-Poincaré formalism is the recent paper by Sugama et al. focusing on the
guiding-center Vlasov-Darwin model [20]. To continue filling the information vacuum, the
present paper discusses a generic class of local Vlasov-Maxwell-type systems, with a con-
scious choice of adopting the language of differential geometry to exploit the Euler-Poincaré
framework to its full extent. The reason we focus on genuine Vlasov-Maxwell type systems is
their invariance under electromagnetic gauge transformations. This property together with
compatible discretization schemes has opened new avenues in numerical plasma simulations
(see, e.g., [21] and references therein).

We will start from a modification of Low’s action principle for Vlasov-Maxwell-type sys-
tems and, after reviewing the transition from a Lagrangian picture to an Eulerian one, we
demonstrate how space-time-isometry symmetries in the action functional lead to conserva-
tion laws for linear- and angular-momentum density and for energy density. We will also
discuss what happens if no such symmetry with respect to an isometry exists. Once this pro-
cess is finished, we hope to have demonstrated how powerful the Euler-Poincaré framework
can be in the context of kinetic plasma theories and how elegantly its geometric exposition
suits the study of space-time symmetries.

Finally, two explicit examples will be given — the classic Vlasov-Maxwell and the drift-
kinetic Vlasov-Maxwell that is obtainable as the long-wave-length limit of the non-local
gyrokinetic theory — and the results expressed in the language of regular vector calculus
for familiarity. The reason for focusing on these two systems is because of their robustness,
fidelity and efficiency in kinetic simulations of magnetized plasmas. Combining a full Larmor
model of ions and a drift-center description of electrons avoids many complications due to
the non-local nature of gyrokinetic theories and, at the same time, eliminates the electron-
cyclotron-frequency time scale. This combination has been made possible thanks to recently
developed electromagnetically gauge-invariant gyrokinetic theory [3].

The derivation of the guiding-center Vlasov-Maxwell model is a straightforward applica-
tion of our general procedure and is hence omitted.

II. EULER-POINCARE FORMULATION OF THE ACTION PRINCIPLE

We start with a slightly modified version of Low’s action principle [6]. The purpose of the
modification is to introduce the capability to handle a wider class of Vlasov-Maxwell-type

! By systems related to Vlasov-Maxwell models, we mean 1) genuine Vlasov-Maxwell models that form an
infinite-dimensional initial-value problem for the dynamical variables, and 2) the so-called Vlasov-Poisson-
Ampere models which provide an initial value problem for the distribution function only and constraint

equations for the electromagnetic potentials.



systems, such as the classic full-particle and the drift-kinetic Vlasov-Maxwell systems. In
what follows, all dynamical variables (time-dependent) are denoted by the subscript ¢ to
clearly separate them from parameters and/or integration labels.

A. Action in a mixed-variable representation

In the action principle, the single-particle phase-space Lagrangian is first multiplied by
the phase-space density of fixed-value particle labels, then integrated over all of the particle’s
phase-space and a given time interval, and finally combined with the standard electromag-
netic action to account for electromagnetic interactions in a self-consistent way. In such
systems, the electromagnetic fields are treated as Eulerian variables and the role of the
single-particle action is to carry (advect) the fixed-value phase-space-density labels along
the phase-space flow of individual particles.

The action is a functional of the particle’s phase-space trajectory z;, the vector potential
A;, the scalar potential ¢;, which depends parametrically on the fixed-value density F.
Written in a general form, we have

Srlz, v, 01 / [ [ (200522~ K (22). Bilan(2), Bun(2))) F (=)

t1 R3 R3

/// eAt (z:(2)) - O (2 )_e@(fﬁt(z)))F(z)dﬁzdt

i1 R3 R3
e
[ [ SElB @ - 5" Bs(a) + Bil@)) i (10)
t1 R3
Here z = {za}6 = (x,v) = ({'}}_,{v'}?_,) are integration labels in the phase-space,
ze = {20}5_, = (a:t,'vt) ({2233, {vi}s, ) are the time-dependent phase-space coordi-

nates of a single particle with d,z; = (O, 0yv;) as time derivatives (Eulerian phase-space
velocities), and z,(z) = (x(2), vi(2)) refers to the coordinates the particle would reach in
time ¢ when starting from an initial point z. The notation F(z)d°z = F(z)d*zd*v de-
notes the phase-space density of the fixed-value labels, with the bare volume elements being
d®x = dr'dz’dx® and d®v = dv'dv®dv®. The dynamical electric and magnetic fields are
derived from the potentials via the standard relations E;, = —09;A; — V¢;. The external
magnetic field emanates from an external, static vector potential Bey = V X Agy with no
external electric field present. The dot - refers to the Euclidean inner product of vectors
in R3.

