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Abstract
The realisation of signal processing algorithms in fixed-point offers substantial performance
advantages over floating-point realisations. However, it is widely acknowledged that the task of
realising algorithms in fixed-point is a challenging one with limited tool support. This thesis
examines various aspects related to the translation of algorithms, given in infinite precision or
floating-point, into fixed-point. In particular, this thesis reports on the implementation of a given
algorithm, an EDFA (Erbium-Doped Fibre Amplifier) control algorithm, on a FPGA (Field
Programmable Gate Array) using fixed-point arithmetic.
An analytical approach is proposed that allows the automated realisation of algorithms in fixedpoint. The technique provides fixed-point parameters for a given floating-point model that satisfies
a precision constraint imposed on the primary output of the algorithm to be realised. The
development of a simulation framework based on this analysis allows fixed-point designs to be
generated in a shorter time frame. Albeit being limited to digital algorithms that can be represented
as a data flow graph (DFG), the approach developed in the thesis allows for a speed up in the design
and development cycle, reduces the possibility of error and eases the overall effort involved in the
process. It is shown in this thesis that a fixed-point realisation of an EDFA control algorithm using
this technique produces results that satisfy the given constraints.
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Chapter 1. Introduction
1.1 Background
The widespread deployment of internet and broadband applications has driven the need for very
high bandwidth communication networks. This demand has been met by optical communication
technologies. One important consideration in the deployment of optical communication systems is
to ensure that signal quality does not degrade over transmission distances. Electronic repeaters have
been traditionally used to regenerate optical signals over transmission intervals in order to
compensate for signal loss and restore signal quality. In optical networks, the use of electronic
repeaters has been superseded by the use of optical amplifiers, which have the capability of
amplifying signals directly in the optical domain, without the need to convert them to electrical
signals.
One of the more popular optical amplifiers is the Erbium Doped Fibre Amplifier, commonly
abbreviated as EDFA [1, 2]. Since its introduction in the 1980s, the EDFA has contributed
significantly to the success of Wavelength Division Multiplexing (WDM) technology [3]. This
technology allows optical signals of a range of wavelengths, each represented in an individual
channel, to be transmitted simultaneously within one optical fibre without interfering with one
another. The EDFA supports WDM by facilitating the amplification of multiplexed optical channels
simultaneously. The EDFA operates by absorbing lightwave energy provided by an external laser
pump and strengthening signal intensity through population inversion and stimulated emission [4].
Optical networks are dynamic in nature. Channels in WDM systems might be added or dropped
arbitrarily due to network reconfigurations or component failures [4, 5]. Disruptions to the input
signal channels can cause the EDFA gain and the power in the surviving channels to fluctuate as a
result. Transient EDFA gain excursions can adversely degrade the performance of the system in the
following ways [4]:
•

Abrupt adjustments to the total optical power in the surviving channels can degrade the
Signal to Noise Ratio (SNR) at the receiver and give rise to an increase in the Bit Error Rate
(BER) [6, 7].

•

EDFA gain fluctuations can force the total output power in the surviving channels to fall
out of the dynamic range of the receiver.

•

Nonlinear effects in the optical transmission can lead to impairments in the signal quality
when the output becomes too high [8].
1

Due to these unwanted effects, it is necessary to implement dynamic control of the pump power in
order to mitigate EDFA gain excursions. As a consequence, the design of EDFA pump control
algorithms has been the subject of extensive research over the past decade [4, 5, 9, 10].
The EDFA control algorithm considered in this thesis has been proposed in [4, 11-13]. In this
approach, the suppression of EDFA gain excursions is achieved by adjusting the signal power of the
external laser pump, according to measurements of the EDFA total input and output signal power.
A combination of feed forward and feed back control is employed in order to achieve accurate high
speed control of the EDFA gain. This algorithm has been implemented on a floating-point DSP that
controls a multi-stage EDFA.
It has been noted in [10, 14] that faster response times are required to limit power excursions in a
chain of EDFAs. There is growing demand for a control system that can suppress EDFA gain
excursions more rapidly when network disruptions occur unexpectedly. This has motivated the
search for alternative realisations of the EDFA control algorithm that are not limited by the
execution speed of a floating-point DSP. A fixed-point algorithm, implemented either in a DSP or
hardwired in a FPGA, offers an improvement in speed over a floating-point design. This can also
result in lower power consumption and reduced cost. While DSP implementations offer ease of
maintenance and the ability to support complex algorithms, there is limited scope for a tradeoff
among system performance parameters such as precision, speed, and power, through word size
selection. In a DSP realisation, the word size is essentially fixed or limited to a small number of
choices. A hardwired approach, on the other hand, provides additional flexibility by allowing
varying bitwidths to be defined for individual variables in the realisation of a control algorithm.
In summary, the specific objective of increasing the sampling speed in the control algorithm can be
facilitated by implementing the system in fixed-point as well as allowing customised word size for
variables used in the realisation. The work presented in this thesis focuses on a hardwired FPGA
implementation since this provides the option to optimise the algorithm in fixed-point as well as the
advantage of changing the realisation easily. In addition, FPGA implementations have the benefit of
easy migration to ASIC (Application-Specific Integrated Circuit) implementation.

1.2 Related Works
The task of manually migrating signal processing algorithms from floating-point to fixed-point is
known to be tedious, time consuming, and error prone [15-20]. For this reason, research has
emerged aimed at reducing the time and effort spent on this process through design automation.
Some research has been targeted at specific applications [21-24], while others have been targeted at
particular hardware architectures [25]. Commercial software, such as MATLAB, provides a toolbox
2

that can help designers with the development of fixed-point design [26]. Other analysis tools, such
as DK Design Suite from Agility [27] and accelFPGA [28], provide a C or MATLAB to FPGA
solution, which are also available for commercial use. While these tools assist in the translation of
floating to fixed-point design, more often than not they still rely on the developers to manually
provide the design parameters in the high-level code, and do not easily support optimal word sizes
for individual variables.
Much research has been targeted at systems that are developed in C [17, 18, 29-33], or its variant,
C++ [34, 35], as C is considered by many as the universal coding language. This has led to the
development of language extensions that characterise fixed-point numbers and operations in C [18,
29, 30]. Traditionally, fixed-point implementations are directed for DSP applications, where a
uniform word length is chosen to satisfy system requirements. However, it has been realised that
unlike DSP, implementation on dedicated hardware is not restricted to a pre-defined word length.
Thus, the focus of research in this area has turned to accommodating multiple bitwidth word
selection [36, 37], which is often related to the subject of binding and scheduling [38-41] as well as
pipelining [38, 42]. Various approaches have been used in floating to fixed-point automation
schemes including simulation-based exhaustive search [22, 43]. However, these approaches are not
practical as they are computationally intensive to perform.
The approach proposed in this thesis for floating to fixed point design automation consists of
several components:
•

Data Flow Graph (DFG) representation of algorithms

•

Range analysis

•

Precision analysis

•

Automated word size selection for variables

The analysis of algorithms via their representation as a graph is a common approach which has been
used in [19, 20, 38-40]. Range estimation involves determining the dynamic range of the variables
in the system. Two popular techniques found in the literature are the worst case estimation [31, 44]
and the statistical approach [45]. The worst case evaluation is a conservative approach that provides
a simple and crude estimate of a variable’s dynamic range. This is achieved by analysing each
operation separately, where the dynamic range of the result is deduced from the range of the source
operands. The statistical approach, on the other hand, involves collecting profile information on
intermediate results and calculating certain statistics in order to estimate the dynamic range of
variables. For example, statistics such as the maximum absolute value, average and standard
deviation can be gathered to estimate the dynamic range. The first approach often overestimates the
3

dynamic range that is generally utilised in a variable, but is very effective in preventing the
occurrence of overflow. While the second approach usually produces a reasonable estimate, there is
a risk of overflow if certain parameters are not adjusted correctly [46]. For the problem considered
in this thesis, the worst-case estimation technique is utilised since simulation results are often not
reliable for accurately predicting the behaviour of the actual system. Precision analysis is concerned
with the selection of word lengths for variables in the system. Various techniques found in the
literature for precision analysis include automatic differentiation [47] and non-linear optimisation
[19]. The approach for word length selection used in this thesis instead utilises error analysis and
propagation, and is different to other approaches found in the literature to the best of the author’s
knowledge. The issue of error propagation is considered in [19], however the approach used to
determine the word length of variables is different to that adopted in this thesis.

1.3 Thesis Objectives
In this thesis, the problem of automating fixed-point design based on a floating-point reference
model is considered. The work is motivated by a growing need to reduce the time and effort
associated with fixed-point design. The automated framework presented in this thesis is targeted for
a hardwired FPGA implementation that allows for varying word length definition for different
variables. Given the DFG of the system, the developed framework also allows for pipelining to be
automated.
The objectives of the work presented in this thesis are to:
•

Propose a possible design solution for fixed-point realisations of EDFA control algorithms.

•

Develop an automatic way to generate fixed-point implementations that reduce overall
development time through parameter adjustment and algorithm tuning.

•

Evaluate the realised algorithm using the automated framework solution.

•

Identify the challenges involved in realising EDFA control algorithms in fixed-point.

•

Propose pipelining alternatives to improve system execution speed when required.

1.4 Summary of Contributions
The key contributions of this thesis are:
I.

An error bound analysis of various fixed-point arithmetic operations. This involves
determination of the quantisation errors propagated by fixed-point arithmetic
operations.
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II.

A systematic approach to quickly convert an algorithm, described in infinite precision
or floating-point, to a fixed-point design quickly based on an error bound analysis of
the fixed-point arithmetic operations.

III.

A framework which allows the automation of a fixed-point design based on the
floating-point reference model and prescribed output quantisation criteria.

IV.

Demonstration of the viability of the proposed approach using two specific EDFA
control algorithms and performance comparison between floating-point and fixed-point
design alternatives.

V.

Demonstration that an automated partitioning approach can be utilised to explore the
speed-area trade-off of various pipelining configurations.

The fixed-point design solution proposed in this thesis is not only applicable to EDFA control
algorithms, but is also viable for the implementation of other general signal processing algorithms.

1.5 Research Methodology
The development of a fixed-point realisation of various EDFA control algorithms has been executed
in stages according to the following research methodology:
1. Analysis and modelling
The initial stage of design involves the analysis of various fixed-point arithmetic processes and the
evaluation of various quantisation effects that correspond to such operations, including overflow,
underflow, and digital stopping. In this phase of research, a systematic method to determine the
parameters associated with a fixed-point realisation of algorithms is proposed. Taking into
consideration the precision constraint imposed by the system, parameters and other attributes that
are required to implement the EDFA control algorithm in fixed-point are finalised.
2. Simulation
Fixed-point simulation serves as an intermediate step required to validate the design obtained from
the analysis phase. Fixed-point modules were created using MATLAB and utilised in a software
simulation that models the EDFA closed-loop system. The control component of the system was
recreated in fixed-point, while the amplifier component was modelled according to its dynamic
model. This stage of investigation is necessary to observe the feasibility of the fixed-point design
solution and the validity of assumptions made.

5

3. Emulation
EDFA emulation combines the two components of the EDFA amplification system, the amplifier
and the control system, which are implemented on two different platforms. The EDFA control
algorithm, which is run on a hardware platform, is coordinated with the software simulation of the
EDFA to form a closed-loop system.

1.6 Thesis Outline
This thesis consists of seven chapters.
In Chapter 2, the EDFA closed-loop system, that is the reference model utilised throughout the
thesis, is introduced. The essential elements of an EDFA are identified and both the dynamic and
linear model of the EDFA are provided. This chapter also introduces the EDFA control algorithms
and the EDFA Simulink environment that underpin the work presented in this thesis. Typical
parameters for the EDFA and the control components of the closed-loop system are provided.
In Chapter 3, the notation for fixed-point number representation adopted in this thesis is introduced.
Formulations and analyses of various fixed-point operations are provided. The precision criteria for
the primary output of the EDFA control algorithm, the EDFA pump power, are derived in this
chapter. The highlight of chapter 3 is the error analysis of fixed-point arithmetic operations based
on the principle of error propagation. Also, the effect of quantisation on an integrator loop is
investigated.
In Chapter 4, a graphical model and associated formal notation for representing the flow of data in a
computation are introduced. A framework for the floating-point to fixed-point automatic translation
of an algorithm described by a data flow graph is developed. Also, a Java realisation based on the
theoretical findings presented in chapter 3 is described. The development of this Java tool is also
described and the operations supported by this tool are outlined. Issues specific to the development
of a fixed-point design for the EDFA control algorithm are discussed and simulation results
obtained from the EDFA Simulink environment are shown.
In Chapter 5, the pipelining concept considered in the thesis is defined. An outline of previous
works found in the literature which are suitable for use in automatic pipelining is first given.
Various pipelining techniques which can be used to improve system performance are then proposed,
and a Java tool extension supporting these features is then developed. Pipelining issues related to
the fixed-point realisation of EDFA control algorithms are discussed.

6

In Chapter 6, the viability and effectiveness of the techniques proposed in chapter 3, as well as the
performance of the automated tool developed in chapter 4, are demonstrated. This chapter
highlights issues related to the hardware implementation of digital systems in general and EDFA
control algorithms in particular. Emulation results presented in this chapter demonstrate the benefits
of fixed-point design compared to floating-point.
The last chapter, Chapter 7, presents concluding remarks on the work presented in the thesis.

7
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Chapter 2. EDFA Control Algorithms
2.1 Introduction
This chapter presents the relevant modelling and theoretical background for the main developments
in this thesis. The summary given in this chapter is based on the work developed in [4].
The objectives of this chapter are to:
1. Introduce the dynamic model of the Erbium-Doped Fibre Amplifier (EDFA) used
throughout this thesis.
2. Introduce two types of EDFA control algorithms, additive and multiplicative, which using
the theories and tools discussed in Chapter 3 and Chapter 4, will be implemented in Chapter
6.
3. Introduce an EDFA simulation environment developed in MATLAB Simulink.
4. Identify control parameters critical to the controller objectives and system performance.
In the original work [4], the EDFA control algorithms are proposed in continuous time domain.
These will be used as reference models in this thesis, however their implementation is carried out in
discrete time domain.
This chapter is divided into several sections. Section 2.2 introduces the dynamic model of the
EDFA. Section 2.3 summarises the EDFA control algorithm in continuous and discrete time
domain. Section 2.4 provides the values of the parameters used for the work presented in this
thesis. Section 2.5 presents the EDFA development environment that is a key tool in this project.

2.2 Dynamic model of EDFA
At the core of a single state EDFA is a length of optical fibre which has been doped with the rareearth element Erbium. This particular fibre segment is essential for the amplification process. As
shown in Figure 2.1, an EDFA takes two optical inputs which are coupled together prior to
amplification. The first input is a collection of optical signals to be amplified. The second input is
an optical beam produced by an external laser pump. A Wavelength Selective Coupler (WSC) is
used to combine the two into one optical fibre line. The erbium-doped fibre segment essentially
absorbs the energy provided by the external laser pump to amplify the optical signals presented at
its input.

9

Figure 2.1 EDFA optical amplification block

The erbium-doped fibre segment can be characterised by the following nonlinear ordinary
differential equation [4, 48]:
dr
dt

=−

r

τ

(

+ 1− e

Bs r − As

) P ( t ) + (1 − e
in
s

B p r − Ap

)P

in
p

(t )

(2.2.1)

where r is the total number of excited erbium ions, Psin (t ) is the total input signal power at time t ,
Ppin (t ) is the pump power at time t , τ is the mean lifetime of excited erbium ions, and Bs , As , B p ,

Ap are dimensionless constant parameters.
The output signal power Psout ( t ) is given by (2.2.2). The expression for EDFA gain Gs is given by
(2.2.3).

Psout ( t ) = Psin ( t ) e
Gs = e

Bs r − As

Bs r − As

(2.2.2)
(2.2.3)

2.3 EDFA Control Algorithms
In the literature, many algorithms have been proposed for controlling the gain of EDFAs [4, 5, 9,
10]. This thesis focuses on the control algorithm proposed in [4, 11-13]. The control algorithm
varies the intensity of signal produced by the laser pump in order to compensate for changes in the
input signal power. For the remainder of this thesis, the term “EDFA control algorithms” is used to
refer to the algorithms summarised below.

2.3.1

Continuous Time Domain EDFA Control Algorithm

In this section, the continuous time domain EDFA control algorithm is presented.
The EDFA control algorithm is a closed-loop system which consists of two components, a feedforward and a feed-back component. The feed-forward component provides a quick adjustment to
10

the pump power as soon as a fluctuation in total input signal power is detected. The feed-back
component is a proportional integrator (PI) controller which provides correction to the feed-forward
values.

Figure 2.2 Continuous time EDFA control algorithm

The control algorithm, in continuous time domain, is illustrated in Figure 2.2. For consistency, the
same notation presented in [4] is adopted here. The algorithm has two input variables, the total input
signal power Psin ( t ) and the total output signal power Psout ( t ) , that account for the signal power of
all optical channels in the fibre. The algorithm has a single output variable, Ppin ( t ) , the power of the
signal produced by the laser pump. As shown in Figure 2.2, the algorithm consists of three control
blocks. These blocks can be expressed mathematically as follows:
1. Feed-forward block
U ff ( t ) = K ff Psin ( t ) + O ff

(2.3.1)

The feed-forward component U ff ( t ) of the control system is described in (2.3.1). In this equation,
the parameters K ff and O ff are referred to as the feed-forward constant and offset respectively.

2. Feed-back block
t

U fb ( t ) = K p e ( t ) + K i ∫ e (τ ) dτ

(2.3.2)

e ( t ) = Gs 0 Psin ( t ) − Psout ( t )

(2.3.3)

0
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The feed-back component of the control system U fb ( t ) is described in (2.3.2). As mentioned
previously, the EDFA feed-back component is a PI controller, where K p denotes the proportional
constant and K i denotes the integral constant. The proportional error e ( t ) is described in (2.3.3),
where Gs 0 represents the desired EDFA gain and Gs 0 Psin ( t ) represents the desired output signal
power. The proportional error e ( t ) can hence be calculated based on the difference between the
desired output signal power and the actual measured output signal power.
t

Note that

∫ e (τ ) dτ

is the integral of the error signal over time, and that the presence of an

0

integrator in a stable closed-loop system drives the steady-state error to zero.
3. Pump-control block
The function of the pump-control block is to combine the feed-forward and feed-back components,
to produce a pump output in such a way that keeps the gain constant. As defined in [4], two types of
pump-control blocks are considered in this thesis:
Additive Ppin ( t ) = U ff ( t ) + U fb ( t )

(2.3.4)

Multiplicative Ppin ( t ) = U ff ( t ) (1 + U fb ( t ) )

(2.3.5)

Block diagrams for these pump-control types are given in Figure 2.3. In this thesis, both additive
and multiplicative type controllers are considered when implementing EDFA control algorithms in
fixed-point.
A Laplace domain linear model representation of the EDFA closed-loop system is provided in [4,
11, 13].