The original phase-space formulation of the classic Vlasov-Maxwell system would be re-
covered by setting A = 0, and choosing the functions ¥, and K so that 9, (z:(2))0:2{ (2z) =
mvy(z) - Opy(z) and K (2z,(z)) = m|vy(2)[%. One can then interpret the first row of (10) to
represent the free-particle action, the second row the coupling term to the electromagnetic
fields, and the last row the electromagnetic action in a vacuum. Our modifications effectively
affect only the ”free-particle” action, where we allow the kinetic energy to depend locally
on the dynamic electric and magnetic fields and the functions 9, to possibly depend on the
whole phase-space, in anticipation of how the velocity vector v; in guiding-center dynamics

is defined with respect to a fairly unique choice of the coordinates (v!,v? v3).



One could apply Hamilton’s principle directly to (10) and derive the related Euler-
Lagrange conditions for the trio (z;, A, ¢;). This approach will not yield the Vlasov equa-
tion directly though, as the source terms appearing in the Maxwell’s equations involves
integration of the fixed-value density F over the initial phase-space coordinates. In this
picture, a Noether-type analysis of symmetries rapidly becomes intricate via the space-time
reparametrization of trajectories and fields. It is thus helpful to convert the action above and
apply Hamilton’s principle and Noether’s theorem directly in terms of FEulerian variables.

B. Conversion to Eulerian variables

The process is initiated by identifying different coordinate functions that appear in (10)
with their differential-geometric counterparts. We list these elements and their interpretation
as follows:

1. The phase-space integration domain, namely the open set {(z,v)|z € R? v € R3}, is
identified as the tangent bundle TQ = | J{(z,v,)|z € Q,v, € T,Q} of the manifold
@ = R3. Unbolded symbols will denote representative elements, e.g. a point z € Q, a
tangent vector v, € T,.() at point z € (), and a generic point z € T'() on the tangent
bundle.

2. The time-dependent functions z{*, representing a single-particle phase-space trajectory
in RS, are interpreted as the local coordinates of a time-dependent diffeomorphisms
g+ € Diff(T'Q), namely a family of smooth maps ¢, : TQ — T'Q) with smooth inverse
such that g; '(g:(2)) = g:(9;'(2)) = 2z for all t € (t1,t3) C R and for all z € TQ.
For a fixed point z € T(@), the time derivative of the diffeomorphism generates a
tangent vector 0yg.(2) € Ty, (»yT'Q. We then construct the Eulerian velocity field & =
Oigi 0 g+ € X(TQ) such that 9,g,(2) = &(gi(2)) = &(z). If this vector field has a
coordinate representation & = £7(z)0/0z%, then 0;20(z) = £ (z(2)).

3. The scalar potential ¢; and the vector potential A;(x) = A;,;(x)e’(x) (written in
so-called covariant components) are identified respectively as a time-dependent zero-
form ¢; € 2°(Q) and as a time-dependent one-form A; € Q(Q), locally expressed
as Ay, = Ari(x)da’ € T7Q. The related time-dependent electric-field one-form E; =
—0;A; —d¢; € Q1(Q) and time-dependent magnetic-field two-form B; = dA; € Q?(Q)

are also introduced.

4. The canonical projection map 7 : T'Q — @, (z,v) — 7(x,v) = x is used to promote the
electromagnetic potentials to differential forms on the tangent bundle, namely 7*¢; =
¢rom € QUTQ) and 7*A; € QY(TQ). This permits the identification ¢, (x(z)) =
™ 0i(g:(2)) = gim*¢i(2) as a function on T'Q). Using the tangent map of the canon-
ical projection T'm : TTQ — TQ such that T'my,.)(0:9¢(2)) = Owre(2) € Trg,(2)@,
we identify Ay(:(2)) - Oi(2) = Atn(g(e))(TTgu(2) (0:9:(2))) = T Aty () (Oege(2)) =
v, Ai(9:(2)) = g7 (e, Ar)(2) = 97 (L9, g,04-2 7" Ar)(2) as a function on T'Q.

5. The fixed phase-space volume form f € Q°(T'Q) is introduced and, in local coordinates,
has the expression f, = F(z)dz! A dz? A dz® A do! A do? A do?.



6. We denote the function K; € QY(TQ), which depends parametrically on the electro-
magnetic forms through the rule Ky(z) = K(z,7*Ei(2), 7*By(z)). We then identify
the term K (z(2), Ey(x:(2)), Bi(x(2))) = Ki(9:(2)) = g7 K(2) as a function on 7'Q.

7. The functions ¥, are analoguously viewed as the components of a phase-space one-
form ¥ € QY (T'Q) expressed in local coordinates as ¥, = 9J,(2)dz* € T;TQ. We view

Va(2:(2)) 0027 (2) = U4u(2) (§(91(2))) = (16.9)(9:(2)) = 97 (16,9)(2) = 97 (£5,5,09;719)(2) @

a function on T'Q).

The electromagnetic part of the action, the third line in (10), when written in geometric
terms, becomes

to
1
SEM[Ata ¢t] - // 5 (50Et A *Et — ,ugl(Bext —+ Bt) A\ *(Bext —+ Bt))dt, (1].)
t1 Q

where x : Q¥(Q) — Q" *(Q) is the Hodge star operator induced by the Riemannian metric
on Q.