Figure 2.3 Continuous time pump-control block: a) additive type and b) multiplicative type
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2.3.2

Discrete Time Controller

In this section, the discrete time version of the continuous time EDFA control algorithm is
presented. As proposed in [4], the discrete time controller is derived by sampling the inputs to the
algorithm. The discrete time model can be constructed by replacing the time variable t with nTs ,
where n is a non-negative integer and Ts is the sampling period. The value of sampling period
chosen for this purpose is Ts = 10 µ s .

The sampling rate is given by f s = 1/ Ts , where Ts denotes the sampling period. This rate is chosen
according to control performance requirements (such as system stability, transient timing and
accuracy) and speed limitations of the system used to implement the algorithm. An objective of the
work presented in this thesis is to overcome these limitations which are imposed on the system.
The control algorithm in the discrete time domain is illustrated in Figure 2.4. The two options for
the pump-control block in the discrete time domain are given Figure 2.5.

Figure 2.4 Discrete time EDFA control algorithm

Figure 2.5 Discrete time pump-control block : a) additive type and b) multiplicative type
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The mathematical formulation of the discrete time control algorithm is given in (2.3.6) - (2.3.9).
1. Feed-forward component
U ff ( nT ) = K ff Psin ( nT ) + O ff

(2.3.6)

U fb ( nT ) = K p E p ( nT ) + K i Ei ( nT )

(2.3.7)

E p ( nT ) = Gs 0 Psin ( nT ) − Psout ( nT )

(2.3.8)

Ei ( nT ) = Ei ( ( n − 1) T ) + E p ( nT )

(2.3.9)

2. Feed-back component

3. Error formation

In (2.3.8) and (2.3.9), E p ( nT ) and Ei ( nT ) represent the proportional and integral error
respectively.
4. Pump control block
Additive Pp ( nT ) = U ff ( nT ) + U fb ( nT )

(2.3.10)

Multiplicative Pp ( nT ) = U ff ( nT ) (1 + U fb ( nT ) )

(2.3.11)

2.4 EDFA Typical Parameters
In this section, the values of the EDFA dynamic and control parameters used in this thesis are
provided. These parameters were selected in line with values often used in practice. For example,
the sampling rate used in simulation is 10 µ s . This value was chosen according to the speed
capability of the EDFA hardware.

2.4.1

EDFA Operating Range

The EDFA typical operating range is summarised below:
Assuming a controlled gain, a realistic assumption for the EDFA gain variation is ±5dB. For
example, to achieve a steady state gain of 14dB gain, the actual gain should be allowed to vary
between 9 to 19 dB. In this thesis, a more conservative transient tolerance of ±10 dB is assumed.
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The EDFA input signal power typically varies from -15 dBm to 0 dBm. A more conservative
approach assumes a -20 dBm to 5 dBm range. The EDFA input pump power typically varies from 0
mW to 250 or 350 mW.

2.4.2

EDFA Dynamic Model Parameters

To simulate the dynamic behaviour of the erbium-doped fibre as given by (2.2.1), the following
parameters are used.
As : 7.248
Bs : 6.059317* 10−14
Ap : 12.0998

B p : 4.1864* 10−14

τ : 0.0052 second

2.4.3

EDFA Model Conversion Parameters

The EDFA dynamic model in (2.2.1) is given in photons / sec , thus the input and output optical
power given in mWatts need to be scaled accordingly. This can be achieved by dividing the signal
power in Watts by the photon energy in Joules , as given by (2.4.1).

E = hv = hc / λ

(2.4.1)

In the expression above, h is Planck’s constant ( 6.6260693 × 10 −34 J .s ), c is the speed of light in a

vacuum ( 2.99792458 × 108 m / s ), and λ is the wavelength of the signal. For the simulation, the
signal wavelength is set to 1560 nm and the pump wavelength is set to 980 nm. Using these values,
the following conversion factors are obtained:
Pump conversion: 2.0277* 10−19 Joule
Signal conversion: 1.2754* 10−19 Joule
For example, to obtain a pump power of 200 mW in photons / sec , a unit conversion can be
performed using the pump conversion factor to give 9.8634* 1017 photons / sec .
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2.4.4

EDFA Control Parameters

In this thesis, the control parameters are chosen to achieve an EDFA constant gain of 14 dB. In
order to meet this target gain, the following control parameters are used:
Feed-forward constant K ff : 89.40
Offset parameter O ff : 7.445
For the multiplicative type pump controller:
Proportional constant K p : 0.0150351
Integral constant K i : 264.257
For the additive type pump controller:
Proportional constant K p : 1.922
Integral constant K i : 32500

2.5 EDFA Development Environment
In the development of the EDFA control algorithm, the use of software simulation prior to hardware
implementation is critical for a number of reasons. Firstly, tuning of control parameters is
significantly simplified since the effects of modifying the corresponding simulation parameters can
be easily observed through the simulation display. Secondly, initial development in software also
helps to mitigate the risk of damaging costly EDFA equipment. Thus, despite the possible
discrepancy between the model based software simulation and the actual system, the simulation
environment nonetheless should provide a good approximation to the behaviour of the actual
system.
An EDFA development environment has been created in MATLAB Simulink to simulate the
behaviour of the closed-loop system [4]. As discussed in [4], the model includes four EDFAs
arranged in cascade, where the first two amplifiers in the chain have a similar control structure to
the last two. The first and second amplifiers in the chain are illustrated in Figure 2.6. The control
system for the first stage includes only a feed-forward adjustment, while the second includes both
feed-forward and feed-back adjustments. Due to the similarity of the structure, the third and fourth
amplifiers in the chain are not depicted in the diagram. It should be noted that in Figure 2.6, the
model can be divided into two sections, a continuous time section and a discrete time section. The
continuous time section contains the EDFAs that are modelled according to their dynamic model.
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The discrete time section contains the EDFA control algorithms that are implemented using
floating-point arithmetic.
As observed in Figure 2.6, this development environment includes a variable optical attenuator
(VOA) and a photodiode. A VOA, as the name suggests, adjusts the strength of the optical power.
The photodiode conducts electrical current when exposed to light. The amount of current produced
by the photodiode is dependent on the intensity of the incoming light.

Figure 2.6 Schematic of the EDFA development environment

For the purpose of simulation, the original four-stage EDFA model is modified as a single-stage
model. This system consists of an EDFA and a full control system arranged in a closed-loop, as
illustrated in Figure 2.7. In this diagram, the control parameters previously specified to achieve an
EDFA gain of 14 dB are shown. The closed-loop model takes into consideration the following
conversions:
1. Photodiode conversion from photonic (in mWatts) into electrical measurement (in Volts).
2. Conversion of input and output signal power from analog to digital signals.
3. Conversion of pump power from digital to analog signals.
4. Pump laser conversion from electrical (in Volts) to lightwave measurement (in mWatts).
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The control algorithm has been adjusted accordingly to include various scaling effects as a result of
these conversions. The input conversion blocks depicted in Figure 2.7 take into account the
photodiode and A/D conversions for the inputs to the algorithm Psin ( nT ) and Psout ( nT ) . Similarly,
the output conversion block takes into account the D/A conversion as well as the pump laser
conversion for the output pump power Ppin ( nT ) .

Figure 2.7 A single chain of EDFA closed-loop system
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Chapter 3. Fixed-Point Analysis of EDFA Closed-Loop Systems
3.1 Introduction
This chapter presents the theoretical foundation for the analysis of the numerical processing tasks
required in a fixed-point realisation of the EDFA control algorithms described in Chapter 2. The
focus of the present analysis is on the operations which constitute the various EDFA control
algorithms. The theory proposed here enables the development of an automated framework for
fixed-point design and further allows the determination of the EDFA fixed-point parameters within
the developed framework.
The aims of this chapter are to:
1. Introduce the fixed-point format that underpins the work presented in this thesis.
2. Provide a fixed-point analysis for the fundamental operations contained in the EDFA
control algorithms presented in Chapter 2.
3. Identify the resolution criteria required to implement the EDFA control algorithms in fixedpoint.
The highlight of this chapter is the formulation of the error propagation in fixed-point operations
and hence the determination of the fixed-point design parameters according to user specified
requirements for the range and resolution in the computation. This theory is adopted as the
foundation for the development of the fixed-point design automation tool presented in Chapter 4.
The outline of this chapter is as follows. In Section 3.2, the background information for the chapter
is presented. In Section 3.3, the mathematical notation for fixed-point numbers is introduced. In
Section 3.4, the analysis of various fixed-point operations is presented. In Section 3.5, the study of
error propagation and precision characteristics in fixed-point operations is presented. In Section 3.6,
the approach used to determine the width of operators is discussed. In Section 3.7, the constraint on
the primary output of the EDFA control algorithm is derived.

3.2 Background
Several methods for representing numbers in digital systems have been proposed in the literature
[49-52]. A suitable number representation is usually chosen by system engineers based on the needs
of the application at hand. Two common methods for representing numbers in digital systems are:
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1. Floating-point representation
The IEEE single precision floating-point number is represented with 32 bits. This representation
consists of a sign bit, 8 exponent bits, and 23 mantissa bits to store the fractional part. The exponent
of a single precision floating-point number is an integer, ranging from -126 to 127. This value is
derived by subtracting a biased offset of 127 from the value given in the exponent field. For
example, an exponent word of (1000 0000)2 = (128)10 implies a true exponent value of 128-127=1.
The fractional part includes an implicit most significant bit of 1, whose value is not shown in the
representation. In effect, the floating-point representation is capable of providing 24 bits of
precision. The floating-point representation is depicted in Figure 3.1. The IEEE double-precision
floating-point format is similar, but consists of 64 bits in total.

Figure 3.1 Single precision floating-point representation

2. Fixed-point representation
Unlike floating-point representation, there is no standardised format for fixed-point representation.
Thus, the choice of fixed-point representation format is usually left entirely to the system designer.
In fixed-point representation, the sign and the mantissa information are stored, while the value of
the exponent for each number element in the system is fixed and implied. Scaling is achieved
through arithmetic shifts of the fractional part.
A comparison of floating-point and fixed-point representations is summarised in Table 3.1 [17, 18].
In a digital system, signed binaries can be interpreted in various ways [50,52]. Among them, the
most commonly used are the two’s complement approach and the signed magnitude approach. The
signed magnitude approach assumes a sign bit that is independent from the magnitude, while the
two’s complement approach assumes interdependency between the sign bit and the magnitude.
These techniques differ in their representation of negative numbers and the dynamic range they can
accommodate. Given the number of bits N, the decimal value of a signed magnitude number ranges
from −(2( N −1) − 1) to 2( N −1) − 1 , while a two’s complement number ranges from −2( N −1) to 2( N −1) − 1 .
Thus, with the same word length, a two’s complement format can represent one additional number
compared to a signed magnitude format.
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Floating-point representation

Fixed-point representation

Higher precision and dynamic range

Less numerical range and precision

For a given number of bits, a floating-point system
has the advantage of:

For a given number of bits, a fixed-point system has
the advantages of:

•

Shorter development time due to the
numerous design supports in the form of
pre-defined library modules

Disadvantage:
•

•

Improved system performance (increased
execution speed, lesser memory usage,
reduced hardware cost)

•

Better design flexibility and control over
optimisation

Disadvantages:

Lack of freedom to optimise design
(execution speed depends on the efficiency
of compiler and modules used).

•

Risk of overflow, underflow, and other
finite precision effects

•

Design can be tedious, time consuming
and error prone

Table 3.1 Comparison between floating-point and fixed-point representations

3.3 Fixed-Point Number Representation
This section introduces the format for fixed-point representation adopted in the analysis in
subsequent sections. This format is also used in experimental works presented throughout the thesis.
Section 3.3.1 introduces the notation for the key parameters of a fixed-point number. To simplify
the analysis, this notation assumes the signed-magnitude approach in representing the numbers.
Section 3.3.2 discusses the analytical characteristics of the proposed representation.

3.3.1

Fixed-point Notation

In this section, a summary of the critical parameters for representing a fixed-point number is
provided. The fixed point representation of a real number X consists of several components:
•

The sign bit S X
In set notation, the sign is given by S X ∈ {' 0 ', '1'} . A sign bit value of ‘0’ is used to indicate
a positive number, while ‘1’ is used to indicate a negative number.

•

The fraction bits X 1 … X N

X

Each fraction bit X i is given by X i ∈ {'0 ', '1'} where i ∈ ` + and 1 ≤ i ≤ N X . The fractional
part is also frequently known as the mantissa, and its function is to store the precision bits
of the number. This representation assumes an implicit binary point to the left of the
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mantissa’s most significant bit. Each bit carries a weighted value of 2− i , where i signifies
the position of the bit, with i = 1 denoting the most significant bit. The decimal expansion
of

the

fractional

value

is

calculated

as

a

sum

of

products

X 1 .2 −1 + X 2 .2 −2 + X 3 .2−3 + ... + X N .2− N . The magnitude of the fractional part is always less
X

X

than 1.
•

The scaling factor E X
The scale factor E X is an integer E X ∈ {..., −1, 0,1, 2,...} that is associated with a variable and
is used to scale the fractional values of the fixed-point representation. The decimal value of
the fixed-point representation can be obtained by multiplying the expansion of the mantissa
with a factor of 2 E . This field is implied and is not physically included in the
X

representation. System developers are expected to internally keep track of the change in
scaling factors when designing the system.
•

The word length N X
The word length N X , where N X ∈ {0,1, 2,...} , signifies the number of bits used for
representation. The value of N X does not include any sign information.

Diagrammatically, the fixed-point approximation of real number X as a signed magnitude is
illustrated in Figure 3.2.

SX

X1

X2

…

…

… …

X NX

x 2 EX

.
↑
(implicit binary point, assumed to the left of X 1 )
Figure 3.2 Fixed-point number representation

3.3.2

Fixed-point Mathematical Formulation

In this section, a mathematical formulation of the fixed-point representation is provided along with
an analysis of its error properties.
Mathematically, the signed magnitude representation of a real number X is given by:

⎛N

⎞

X = M X 2E = S X ⎜ ∑ X k 2− k ⎟ 2 E ,
X

X

⎝ k =1
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⎠

X

1
2

≤ MX <1

(3.3.1)

In (3.3.1), X represents the fixed-point approximation of the real number X , S X signifies the

⎛N
⎞
decimal value of the sign bit, and ⎜ ∑ X k 2− k ⎟ is the decimal value of the fractions bits. This
⎝ k =1
⎠
X

mathematical notation assumes that the decimal value of the sign bit S X is 1 for positive numbers
(bit value ‘0’) and -1 for negative numbers (bit value ‘1’). The value of M X can be derived by
multiplying the sign bit and the decimal value of the fraction bits. Given the location of the implicit
binary point and assuming the most significant bit of the fractional part X 1 is ‘1’, it can be shown
that

1
2

≤ M X < 1 . For the rest of this chapter, the fixed-point representation given by (3.3.1) is

referred to as a normalised fixed-point representation. The word length is limited by truncating the
least significant bits of the mantissa. Truncation has been chosen due to easier hardware
implementation. When rounding is used, an extra bit has to be included in fixed-point representation
to ensure correct rounding is carried out.
The signed magnitude representation has a bounded error as shown below:

⎛ ∞
⎝ k =1

⎞
⎠

X = S X ⎜ ∑ X k 2− k ⎟ 2

(3.3.2)

EX

⎛N
⎞
⎛ ∞
−k ⎞ E
∆X = X − X = S X ⎜ ∑ X k 2 ⎟ 2 − S X ⎜ ∑ X k 2− k ⎟ 2 E
⎝ k =1
⎠
⎝ k =1
⎠
X

X

⎛ ∞
⎞
= S X ⎜ ∑ X k 2− k ⎟ 2 E
⎝ k = N +1
⎠

X

(3.3.3)

X

X

⎛

X −X =⎜

∞

∑

⎝ k =N

X

+1

⎞

X k 2− k ⎟ 2

EX

⎠

(3.3.4)

The maximum actual error is given by
X − X < 2− N 2 E
X

∞

since

∑

X

X k 2− k < 2− N .

(3.3.5)
(3.3.6)

X

k = N X +1

Thus, the relative error is given by

X−X
X

and its maximum value can be derived as:
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⎛ ∞
−k ⎞ E
⎜ ∑ Xk 2 ⎟ 2
X−X
k = N +1
⎠
=⎝ ∞
<
X
⎛
−k ⎞ E
⎜∑ Xk 2 ⎟2
⎝ k =1
⎠
X

2− N

X

X

∞

using the assumption

∑X

k

2− k = M X ≥

k =1

1
2

X

∞

∑X

k

2

<
−k

2− N
2

X

−1

= 2− N

X

+1

(3.3.7)

k =1

.

(3.3.8)

Appendix A.1. shows an example of the accuracy achieved using this representation.

3.4 Fixed-Point Operations
This section outlines how arithmetic operations can be achieved with the chosen fixed-point
representation. The impact of these operations on the parameters of the operands is formulated in
the subsections that follow.

3.4.1

Fixed-Point Multiplication

Consider two normalised fixed point numbers, X and Y :

⎛N

⎞

X = M X 2E = S X ⎜ ∑ X k 2− k ⎟ 2 E ,
X

X

⎝ k =1

⎛

X

⎠

⎞

NY

Y = M Y 2 E = SY ⎜ ∑ Yk 2 − k ⎟ 2 E
Y

⎝ k =1

Y

⎠

,

1
2

≤ MX <1

1
2

≤ MY < 1

Let Z be the product of the two numbers in fixed-point.

⎛

NZ

⎞

Z = XY = S Z ⎜ ∑ Z k 2− k ⎟ 2 E

⎝ k =1

Z

⎠

The parameters of Z can be obtained through the following:
•

S Z = S X ⊕ SY , where ⊕ is the XOR logic operation

Recall that sign bit ‘0’ indicates positive while sign bit ‘1’ indicates negative.
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SX

SY

SZ

‘0’

‘0’

‘0’

‘0’

‘1’

‘1’

‘1’

‘0’

‘1’

‘1’

‘1’

‘0’

•

EZ = E X + EY

•

M Z = ∑ Z k 2 − k , where N Z = N X + NY for full precision

NZ

k =1

•

can be determined by performing binary multiplication on the mantissa of the

MZ

operands.
•

M Z = M X M Y , where

1
4

< MZ <1

Diagrammatically, Z in full precision is given by:

SZ

Z1

Z2

...

…

…

…

…

…

…

…

…

…

…

Z N X + NY

x 2 EZ

Figure 3.3 An illustration of full precision fixed-point sum

For multiplication, there is no possibility of overflow as M Z = M X M Y < 1. Thus, no scaling of
operands is necessary prior to multiplication. However, maintaining the product in full precision
requires N X + NY bits and in most situations, the full precision is more than adequate to maintain the
required accuracy. Thus, in order to minimise the word length required, the least significant bits are
truncated and the left most N Z bits are retained.
ZT = TruncN Z {M X M Y }2 E

Z

T

where N ZT < N X + NY . This is illustrated in Figure 3.4.