Conversion of the first and second line of (10) proceeds by substituting the definitions
from the list above and using the change of coordinates formula on the manifold so that the
entire action can be written as

iz, Ay 6] = / / 67 (Copgroge (9 + €7 Ay) — (K + en°60)) fdt + Sparl v, 6

t1 TQ
to

:/ / (Latgtoggl(ﬁ + eﬁ*At) - (Kt + €7T*¢t>)gt*fdt + SEM[At7 ¢t]

t1 Img;1 (TQ)

to
= / / (Latgtogt_l (0 + em* Ay) — (K¢ + em™¢¢)) g fdl + Spar[Ar, ¢4
t1 TQ

=S¢[gt, A, &4] (12)

The last step follows from the fact that diffeomorphisms are one-to-one maps, meaning that
Im gt-1(TQ) = T'Q. Here the subscript f in S¢[g:, As, ¢4] stresses the parametric dependency
on the fixed volume form f, rather than on the scalar F' as in the non-geometric expression.

The conversion is completed by interpreting f, = gnf € Q5(TQ) and & = 0,9, 0 g; "
as new but enslaved variables. In particular, by (A.1), the variable f; satisfies the Vlasov
equation

(Or + £¢,) fr = 0. (13)

Under the assumption of the enslaved definitions, we can then interpret the action S¢[g:, At, ¢t
as a functional &[&;, f;, As, @] of the Eulerian variables (&, fi, As, 1) according to

6[&, ft, Ay, (bt] = // [L& (19 + eW*At) — (Kt + 67*@)} ftdt -+ SEM[At7 ¢t] (14)

t1 TQ



where f; € Q%(TQ) is promoted to the set of variables as a dynamical top-form. In what
follows, we will be using the kinetic energy functional to denote

Klf, By, By = /tht: /K(z,ﬂ*Et(z),ﬁ*Bt(z))ft. (15)
TQ TQ

The process of switching from the Lagrangian variables to the Eulerian by enslaving the
relations between &, f;, and g, is the basis of Euler-Poincaré right-reduction [13, 22, 23].

C. Constrained variations and Euler-Lagrange conditions

Hamilton’s principle of stationary action applied to (12) is equivalent to Hamilton’s
principle of least action applied to (14) as long as we remember the enslaving relations
& = Og, 0 g, and f, = g f. In practice, these relations have consequences on the type
of variations the fields & and f; are allowed. From (12), one perturbs the one-parameter
diffeomorphism g; to a two-parameter diffeomorphism g; s, the one-form A; to A;,, and the
zero-form ¢; to ¢y 5, and computes the variation of the action in the form

8s|s:05f [gt,sa At,sa gbt,s] = 5Sf [dgta 5At7 5¢t]7 (16)

where 5gt(z) = 85|5:0.gt,5(z) S Tgt(z)TQa 5At = 8s|s:0At,s S Ql(Q)a and 5¢t = as|s:0¢)t,s S
0%(Q) are arbitrary but vanishing at ¢ = ¢; and ¢ = t,. Then, one requests that the first
variation of the action vanishes, in accordance with the Hamilton’s principle.

Alternatively, and perhaps more directly, variation of the action can be recorded with the
variables & and f; by simply letting & s = 0;gss © gy Land fi, = greef, and writing

8s|s:0Sf [gt,37 At,m (bt,s] = as|s=06[§t,su ft,su At,37 (bt,s] =06 [5§t7 5ft7 514257 5¢t] (17>

as long as the variations of the Eulerian variables respect the relations

08 = Osls=0(0egr.s © g;sl) € X(TQ), (18)
5ft = as|s:0(gt,s*f) € QG(TQ) (19)

These expressions can be made more transparent by introducing the arbitrary time-
dependent vector field 7, = dg; o g; ' € X(TQ), which vanishes for t = ¢, and t = t,
since dg; does, and by using the Corollary A.1 and the Theorem A.3 to recover the identities

0fr ==Ly fi (20)
06 = (O + Le ). (21)

Putting the constrained variations to work, we then compute the variation of the action (14).
After applying the Leibniz rule a couple of times (for both the Lie derivative and the temporal



derivative), the result can be expressed as

56[(615 + ££t)77t7 _£77tft7 514257 5¢t]

- / / {0+ £6) (1 (01 en* A fy) — £, ({1, (9 + ex” Ay) — (K, + en* ) ]} dt

t1 TQ

— / / Lo, [0 + te,d) (0 + e Ay) + (K + en™¢y)] frdt

t1 TQ

to
+ / / (& (L&ﬂ'*(sAt — W*(s(bt) ftdt

t1 TQ

7 5K 5K
+/Q/ {d [* <50Et _ 5_&)} 5, —d [* <60Et _ 5—Et) 5@} } dt

oK oK
+ //514,5 N |:*8t (EoEt — 5—&) —dx (Mo_l(BeXt + Bt) + 5—&)] dt
Q

t1

to
oK oK
_ // {d |:5At N\ * (,u(]l(Bext + Bt) + 5—&):| + at |:5At A3 (‘gOEt — 5—Et):| } dt. (22)
t1 Q

In the above equation, the functional derivatives of the kinetic-energy functional are identi-
fied via the relations

oK
88|S:01C[ft7 Et,sa Bt] = / SE A *8s|s:0Et,s (23)
t
Q
oK
88|S:01C[ft7 Eta Bt,s] = / 5? A *as|SZOBt,57 (24)
t

Q

These expressions are well defined since we explicitly request the function K not to depend
on the derivatives of F, or B;.

Since 9Q = () and OTQ = (), the spatial boundary terms in (22) will vanish. Furthermore,
since 7, 0A;, d¢; all vanish at ¢ = t; and t = ty, also the temporal boundary terms will
vanish. For the Hamilton’s principle of stationary action to hold, namely that ¢&[(d; +
Le ), — £, fr, 0As, 6] = 0 with respect to arbitrary n;, 0 A¢, d¢y, it is enough to request the
following Euler-Lagrange conditions for the vector field &,

d(K; +em™dr) + (0 + te,d) (0 + e Ay) = te,(dV + e B,) + dK; — en™E}, = 0, (25)
for the magnetic one-form A,

/eftb&ﬂ'*éAt = /5At A(d*x Hy —x0:Dy) <= *0, D+ em(te, fr) =d* H,, (26)
TQ Q



and for the scalar potential ¢,

/ew*éqﬁtft = /5¢td*Dt < dx*D;=em(f). (27)
TQ Q

Here 7, (-) denotes a fibre integral® from T'Q down to @, and the one-form D; € Q*(Q) and
the two-form H; € Q?(Q) have been introduced to denote the displacement and magnetising

fields

oK
Dt = ‘gOEt — 5—E1t, (28)
_ oK
Ht = o 1(Bext —+ Bt) + 5—Bt (29)

III. NOETHER EQUATIONS FOR SPATIAL ISOMETRIES AND TIME
TRANSLATIONS

To study the effects of spatial isometries® and time translations, we will construct a new
functional that is obtained from the action functional evaluated over not the whole of ) and
TQ but the subsets U C @ and TU = |J{(z,v,)|x € U,v, € T,Q} C TQ. In effect, this
new functional can then be treated as to parametrically depend on the domain U and the
temporal end-points ¢; and t5. The new functional we introduce is given by

to

to to
Svn i€ for Avs ] = / / e 0t — / Krulfe, Ev, Bildt + / / (cte,m™ Ay — en*n) it

4 TU t1 ty TU
to 1
- // 2 (gOEt N*Ey — M51<Bext + Bi) A (Bt + Bt>)dt’ (30)
t1 U

where the modified kinetic energy functional is defined in the natural way

Krolfu B B = /tht ~ /K(z,ﬁ*Et(z),w*Bt(z))ft. (31)
TU TU
Trivially, if we choose U = (), we obtain the original action.

A few remarks are in order here. In what follows, the functional (30) will be varied and
the functional derivatives of K7y used. This might raise some questions since no specific
form of the function K; is given yet. Specifically, one could question whether the functional
derivatives dKCry /0E, and 6Ky /dB; exists at all with respect to an arbitrary domain U.
This small curiosity was the reason why we restricted our discussion to such K; which do
not depend on the derivatives of E; or B;. Then the functional derivatives 0/ /0 E; and
K7y /6B, are not only well defined but are, in fact, equal to the functional derivatives of

K.

> Given a map h : E — P, fibre integration h.(-) satisfies [, a A hy(B8) = [ph*a A B. Taking E = TQ,
P=Q,h=m a=0A; and B = f;, we rewrite fTQ Le, T0A fr = fTQ AL A e, fr = fQ 8AL N i(ee, fr),
where the first step follows because f; is a top-form and so w A f; = 0 for any w € Q¥(TQ) and because

the interior product is an anti-derivation, namely ¢(w A 3) = w A B+ (=1)Fw A Lf.
3 Isometries on a manifold M are distance preserving diffeomorphism. On R? these include constant trans-

lations and rotations. The pullbacks of isometries commute with the Hodge operator .
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A. Spatial isometries

The idea in analysing symmetries related to spatial isometries is to introduce a one-
parameter isometry ¢y € Diff(Q)) with ¢y = id and its lift ¥, € Diff(T'Q) with ¥, = id.
The lift in our context means that Wy is required to satisfy 7o Ws = ¢)5 o 7. Consequently,
there will be the vector fields X = 0,|s—ot)s 0 ¥y ' and X = O,|s—oW¥, o U5 which act as the

infinitesimal generators for ¢, and ¥, respectively, and are m-related, i.e., T'm o X=Xo ,
and it can be shown that U, m*a = 7.« for any o € QF(Q). Furthermore, since TU is
locally U x R?, we have that Imy, (TU) = TImy, (U). With these definitions in mind, one
performs a coordinate transformation, acting with U, on the TU part and with 1, on the
U part of (30), and obtains

6U,t1,t2 [éh ft7 At7 (bt] ZGImw ), t1,t2 [\Ils*gtu ‘I]S*fta ws*Ah ws*(bt]