SZ

Z1

Z2

…

…

… …

Z NZ

T

x 2 EZ

Figure 3.4 An illustration of truncated fixed-point sum

3.4.2

Fixed-Point Division

In this thesis, the EDFA control algorithms to be implemented in fixed-point do not contain any
division operations. This section is nonetheless included for completeness. Some hardware might
include fixed-point division modules that have been designed to optimise the operation for that
particular architecture. Some system designers might also choose to create their own module to
perform this operation [53].
Consider the division of two normalised fixed point numbers X and Y :
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⎛N

⎞

1

X = M X 2E = S X ⎜ ∑ X k 2− k ⎟ 2 E ,
X

X

⎝ k =1

⎛

⎠

⎞

NY

X

Y = M Y 2 E = SY ⎜ ∑ Yk 2 − k ⎟ 2 E
Y

⎝ k =1

Y

⎠

2

≤ MX <1

1

,

2

≤ MY < 1

Let Z be the quotient of the two numbers. For division, it is important to ensure that M X < M Y
so that the magnitude of the quotient is in the required range ( M Z < 1 ). This can be achieved
through adjusting E X and/or EY .
Z =

X
Y

=

MX
MY

2E

X

− EY

⎛

⎞

NZ

= M Z 2 E = S Z ⎜ ∑ Z k 2− k ⎟ 2 E , M Y ≠ 0
Z

⎝ k =1

Z

⎠

It is also important to note that multiplication and division operations involving powers of two are
achievable through arithmetic shifts.

The parameters for Z can be obtained the following way:
•

S Z = S X ⊕ SY , where ⊕ is the XOR logic operation
Recall that sign bit ‘0’ indicates positive while sign bit ‘1’ indicates negative

SX

SY

SZ

‘0’

‘0’

‘0’

‘0’

‘1’

‘1’

‘1’

‘0’

‘1’

‘1’

‘1’

‘0’

•

EZ = E X − EY

•

The fractional part of the quotient can be determined by performing binary division on the
mantissa of the operands.
MZ =

3.4.3

MX
MY

NZ

= ∑ Z k 2− k , N Z for full precision cannot be determined exactly
k =1

Arithmetic Scaling

Arithmetic scaling of a fixed-point number involves two types of shifts:
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•

Logical shift right

•

Logical shift left

Logical shift right
At times, a fixed-point number X needs to be scaled in order to avoid overflow during addition.
Consider a normalised mathematical representation of X :

⎛N

⎞

X = M X 2E = S X ⎜ ∑ X k 2− k ⎟ 2 E ,
X

X

⎝ k =1

X

⎠

1
2

≤ MX <1

Assume a fixed-point number P , a scaled version of X :
P = X 2 E where E ≥ 0

⎛ NP

P = SP ⎜

∑P 2

⎝ k =1

where

−k

k

⎞ EP
⎛ NP
− k ⎞ EX + E
⎟ 2 = S X ⎜ ∑ Pk 2 ⎟ 2
⎠
⎝ k =1
⎠

Pk = 0 for 0 ≤ k ≤ E
Pk = X k − E for k > E

P can be illustrated in Figure 3.5.

X

SX

P

SX

X1

0

X2

…

…

0

X NX −E

X1

X2

…

X NX

x 2 EX

…

X NX −E

x 2 EX + E

E
Figure 3.5 An illustration of fixed-point logical right shift

It can be observed from the illustration above that scaling does not affect the sign bit S X . The
mantissa of the new number is shifted to the right by padding zeros at the location of the most
significant bits. One logical shift to the right corresponds to a division of the mantissa by a factor of
two. The number of zeros to be added depends on the number of shifts, denoted by E . The scaling
factor is increased to 2 E

X

+E

to compensate for logical shifts of the mantissa. For the logical right

shift, precision will be lost unless N P ≥ N X + E .

Logical shift left
This arithmetic scaling involves the shift of the mantissa to the left. This type of scaling is used
when a number of the most significant bits allocated for a particular representation are redundant. In
this case, scaling is necessary to reduce the required bit allocation for representation and subsequent
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operations. In general, it is desirable to reduce the total number of bits used to a minimum, in order
to reduce the total area required in hardware implementation.
Consider a mathematical representation of X :
X = MX 2

⎛N
⎞
= S X ⎜ ∑ X k 2− k ⎟ 2 E , M X < 1
⎝ k =1
⎠
X

EX

X

Assume a fixed-point number P , a scaled version of X :
P = X 2 E where E ≥ 0

⎛ NP
⎛ NX −E
⎞
− k ⎞ EP
P = S P ⎜ ∑ Pk 2 ⎟ 2 = S X ⎜ ∑ Pk 2− k ⎟ 2 E X − E where
⎝ k =1
⎠
⎝ k =1
⎠

Pk = X k + E

The representation of P is illustrated in Figure 3.6.

E

X

SX

X1

P

SX

X E +1

X2

…

…

…

X E +1

…

…

X NX

…

x 2 EX

x 2 EX − E

X NX

Figure 3.6 An illustration of fixed-point logical left shift

It can be observed from Figure 3.6 that the scaling does not affect the sign bit S X whereas the
mantissa is shifted E bits to the left. As a result of this shift, the mantissa loses its most significant
bits. Thus, the designer needs to ensure that no information is lost during the process. Provided the
most significant bit is ‘0’, shifting the mantissa one binary place to the left corresponds to a
multiplication by a factor of two. The scaling factor is reduced to 2 E

X

−E

to compensate for the left

shift of the mantissa. The accuracy of the original number can be maintained since N P = N X − E
and the values of discarded bits are zero at all times.

3.4.4

Fixed-Point Addition/Subtraction

The addition/subtraction of fixed-point signed magnitude representations can be quite complicated
since the process involves several parameters to be examined:
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•

The operation to be performed (addition or subtraction)

•

Sign of both operands

•

The values of the fractional part

A key issue in fixed-point addition/subtraction operations is to ensure that overflow and underflow
do not occur as incorrect answers could result.
Consider the addition/subtraction process of two normalised fixed point numbers X and Y :

⎛N

⎞

X = M X 2E = S X ⎜ ∑ X k 2− k ⎟ 2 E ,
X

X

⎝ k =1

⎛

NY

X

⎠

⎞

Y = M Y 2 E = SY ⎜ ∑ Yk 2 − k ⎟ 2 E
Y

⎝ k =1

Y

⎠

1
2

,

≤ MX <1

1
2

≤ MY < 1

For this analysis, it is assumed that the modulus of X is larger than the modulus of Y , X > Y .
This also implies E X ≥ EY . In the case that Y has the larger modulus, then the roles of X and Y in
this analysis are interchanged.
Let Z be the sum of the two numbers

⎛

NZ

⎞

Z = X + Y = S Z ⎜ ∑ Z k 2− k ⎟ 2 E

⎝ k =1

Z

⎠

For addition and subtraction, there are 4 cases to be considered:
1.

S X = SY = ‘0’ (both numbers are positive)

2.

S X = SY = ‘1’ (both numbers are negative)

3.

S X = ‘0’, SY = ’1’ -> subtraction X - Y , the expected result is positive

4.

S X = ‘1’, SY = ‘0’ -> subtraction Y - X , the expected result is negative

The first two cases involve the addition of the fractional parts, while the last two cases involve the
subtraction of the fractional parts. The sign bit of Z for each case can be deduced as follows:
Case 1, S Z = ‘0’; case 2, S Z = ‘1’; case 3, S Z = ‘0’; case 4, S Z = ‘1’
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The other fixed-point parameters of Z can be obtained as follows:
For case 1 and 2,

⎛

⎞

NZ

Z = X + Y = S Z ⎜ ∑ Z k 2 − k ⎟ 2 E , where

⎝ k =1

Z

⎠

•

EZ = E X + 1

•

M Z = ⎜ ∑ Z k 2− k ⎟ = M X 2 −1 + M Y 2 E

⎛

⎞

NZ

⎝ k =1

Y

− ( E X +1)

⎠

For case 3,

Z = X − Y = X + YC = M Z 2E , where
Z

•

YC is the negative representation of Y in two’s complement

•

EZ = E X

•

M Z = M X + MY

C

For case 4,

ZC = Y − X = Y + X C = M Z 2E , where
Z

•

X C is the negative representation of X in two’s complement

•

EZ = E X

•

M Z = M X + MY

•

Z can be obtained by taking the two’s complement Z C

C

C

The detailed analysis for each of these cases, including examples, is provided in Appendix A.2.

3.5 Error Bound Analysis
This section presents an investigation of error bounds for key operations in EDFA control
algorithms, including addition, subtraction, and multiplication. The overall goal is to determine the
minimum word length for operands given the precision required at the output. The findings of this
analysis contribute to several issues in fixed-point design which will be studied in subsequent
chapters. These include:
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•

An automation technique for fixed-point design based on floating-point reference models.

•

The development of a tool that implements this automated scheme.

The reliability of the proposed method is demonstrated using a simulation model as well as
hardware implementation, also discussed in subsequent chapters of the thesis.

The error bound analysis is derived from the following statements for approximating X as a fixedpoint variable X :

•

Fixed-point variable X is bounded by 2 E , i.e. X < 2 E or X max = 2 E .

•

The actual error in the representation of X , denoted by ∆X , is 2− N 2 E . This can be

X

X

X

X

expressed as ∆X < 2− N 2E or ∆X max = X − X
X

= 2− N 2 E .
X

X

max

X

X

The statements above are only valid when truncation is used. The conditions vary slightly when the
rounding method is used instead.