/ / vy, (s, —id)0 U, f,dt

t1 Img, (TU)

_ / / (W K, — K (2, Uy Ey(2), Uur* By(2))| Ws fudt

t1 Imy, (TU)

/ / Y(1hgs — id) Begt A *(Bext + s By )dt

t1 Imws (U

/ / _”O Qps* - ) ext A *(¢S* - id)Bextdt~ (32)

tl ImwS(U
If some specific isometry 1, and its lift ¥, are to generate a symmetry in the sense that

6U,t1,t2 [§t7 fta At7 (bt] GImwS (U),t1,t2 [ s*éh S*ft7 wS*At7 1/’3*@]7 (33>

then this isometry and its lift have to satisfy the conditions

ws*Bext = Bext7 (34&)
Vsl =, (34b)
KW N 2), T B (VN (2), 7 BV, N (2))) = K(2, Ve Ey(2), U™ By(2)). (34c)

If the conditions (34) are satisfied, the existence of a local conservation law will be guaranteed
by Noether’s first theorem. These are the strong conditions for a conservation law to exists.
There are also weaker conditions, which we will discuss shortly.

To extract the local conservation law, the expression (33) will be differentiated with
respect to s at s = 0 and evaluated on-shell, i.e., the Euler-Lagrange conditions required to
hold. This provides, subject to the symmetry conditions, that

0 :83‘32061mws(U),t1,t2 [§t7 ft7 At7 (bt] + 56U,t1,t2 [_"5)25257 _£)th7 _£XA257 _£X¢t] (35)
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Applying the fundamental theorem of calculus, the first term can be evaluated immediately

8s|s:061mws (U),t1,t2 [gta ft7 At7 ¢t]

= / / L5 (e, 0fy — Kfy + (ete,m™ Ay — em™ ) fr) dt

t1 TU

t2
1
+ //505)( (EQEt A *Et — M61<Bext + Bt) A *(Bext —+ Bt))dt (36)

t1 U

To evaluate the term Gy, 1, [—£ &, —£ 5 fr, —£ x Ar, — £ x ;] on-shell, we use the fact that
X and X are both independent of time ¢ so that —£ & = (8t+£&))~(. This helps us identify
that the second term is effectively a special case of (22) with 7, = )?, 0A; = —L£xA; =
—tx By —d(exA;) and 6y = — £ x Py = tx Ey + 0y (Lx Ay), now only evaluated over U and TU
instead of () and T'Q). This means that when the Euler-Lagrange conditions are implied,
only the boundary terms, that vanish in (22), will remain. It is then a straightforward task
to compute the on-shell variation

56[],151,152 [(&g —+ £§t))?7 _£X'ft7 —LXBt — d(LXAt), LXEt + 8t<LXAt)]

— 7/(@ + L) (fieg?) — £5 [ft%t(ﬁ FertA) — (K, + €7T*¢t)ft} gt

t1 TU

to
— // [d(*Dtbet —tx By AxHy) — Oy(ex By A *Dt)} dt. (37)
tp, U

Here the Euler-Lagrange conditions (26) and (27) were used once together with ¢g7m* A, =
m*(txAs) to simplify the result. Finally, combining the on-shell variation (37) with the
expression (36), and requesting the result to be true with respect to arbitrary domain U, a
local conservation law is obtained

O (fit50) + ex By AxDy) + mo(Le, (fit0)) — d(xDuex Ey) =0 (38)

At this point, we remind that for this equation to hold, the symmetry conditions (34)
must be true. In case the isometry does not satisfy the symmetry conditions, one may still
differentiate (32) with respect to s at s = 0 and account for the remaining volumetric terms.
In that case, equation (38) would be modified by a volumetric source term S appearing on
the right, the source term being

oK
S :W*(L& £)’Z'l9ft — f)’Ztht) + E N *fXEt
t
oK
+ 5B, /\*fth‘f‘/ialeBext/\*(Bext+Bt)- (39)
t

From this expression, we see that the weak condition for a conservation law to exist is that
this source term vanishes, given the Euler-Lagrange conditions. Alternatively, the source
term can be used to investigate the momentum balance of the system in directions other
than the obvious symmetry direction of the external magnetic field.
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B. Constant translations in time

Analysing constant translations in time is simpler than the analysis of spatial isometries
for there is no need to consider lifts or diffeomorphisms at all. Since the action does not have
parametric dependencies on time, i.e., 0;¢ = 0 and the function K; depends on time only
via F; and B, we immediately obtain for any constant T" the following, strong symmetry
condition

Sutr 1a[&ts [ Aty &) = Gupisrtorr =1, fror, At—r, Pr7) (40)

and there will be a related conservation law guaranteed by Noether’s first theorem.
To extract the conservation law, we proceed as with the spatial isometries, differentiating
(40) with respect to T at T' = 0:

0 :6T|T:06U,t1+T,t2+T[§t, fe, Ay, 0] + 0Su iy ta [—0i&t, =04 [y, =0k Ay, —Ory). (41)

Using again the fundamental theorem of calculus, the first term is straightforward to evaluate

8T‘T=06U,t1+T,t2+T[£t7 fta At7 ¢t]

to

_ / / Or(fraey (0 + ex™ Ay) — (K, + en* o) f,)db

t1 TU
to
1
+ / / éat (20B: A *E; — 115" (Bext + Bi) A *(Bexe + By))dt. (42)
tv, U

To evaluate the second term, we apply a trick similar to what we used in analysing the spatial
isometries: we re-express —0;§; = (0; + £¢,)(—&) and —0,fy = —£_¢, fi. This observation
then helps us identify that 0Sy4, +,[—0i&t, —0 ft, —0:Ar, —Ory] is effectively a special case of
(22) with n, = =&, 0A; = Ey + d¢y, and d¢; = —0;¢y, now only evaluated over U and TU
instead of ) and T'Q).

Direct substitution then provides the on-shell variation

56U7t1,t2[(8t + fﬁt)(_gt)a _f—ftfta Et + d¢ta _8t¢t]

to

= — / / at (ftlft (’19 + €7T*At) — (Kt -+ eﬂ-*(bt)ft)dt

t1 TU

_]/ [d(Et/\*Ht)Jrat(Et/\*Dt)]dt

—/tQ/(&t + £e,)(fiK)dt, (43)

t1 TU

where we have used (26), (27) and (13) to simplify the result. Putting everything together
by summing (42) and (43), and noting that the domain U is arbitrary, we obtain the local
conservation law for the energy density

O (mu(fiKy) + By AxDy — e By AxE; + 115" (Bexy + Bi) A *(Bexy + By))
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IV. EXAMPLE APPLICATIONS

Explicitly, we shall consider two models, namely the full-particle Vlasov-Maxwell and
the drift-kinetic Vlasov-Maxwell that is obtainable as the long-wave-length limit of the
gyrokinetic Vlasov-Maxwell system. For the external magnetic field, we shall consider the
axially symmetric, time-independent magnetic field often encountered in a tokamak. In
cylindrical coordinates (R, ¢, z), the vector-calculus representation of such field is given by

B = G(R,2)Ve+ VU(R, z) x V. (45)

This field admits a rotational symmetry with respect to an isometry 1, and the related
vector field X = Og|s—oths 0 ¢y ! that are defined via

Us(R, @, 2) = (R, 0+ s, 2), (46a)
X=z2xx-V=e€,- V=0, (46b)

Expressed mathematically, the symmetry exists in the sense of

Q7Z}S>0<Bext - Bext (47)
ws*Aext = Aext- (48>

which, in coordinates and in differential sense, means that 0,Bext = 2 X Bex and 0, Aex =
Z X Aey. Naturally, since this field admits only a rotational symmetry, there will be no
conservation law for linear momentum density. The conservation law for linear momentum
density would require a translational symmetry in By, a case which we leave as an exercise
for an interested reader to verify with the machinery we have presented in the previous
section.

And since we are merely applying the machinery derived earlier, we will perform the
computations in this section in coordinates and provide the results in terms of regular
vector calculus. This choice will hopefully make these example computations approachable
to a larger audience.

A. Classic full-particle Vlasov-Maxwell

In the classic Vlasov-Maxwell system, the kinetic energy of a particle depends only on the
velocity coordinate v. Considering the possibility of the external axially symmetric magnetic
field, the one-form 9 and the kinetic energy function K are then given by the coordinate
expressions

¥ = eAy - dx + mov - dx, (49)
1
K, = 5m|v|2. (50)

In component form, the Euler-Lagrange condition (25) for &, is given by

mv - dv — e(E; + & X (Bey + By)) - dx + mé&; - dx — m&; - dv = 0, (51)
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which is straightforward to invert for the components
& = v, (52)
62) = (Et + v X (Bext + Bt)) (53)
Furthermore, since the energy function K; is now entirely independent of the electric and
magnetic field, the components of the one-form D; and the two-form H, are given by D, =
coE; and H; = iy " (Bey + B;). The equations (26) and (27) then provide the standard

Gauss’s and Faraday’s laws

606,5Et — ,uglv X (Bext + Bt) + jt = 0, (54)
eV - E— 0 =0, (55)

(&
m

with the current and charge densities computed from the density f, = Fid*zd?>v as the
velocity space integrals

jo=e / € Fd, (56)
01 = e/Ftd3'v. (57)

Finally, the Vlasov equation is obtained from the enslaved advection condition
(at + f&)ft = (atﬂ + azoz (g?Ft))dGZ =0. (58)

To check the symmetry conditions (34), we use their differential form (differentiation with
respect to s) and consider the tangential lift W (z, v) = (¢s(x), 1s(v)) with the corresponding
vector field given in components according to

X=2z2xx-V+2zxv-0/0, (59)

It is then a straightforward to verify that
£Lz(v-dx) =0, (60)
£33 =0, (61)

Obtaining the associated conservation law is then a matter of translating (38) to the language
of ordinary vector calculus. The result, the conservation law for the angular momentum
density, becomes