3.5.1

Error Bound for Fixed-Point Multiplication

Consider real numbers X , Y , and Z , where Z is the product of X and Y .
Z = XY = ( X + ∆X )(Y + ∆Y ) = XY + X ∆Y + Y ∆X + ∆X ∆Y

The error in representing Z in fixed point can be derived as
Z − Z = XY − XY = X ∆Y + Y ∆X + ∆X ∆Y
The maximum absolute error in fixed-point multiplication can be derived as
Z −Z

max

= X ∆Y

max

+ Y ∆X

max

+ ∆X ∆Y

max

= X max ∆Ymax + Ymax ∆X max + ∆X max ∆Ymax
<2 2
EX

(

− NY

2 +2 2
EY

EX

− NX

2 +2

< 2− N + 2− N + 2− N 2− N
X

Y

X

EY

Y

)2

− NX

2 2
EX

− NY

2

EY

E X + EY

Since 2− N 2− N << 2− N + 2− N , this equation can be simplified as
X

Y

∆Z max = Z − Z

X

max

Y

= X max ∆Ymax + Ymax ∆X max

= 2 ∆Ymax + 2 ∆X max
EX

(3.5.1)

EY

Given a required output precision of 2k , where k = − N Z + EZ , it is possible to determine the word
length of multiplicands that will satisfy this precision.

31

For a maximum error at the output of ∆Z max = 2 k , the following can be derived assuming equal
error contributions,

∆Z max
2
2

− N Z + EZ

= 2 E ∆Ymax
X

2 −1 = 2 2
EX

(

log 2 2 − N

Z

+ EZ −1

− NY + EY

) = log ( 2

E X − NY + EY

2

)

− N Z + EZ − 1 = E X + EY − NY
NY = E X + EY − (− N Z + EZ − 1)
Similarly,
∆Z max
2
2

− N Z + EZ

= 2 E ∆X max
Y

2 −1 = 2 2

(

log 2 2 − N

EY

Z

+ EZ −1

− N X + EX

) = log ( 2

EY − N X + E X

2

)

− N Z + EZ − 1 = E X + EY − N X
N X = E X + EY − (− N Z + EZ − 1)
From the derivation, it can be observed that N X = N Y .
In summary, performing fixed-point multiplication can be formulated based on these findings. The

fixed-point parameters of a multiplication operation Z = X * Y can thus be determined in steps as
outlined below.
1. The scaling factor of multiplicands can be determined according to the following rules.

E X = floor log 2 X + 1 , EY = floor log 2 Y + 1

(3.5.2)

Likewise, if the operand is a variable with a dynamic range X ~[min, max], then E X can be
determined with the following rule
E X = floor log 2 ( max X

)

+ 1 where

max X = max( min ( X ) , max ( X ) )

(3.5.3)

2. The scaling factor of Z can be determined by the following rule
EZ = floor log 2 ( max Z

)

+1

where

max Z = max( min ( Z ) , max ( Z ) )

(3.5.4)
3. The dynamic range of the product Z can be determined according to the formulas given below

⎧min( X ) * min(Y ), max( X ) * min(Y ), ⎫
⎬
⎩ min( X ) * max(Y ), max( X ) * max(Y ) ⎭

min( Z ) = min ⎨
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(3.5.5)

⎧ min( X ) * min(Y ), max( X ) * min(Y ), ⎫
⎬
⎩ min( X ) * max(Y ), max( X ) * max(Y ) ⎭

max( Z ) = max ⎨

(3.5.6)

Assuming one of the operands ( X ) is a constant and the other ( Y ) is a variable, the range of
Z can be determined as follows
min( Z ) = X * min(Y )

(3.5.7)

max( Z ) = X * max(Y )

(3.5.8)

4. The word length of Z can be determined according to the precision criteria for the output.
Given a required accuracy of 2k , where k = − N Z + EZ , N Z can be determined by the following
rule
N Z = EZ − k

(3.5.9)

5. The word length of operands X and Y can be determined according to the following rule
N X = NY = E X + E Y −(− N Z + EZ − 1)

(3.5.10)

Similar to the addition/subtraction case, each register requires an extra bit, added to the word
length of each operand to allow for the sign bit.
In Appendix A.3. , an example of the fixed-point multiplication operation and the parameters
achieved with this approach is shown.
For fixed-point multiplication, no shift is required prior to operation as there is no risk of overflow
and underflow. However, in some occasions, a shift might be required on the result when the
operation overestimates the dynamic range of the product.
An example of this scenario is when EZ ≠ E X + EY has resulted from the multiplication. If the
scaling factor used for the multiplication product is EZ = E X + EY − 1 , a logical left shift is to be
performed on the mantissa of the fixed-point number Z . The number of shifts is E X + EY − EZ bits.

3.5.2

Error Bound for Fixed-Point Addition/Subtraction

Consider real numbers X , Y , and Z , where Z is the sum of X and Y . It can be shown that the
error in representing the sum in fixed-point ( ∆Z ) is the sum of the quantization error of the
operands. The error in the addition operation can be derived as follows:
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Z = X +Y
= X + ∆X + Y + ∆ Y = Z + ∆ Z
∆Z = ∆X + ∆Y

(3.5.11)

From (3.3.5), the maximum error in representing Z , ∆Z max , can be derived as follows
∆Z max = Z − Z

max

= ∆X max + ∆Ymax

∆Z < ∆X max + ∆Ymax
∆Z < 2 − N

X

+ EX

+ 2− N

Y

+ EY

Assuming both operands contribute the same amount of error to the sum (equal error distribution)
2− N

X

+ EX

= 2− N

Y

+ EY

(

, it can be derived that

∆Z < 2 2− N

X

+ EX

) = 2 ∆X

Thus, the maximum error of the sum is equal to twice the error of either operand. From this
analysis, it can be concluded that, in order to obtain a precision of 2k , where k = − N X + E X , the
operands must be represented with a minimum precision of 2 k −1 .
In summary, the selection of the word length of variables for fixed-point addition operations can

be formulated based on this analysis. The fixed-point parameters of each operand in an addition
operation Z = X + Y can be determined according to the following steps:
1. The value of scaling factors E X and EY can be determined according to the following rules
E X = floor log 2 X + 1 , EY = floor log 2 Y + 1

(3.5.12)

If the operand is a variable with a dynamic range X ~[min, max], then E X can be determined
with the following rule
E X = floor log 2 ( max X

)

+1

(3.5.13)

where max X = max( min ( X ) , max ( X ) ) .
2. The scaling factor of Z can be determined according to the following rule
EZ = floor log 2 ( max Z

)

+ 1 where

max Z = max( min ( Z ) , max ( Z ) )

(3.5.14)
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3. The dynamic range of the sum Z is determined according to the dynamic range of X andY .

⎧ min( X ) + min(Y ), max( X ) + min(Y ), ⎫
⎬
⎩ min( X ) + max(Y ), max( X ) + max(Y ) ⎭

min( Z ) = min ⎨

⎧ min( X ) + min(Y ), max( X ) + min(Y ), ⎫
⎬
⎩ min( X ) + max(Y ), max( X ) + max(Y ) ⎭

max( Z ) = max ⎨

(3.5.15)

(3.5.16)

In a situation where one of the operands ( X ) is a constant and the other (Y ) a variable, the
range can be determined as follows
min( Z ) = X + min(Y )

(3.5.17)

max( Z ) = X + max(Y )

(3.5.18)

4. The word length of Z can be determined based on the precision criteria for the output. Given a
required accuracy of 2k , where k = − N Z + EZ , N Z can be determined by the following rule
N Z = EZ − k + 1

(3.5.19)

Note that Z requires an extra bit to accommodate the precision carried by the operands that
have a precision of 2 k −1 .
5. The word length of operands X and Y can be determined according to the following rules
N X = N Z − ( EZ − E X )

(3.5.20)

NY = N Z − ( EZ − EY )

(3.5.21)

Every register that stores a fixed-point representation contains an extra bit to allow for the sign
bit.
6. The number of shifts required by both operands prior to addition is given by EZ − E X and
EZ − EY . These values correspond to the number of logical right shifts to be performed on the
operands A and B respectively.
The analysis presented in this section can be applied to both addition and subtraction operations.
Appendix A.4. shows an example of a fixed-point addition whose operand parameters are
determined with this approach.
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3.6 Resolution of Arithmetic Operators
In fixed-point implementation, the number of bits required for each arithmetic operation in the
algorithm varies depending on the data widths of its inputs as well as the resolution constraint at the
output. Arithmetic modules typically assume a uniform width for its operands. For example, a 12bit adder assumes its input and output variables to have 12 bits of data width. For this reason,
arithmetic shifts are required to align the operands for computation. In this section, formulas that
can be used to determine the width of the operators are presented. Only multiplication and
addition/subtraction operations are considered as they are the critical operations in the EDFA
control algorithm.
For a fixed-point operation C = A ρ B , where ρ is an operator unit, the resolution of the operator is
determined according to the rule
bits ( ρ ) = max( N A , N B , N C )

(3.6.1)

where bits ( ρ ) signifies the weight of the operator. This provides sufficient width to execute the
operation without losing the required precision.
This attribute is determined only after N A , N B , and N C are resolved. In order to achieve a uniform
width for computation, input variables whose word lengths are less than bits ( ρ ) are adjusted by
padding the mantissa with zeros.

3.7 EDFA Output Pump Power Resolution
It has been shown that the EDFA gain is controlled by adjusting the power level of the external
laser pump. Implementing this algorithm in fixed-point will introduce errors that can affect the
precision which can be achieved for the derived gain. For this reason, system designers often
specify the acceptable precision criteria for the design. A method to determine the precision criteria
for the output of the EDFA control algorithm is proposed in this section. This study can be used in
conjunction with the error propagation analysis in Section 3.5 to develop a fixed-point design for
EDFA control algorithms satisfying the operating criteria.
The EDFA dynamic model is defined according to equation (2.2.1) reproduced below.
dr
dt
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(

)

(

)

r
B r−A
B r−A
Psin ( t ) + 1 − e
Ppin ( t )
= − + 1− e

τ

s

s

p

p

where Psin (t ) is the total input signal power, Ppin (t ) is the pump power, r is the total number of
excited erbium ions, τ is the mean lifetime of excited erbium ions, and Bs , As , B p , Ap are
dimensionless constant parameters.
In steady state, when the EDFA gain is constant, the rate of change in the inversion level ( dr / dt ) is
equal to zero, as shown in (3.7.1). The inversion level for a steady EDFA gain Gs can be computed
using (3.7.2).