8t</Ft(mv + eAexi) - ewd?"v —eoE; x B; - e¢>
+ V- (/’uFt(m'v +eAey) - ewd?"v + %50\Et\26<p — %,ugl\Bext + Bt|2e¢

— €0EtEt . 690 — ualBt(Bext —+ Bt) . 690 —+ ,Lbo_lBt . (Bext + Bt)ew) = O (62)

In a similar manner, we translate (44) to vector calculus and write down the conservation
law for energy density

8t</ %m|fv|2Ftd3'v + %50\Et|2 + %M61|Bext + Bt|2>

LV (/ ImvPoBd*o + pg By X (Bexe + Bt)) =0. (63)
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B. Drift-kinetic Vlasov-Maxwell

In the drift-kinetic Vlasov-Maxwell, the one-form ¢ and the kinetic energy K are given
by the coordinate expressions

¥ = eAext - dx + M| bey; - dx 4 (m/e)pdb (64)
1 bxt 'Bt |BtL|2 m

K, = —mv? Bl |1+ = — E bext X By|? 65

; 2mv” +M| t\ ( + |Bext| + 2|Bext|2 2|Bext|2‘ t1 1 V)| Oext X t\ ( )

with the subscript L referring to dot product with the dyad 1; = 1 — beybexy and beyy =
B, /|Bext| is the unit vector in the direction of the external magnetic field. The Euler-
Lagrange condition (25) for the vector field & gives

VKt . dm + GUHthUH —+ 8Mth,u — G(Et —+ Etx X (Bt + Bext —+ (m/e)'U”V X bext)) . d:I:

il

+ (m/e)(€/'df — &/ dp) + & " mbey; - AT — Mbey, - €7 dvy = 0. (66)

From this expression, we invert for the components

Oy Ky By N (eE; — VEK;) X bext

— 67
& m  bey - By ebexi - B ' (67)
v B* . (eEt — VKt)

I _ 2 68
! mbext . B; ’ ( )
& =0, (69)

0 (& aKt

_ o uh 70
gt m aﬂ 9 ( )

where Bf = B; + B + (m/e)y|V X bey. The Euler-Lagrange conditions for A, (26) and
¢ (27) provide

825Dt -V x Ht +Jt = O, (71)
V-Dt—gt,zo (72)

where the macroscopic fields D; and B, and the sources j; and g, are defined as

D, =¢yE, — /GEthFtdmd,udQ, (73)
H; = iy (Bext + By) + / O, K Fydvydpdd, (74)
Ji = /eﬁthdv”dudG, (75)
o — / e Fydvydyudd. (76)

The Vlasov equation is obtained, as previously, from the enslaved advection condition

(O + £e) fr = (OiF, + 0.«(§F,))d°z = 0. (77)
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To check the symmetry conditions (34), we again use their differential form and consider

the tangential lift U, (z,v) = (¥s(z),1s(v)). Now the component form of the vector field X
is, however, given by the expression

X=%2xz-V, (78)

which follows from the fact that rotating the guiding-center-particle velocity along the sym-
metry direction of the external magnetic field does not change the values of the coordinates
V|, i, or 0 as they are defined locally with respect to the direction and magnitude of the
external magnetic field. It is then a straightforward computation to verify the infinitesimal
forms of the symmetry conditions, namely that

L0 =e(Agy XV x e, + e, VAL + AL, - Ve,) - dx =0, (79)
8¢Kt + 8Bth . (2 X Bt - 8¢Bt) + 8Eth . (2 X Et - 8¢Et) = O, (80)
where eA%; = eAc + mube. The conservation law for angular momentum density is

then obtained after translating (38) to the language of ordinary vector calculus. The result
is

8t</Ft(eAeXt + mU”beXt) . e¢dv||dﬂd0 — Dt X Bt . e¢>

+ V- (/Eth(eAext + M) bext ) - €, dv)dpdd + %€0|Et|26¢

— %M0_1|Bext + Bt|264p — DtEt : eSO — Bth : eSO + Bt : Hte<p> = 0. (81)

In a similar manner, we translate (44) to vector calculus and obtain the conservation law
for energy density

8t(/KtFth||dﬂd9 + Dt . Et — %€0|Et|2 + %MSI‘BO + Bt‘Q)

V. SUMMARY

In this paper, we have reviewed the geometric interpretation of the Euler-Poincaré for-
mulation for the purposes applying it to Vlasov-Maxwell-type systems encountered in the
kinetic theory of plasmas, and explained how the possible conservation laws related to con-
stant rotations and translations in space and translations in time can be obtained in an
algorithmic manner. After the rather mathematical exposition, two explicit examples were
given — the full-particle and the drift-kinetic Vlasov-Maxwell — with the results being trans-
lated to the language of regular vector calculus in the end. We hope that readers would find
the demonstrative calculations helpful in their own endeavours and that the explicit demon-
strations of the geometric take on the Euler-Poincaré methodology would help unmask its
potential to the plasma physics community.
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Appendix A: Certain useful identities

It is useful to review a few identities in order to understand the origins of the constrained
variations in the Euler-Poincaré formalism. Parts of this material are covered in, e.g., Ref.
[23] Section 6, where also the general theory of Euler-Poincaré reduction is presented. We
first recall some basic definitions:

Definition A.1 (Tangent map). Given a smooth map ¢ : U — V between open subset
UCR™ and V C R", the differential of ¢ at point v € U, T, : R™ — R" is the unique
linear map such that | }im OH(,O(SL’ + v) — o(x) = Tpp(v)||re/||v]|]rm = 0. This concept

[v]|gm —
generalises to smooth maps ¢ : M — N between any smooth manifolds M and N, defining
what is called the tangent map (or pushforward) Ty : TM — TN.
As a bundle map, it can be seen that @ o wyy = T o my, where wpr - TM — M and
nn : TN — N are canonical projections.