(

(

)

)

r
B r−A
B r−A
Psin (t ) + 1 − e
Ppin (t )
0 = − + 1− e

τ

s

s

Gs = e

p

p

(3.7.1)

Bs r − As

(3.7.2)

Since the parameters Bs , As , B p , Ap and τ are constant, the relationship between the input signal
values Psin0 and Ppin0 which contribute to the steady state gain Gs 0 can be identified. The plots of the
EDFA gain Gs 0 as a function of Ppin0 , when Psin0 is kept constant, are shown in Figure 3.7 and Figure
3.8, in linear and dB scale respectively.
Gain vs Pump power
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Figure 3.7 EDFA gain (linear scale) as a function of pump power when the input signal power is kept
constant
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Gain (dB) vs Pump Power
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Figure 3.8 EDFA gain (dB) as a function of pump power when the input signal power is kept constant

By specifying a gain deviation ∂Gs that is acceptable for the design, the corresponding requirement
on the resolution in the pump power can be found. The word length required to represent the input
pump power can then be determined based on this criteria.
In Figure 3.7 and Figure 3.8, it can be observed that, as the value of Psin0 is increased, the same gain
increment ∂Gs corresponds to an increased value of ∂Ppin . This observation suggests that, to obtain
an EDFA steady state gain in the range of Gs 0 ± ∂Gs , the requirement on pump power
resolution ∂Ppin is relaxed with increasing Psin0 . The number of bits required to represent Ppin0 can be
determined using(3.7.3).

The relationship is such that additional bits are required for the

representation as pump resolution is reduced.

(

⎛ max max ( Ppin0 ) , min ( Ppin0 )
wl ( P ) = floor log 2 ⎜
⎜
∂Ppin
⎝
in
p

) ⎞⎟
⎟
⎠

+1

(3.7.3)

In Figure 3.9 and Figure 3.10, plots of the EDFA gain Gs 0 as a function of Ppin0 when Psin0 =-2dBm
are provided. It can be observed in Figure 3.9 that the slope of the curve ( ∂Gs / ∂Ppin ) is more steep
for lower values of Gs 0 . This suggests that a higher value of ∂Ppin is required in achieving a lower
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target gain Gs 0 satisfying the gain threshold criteria for ∂Gs . In Figure 3.10, it is shown that to
obtain an EDFA gain of 14.1 dB requires 31.7551 mW of pump power, and to obtain a 13.9 dB gain
requires 30.5492 mW of pump power. Thus, in achieving Gs 0 =14 dB and a tolerance of ∂Gs =±0.1
dB, the pump power has to maintain a resolution of 1.2059 mW.
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Figure 3.9 A plot of EDFA gain (dB) as a function of Pp 0 for

in

Psin0 = 0.6295 mW.

Figure 3.10 A plot of EDFA gain (dB) as a function of Pp 0 when

Psin0 = 0.6295 mW
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Chapter 4. Data Flow Diagrams and the Java Tool
4.1 Introduction
In this chapter, a method that can be used to automatically determine the parameters of fixed-point
variables in a digital implementation of the EDFA control algorithms described in Chapter 2 is
proposed. This method is developed based on the fixed-point operations analysis and the error
bound analysis presented in Chapter 3.
The aims of this chapter are to:
1. Identify the objectives to be achieved in implementing the EDFA control algorithm in
fixed-point.
2. Propose a design technique that can be used to generate a fixed-point system which meets
these objectives.
3. Automate the proposed design technique using a Java software tool.
4. Demonstrate the usefulness of the proposed approach and developed tool in satisfying the
design objectives of the EDFA control algorithms.
The automation technique that is proposed in this thesis consists of two parts:
1. Description of the algorithm to be implemented as a data flow diagram which is a directed
acyclic graph [54].
2. Traversal of the data flow graph to determine the fixed-point parameters of all variables in
the algorithm by utilising the results presented in Chapter 3.
A tool that performs graph traversal given a text description of the data flow graph is developed
using Java. This utility serves as a design environment for realising algorithms into fixed-point. A
graph representation of an algorithm is utilised to automate this translation process and determine
the fixed-point parameters of the EDFA control algorithm. In addition, a graph representation aids
in the visualisation of algorithms by providing a complete layout of all operators, operands and
intermediate variables included in the algorithm as well as the interconnections between them. This
representation is frequently known as a data flow graph (DFG). A DFG is defined as a graph that
includes the direction of data flow in its representation and should not contain any cycles.
The Java tool also facilitates the exploration of different pipelining options, which will be discussed
in Chapter 5.
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An overview of the EDFA control scheme is shown in Figure 4.1. The system is arranged in a
closed-loop such that the output of the controller is fed back into the optical component. In this
thesis, the design objective is concerned with the implementation of the controller component in
fixed-point. Thus, the proposed approach for fixed-point design assumes a model that isolates the
controller from the rest of the system. Specifically, this model assumes that:
1. The controller has a single output Ppin and multiple inputs ( Psin and Psout )
2. The control algorithm can be represented by a DFG
3. The resolution required in the output is known. A method for obtaining the required
resolution of the primary output of the EDFA control algorithm is described in Section 3.7.
4. The dynamic error propagation due to the feedback inherent in the complete system is not
modelled.
Figure 4.1 highlights the controller component which is the focus of the system design.

Figure 4.1 EDFA closed-loop system and the frame of reference of the proposed approach

This chapter is organised into several sections. In Section 4.2, the notation used for the DFG
representation is introduced. In Section 4.3, the procedure for DFG traversal that enables fixedpoint design automation is discussed. In Section 4.4, the syntax for text representation of the DFG is
described. In Section 4.5, the approach taken to handle branches in DFGs is discussed. In Section
4.6, the representation of cycles in the EDFA control algorithm is discussed. In Section 4.7, the
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results of simulating the fixed-point design of EDFA control algorithms using the Simulink
development environment are shown. In Section 4.8, possible future works in the area of automated
fixed-point design using a DFG are suggested.

4.2 Data Flow Graph
In this section, the notation used for a graph representation of EDFA control algorithms is
introduced. Where applicable, standard graph theory notation [55, 56] will be used in order to
conform to the existing convention. This standard notation is extended to allow for system specific
terminology. Standard set notation is used throughout this chapter to describe the relationships
among nodes and different classes of nodes in the DFG.
Consider a sample DFG shown below.

Figure 4.2 A sample Data Flow Diagram (DFG)

Standard graph notation
A data flow graph Graph(V , E ) consists of a set of vertices V and a set of edges E. For the graph
above, V = { A, B, C , D, E , F , G , A1, M 1, A2} and E={ (A,A1),(B,A1),(A1,C),(D,M1),(E,M1),…}. The
sequence of vertices in the set of edges E shows the direction of the data flow. The number of
vertices is represented as V (G ) =10 and the number of edges is represented with the
notation E (G ) =9.

Extended notation
For the purpose of achieving the objectives of this chapter, the graph is augmented with specific
attributes.
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For clarity in notation and presentation of the graph traversing algorithm, the operator and operand
nodes are distinguished by the following notation:
•

γ ∈ Operand

•

ρ ∈ Operator

For ρ ∈ Operator, ρ must be a member of one of the following subsets:
•

ρ ∈ AddSub – adder/subtractor operator

•

ρ ∈ Multiplier – multiplier operator

•

ρ ∈ Min – minimum operator

•

ρ ∈ Max – maximum operator

•

ρ ∈ Saturator – saturate operator

If ρ ∈AddSub or ρ ∈Multiplier, then ρ is connected to two input nodes and one output node.
If ρ ∈ Min or ρ ∈ Max or ρ ∈ Saturator , then ρ is connected to one input and one output node.
The purpose of the max/min operators is to obtain the upper/lower bound of a node. This value is
obtained by examining the dynamic range of the node.
For γ ∈ Operand , γ must be a member of one of the following subsets:
•

γ ∈ InputVar – input variables

•

γ ∈ Constant – constants

•

γ ∈ IntermediateVar – intermediate variables

The operands are classified as follows:
•

Input variables are inputs to the system, whose values can change over the course of time
or with different samples.

•

Constants are inputs to the system, whose values stay unchanged.

•

Intermediate variables are other variables that are not inputs to the system. These include
system outputs and other temporary variables that are necessary in obtaining the output.
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The diagram below illustrates the structure of the vertex set V.

Figure 4.3 A hierarchy of the vertex set

An operand node γ is characterised by the following attributes:
•

The dynamic range of γ , range ( γ )
This attribute represents the dynamic range of the operand γ in infinite precision. For γ ∈
InputVar or γ ∈ IntermediateVar, this attribute is characterised by
represents the lower and upper bound value of γ . For γ
characterised by

[value] that

[ min, max ]

that

∈ Constant, range ( γ ) is

corresponds to the numerical value of the constant. The

dynamic range of γ ∈ InputVar and γ ∈ Constant is specified as DFG inputs. The
dynamic range of an intermediate variable can be derived using the conservative range
propagation technique described in equations (3.5.5) - (3.5.8) for fixed-point multiplication,
and similarly (3.5.15) - (3.5.18) for fixed-point addition.
•

The scaling factor of γ , sf ( γ )
sf ( γ ) represents the scaling factor of the operand γ . The scaling factor directly
corresponds to the fixed-point parameter Eγ of γ , which has been defined in Section 3.3.1.
The rules to obtain the scaling factor sf ( γ )  Eγ of the operand γ for a fixed-point
multiplication are described in equation (3.5.2) - (3.5.4). Similarly, equations (3.5.12) (3.5.14) describe the rules to determine the scaling factors of γ for addition operations.