Definition A.2 (Pullback of k-form). Let ¢ : M — N be a smooth map between smooth
manifolds M and N, and let a € Q¥(N) be a k-form on N. The pullback of « is a k-
form on M, p*a € QF(M), defined by (¢*a)y(v1, ..., k) = @) (Tup(vr), ..., Tup(vy)). In
the case of a zero-form (or function) f € Q°(N), the pullback reduces to precomposition
¢ f = fopeQ(M).

The most important properties of the pullback is that it is compatible with the wedge
product, p*(a A\ ) = @*a A ©*, and commutes with the exterior derivative, ¢*(da) =

d(p*a).

Now, let M be an m-dimensional manifold and g; : M — M a smooth family of diffeomor-
phisms (smooth mappings with smooth inverses) with parameter ¢t € I C R taking values in
an open interval I. The sequence of mappings induces a curve z(t) = g;(x¢) € M for each
individual reference point ¢y € M. The reference point xy should not be interpreted as an ini-
tial condition but rather as a label for the particle moving along the curve z(t). (See Section
1 of Ref. [23] for a discussion of particle relabeling symmetry in fluid theories.) The time-
derivative of such curve is a tangent vector at z(t), i.e. &(t) = 0ygi(wo) = Xi(2(t)) € Ty M
where the time-dependent vector field X; := 0,¢; 0 g, L. M — T'M has been identified.

Proposition A.1 (Derivative of a pull back of a time-dependent function). Let f; : M —
R be a time-dependent function. Let X; : M — TM be the time-dependent vector field
associated to diffeomorphism g, : M — M. The pullback of f; by g; satisfies

Oi(g; fr) = gf (Oufi + £x,.f1)-
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Proof. For xy € M and its characteristic curve z(t) = g:(zo), we have g} fi(xo) = fi(z(t)).
Using the chain rule for differentiation, direct calculation gives

(g7 ft)(x0) = Opfi(x(t)) + A feyry (2(2))
= O fi(9:(w0)) + £x, ft(g:(20))
= 9/ (Ocfr + £x, f1)](20).
[

Proposition A.2 (Derivative of a pullback of a time-dependent k-form). Given a time-
dependent k-form oy and a time-dependent vector field X, related to family of diffeomor-
phisms gy, one has

O(g; o) = g; (Oray + £x,00)

Proof. We first assume that it is true for the forms «; and ;. Then it is true for ay A S,
because

Oi(g; (e A Br)) = Ox(gi o) N g Br + gi e A O (g( Br)
= g;((Oray + £x,00) N B+ aw N (O + £x,6))
= g7 (Os(ar A Br) + £x, (o A\ By))

and trivially also for day and df; as the exterior derivative commutes with the pullback
and the Lie derivative. Proposition A.1 shows that it is true for zero forms (functions). All
other forms can be constructed from zero forms using combinations of d and A, so the result
follows. O

Corollary A.1. Let a be a (time-independent) k-form on M and let oy = gt_l*oz =: g x be
the pushforward of o by g;. Then,

(O + £x,)oy = 0,
where X; = 0,9 0 gy is the related vector field.
Proof. Since g oy = «, 0,g; oy = Oyv = 0, and the result follows from Proposition A.2. [

Proposition A.3 (Derivative of a vector field of a two-parameter diffeomorphism). Let
Gis : M — M be a two-parameter family of diffeomorphisms with (t,s) € I x J C R?
(open), which generates the pair of two-parameter vector fields X s = Oygy s © ggsl and Y s =
OsGt.s © g;sl. Then

8s)(zt,s - atY;t,s = [Xt,37 Y;ﬁ,s] = _[Y;t,s; Xt,s]7
where [X,Y] = £xY is the Lie bracket of vector fields satisfying £x £y — £y £x = L1xy]-

Proof. Let f: M — R be a function and set f; s = g/ f. The partial derivatives with respect
to t and s commute (Clairaut’s theorem). Using Proposition A.1 (first for time-independent
function and then for a time-dependent function), we compute

0= 0,0sft,s — 050, fr.s
= 09 (£vi.f)) = Os(9(£x... 1))
=9 sOcLy, f + Lx, Ly, . f = OsLx, . [ — Ly £x, . f)
= 9is(Loyyi -0, X1 o+ (X0 Yiw) S)

Because f is arbitrary, the result follows. O
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