•

The word length of γ , wl ( γ )
The word length of the operand γ in a DFG is represented with wl ( γ ) . This attribute is
directly related to the parameter N γ that characterises the word length for the fixed-point
representation of γ . The value of wl ( γ )  Nγ does not take into account an extra bit that is
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allocated for the sign. The word length wl ( γ )  Nγ of the operand γ can be selected using
the rules described in (3.5.9) - (3.5.10) for fixed-point multiplication operations. Similarly,
the rules given in (3.5.19) - (3.5.21) can be used to select the word length wl ( γ )  N γ of
the operand γ for fixed-point addition operations.
An operator node ρ is characterised by the following attributes:
•

The width of ρ , bits( ρ )
This attribute represents the bit resolution (weight) of the operator. For example, in fixedpoint computation, a 16-bit adder might be required for one operation while a 12-bit one
might be sufficient for another. This attribute defines the minimum bits required to perform
the operation ρ without losing the precision of the result. The formula used to determine
this attribute is given in (3.6.1).

•

The total delay of ρ , t( ρ )
This attribute represents the total delay of the operator ρ

•

The number of partitions in ρ , pipeline( ρ )
This attribute represents the number of partition that the operator ρ is pipelined into.

•

The delay of each partition stage in ρ , ts( ρ )
This attribute represents the delay of each partition stage in ρ .

The attributes t( ρ ),pipeline( ρ ),ts( ρ ) are related to pipelining and will be discussed further in
Chapter 5.
Each operator node ρ is associated with input and output variables, which are described by the
following notation:
•

vo ( ρ ) - an output node that is connected to ρ . The DFG used in this thesis is arranged
such that an operator is connected exclusively to one output.

•

JG

vi ( ρ ) - a vector of input nodes related to ρ . An operator ρ is associated with at least one
input node.
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For example, in Figure 4.2, vo ( A1) = {C} and vi ( A1) = { A, B} .
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For clarity in the sorting procedure, the following notation is used to describe the sequence of
vertices related to any node v ∈ V :
•

precedingAdj(v) – a set containing preceding adjacent vertices

•

subsequentAdj(v) – a set containing subsequent adjacent vertices

For example, in Figure 4.2, precedingAdj(A2) = {C,F} and subsequentAdj(F)={A2}.

Problem formulation
Given a graph G, the objective is to implement a design solution that satisfies the following
constraints:
•

Output resolution constraint rc – the resolution of primary output must not exceed rc

•

Speed constraint fmin – the system execution rate must be greater than or equal to fmin. An
equivalent constraint is that the throughput delay must not exceed Tmax.

The Java utility generates fixed point parameters that satisfy the rc constraint. The pipelining
feature, which is built into the utility will further assist developers to meet a particular application’s
speed constraint fmin.

4.3 Graph Traversal Algorithm
This section presents the principle of operation for the Java tool that allows fixed-point design to be
automated. Namely, the critical parameters of each variable in the algorithm implementation
satisfying the output resolution constraint rc are calculated and produced.
The proposed technique involves traversing the DFG which represents the target algorithm such
that all ρ ∈ Operator and γ ∈ Operand are visited. The fixed-point parameters associated with
each operator and operand, such as sf( γ ) and wl( γ ), are then determined during this traversal. The
process can be explained in steps as follows:
1. Firstly, the nodes of the DFG are sorted according to their arithmetic evaluation order.
2. Once the nodes are sorted, the DFG is traversed in the forward direction. During traversal,
the attributes of the operator output are determined, including range( vo ( ρ ) ) and sf( vo ( ρ ) )
for all ρ ∈ Operator.

(
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( ))

•

range ( vo ( ρ ) ) = f1 range vi

•

sf ( vo ( ρ ) ) = f 2 ( range ( vo ( ρ ) ) )
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where f1 and f 2 are some given functions.
3. The word length of the output is determined based on the output resolution criteria rc.
4. The DFG is traversed in the reverse direction and the word length of operator inputs

JG

wl( vi ( ρ ) ) for all ρ ∈ Operator are determined such that the output resolution criteria rc is
met.

(

JG

)

wl vi ( ρ ) = f 3 ( wl ( vo ( ρ ) ) )
The resolution of ρ is determined such that

(

(
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bits ( ρ ) = f 4 wl ( vo ( ρ ) ) , wl vi ( ρ )

))

where f3 and f 4 are some given functions.
In appendix B.1. , the numerical procedure used to obtain fixed-point parameters given a sample
computation is presented.

An overview of operations supported by the Java tool, including

examples and the Java tool output, is presented in appendix B.2. In the subsections that follow, each
of these steps will be discussed in more detail.

4.3.1

Topological Sort

Evaluating arithmetic expressions as DFGs requires the order of precedence to be maintained to
avoid having incorrect results. The order of evaluation is such that the topmost leaves of the DFG
are examined first and its root examined last. In Figure 4.2, nodes A and B are to be evaluated
before node A1 , and A1 before C .
In developing the Java tool, a sorting algorithm has been utilised to arrange computation nodes
according to their evaluation order. Sorting has been the subject of extensive research in computer
science literature due to its significance. Various sorting techniques have been developed as a result
[54], one of which is termed topological sort. Topological sort involves a linear ordering of all
nodes in a directed acyclic graph (DAG) with precedence constraints. It defines the sequence for
traversing a graph such that a node v ∈ V is visited only after all preceding nodes precedingAdj(v)
have been visited.
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The topological sort algorithm [54] can be summarised as follows:
1. Find a node vk that has no successors, i.e. subsequentAdj(vk) = {} or |subsequentAdj(vk)| = 0
2. Delete this node vk from the graph and all edges connected to this node, i.e. ei ∈ {(vj,vk),
(vm,vk),…}
3. Insert node vk into a queue/list
4. Repeat steps until no nodes remain in the graph
The result of applying this sorting algorithm is a list that defines the order in which the graph should
be traversed. The use of the topological sort algorithm allows the node entries described in the input
text file to be given in any order.

4.3.2

DFG Downward Traversal

Computation nodes are visited according to their topological order, from the leaf nodes to the root.
During graph traversal, fixed point parameters are determined based on the rules developed in
Section 3.5. The following procedures are executed when the graph is traversed downward:
For all γ ∈ InputVar or γ ∈ Constant,
1. Identify range( γ )
2. Determine the scaling factor sf ( γ ) based on range( γ )
For all ρ ∈ Operator,
1. Determine the dynamic range of the operator’s output range ( vo ( ρ ) ) based on the range of

(
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the operator’s input range vi ( ρ )

)

2. Determine the scaling factor of the operator’s output sf ( vo ( ρ ) ) based on their respective
dynamic range range ( vo ( ρ ) )
3. Detect overflow if ρ ∈ Adder
When the graph is traversed downward, different procedures are carried out depending on whether
the node is an operand or an operator. The Java tool assigns the scaling factor for every input
variable and constant based on its given range. For every operator encountered during downward
traversal, the tool estimates the dynamic range and determines the scaling factor associated with the
operator’s output.
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For example, consider the operation C=A+B. Assume operand A has a dynamic range of [10,20]
and B [-15,5]. A graph G that represents this operation will consist of 4 nodes,
V = { A, B, C , Add1 | A, B, C ∈ Operand , Add1 ∈ Operator} . The order of traversal is such that input
nodes are visited before output, i.e. A → B → Add1 → C. The following operations are performed
at each node:
1. Visit A, assign sf(A) = 5
2. Visit B, assign sf(B) = 4
3. Visit Add1, assign range(C)=[-5, 25], assign sf(C) = 5
4. Visit C, assign sf(C) = 5

4.3.3

Determination of Output Word Length

Given a resolution constraint rc for the output variable Z , the output word length can be determined
using (4.2.1)

⎛ max ( max( Z ) , min( Z ) ) ⎞
⎟ +1
rc ( Z )
⎝
⎠

wl ( Z ) = floor log 2 ⎜

(4.2.1)

The number of bits allocated for Z must allow the maximum possible magnitude to be represented.
As a signed magnitude representation is used, the maximum amplitude can be obtained by
comparing the positive and negative extremes.

4.3.4

DFG Upward Traversal

As noted in subsection 4.3.2, the dynamic range and scaling factor of operands are assigned during
downward traversal. When the root of the DFG is reached, the word length of the primary output is
determined using equation(4.2.1). In this section, the procedures that are executed during upward
traversal are described. Nodes in the DFG are visited starting from the root and in reverse order to
the initial direction of traversal. As the DFG is traversed, the word-length of operands and
intermediate variables are assigned by taking into account the constraint rc.
The following procedure is performed as each node is visited:
For all ρ ∈ Operator ,

(
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)

1. Determine wl vi ( ρ ) for all ρ according to
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•

wl ( vo ( ρ ) ) and sf ( vo ( ρ ) )

•

The type of operator

2. Determine bits( ρ ) – bit resolution of the operator. The resolution of the operator is
determined by choosing the maximum word length of all operands connected to it.

(

(

JG

bits ( ρ ) = max wl ( vo ( ρ ) ) , wl vi ( ρ )

))

Some considerations need to be taken into account if the operator ρ has a branched input. This case
is discussed further in Section 4.5.

4.4 Textual Representation of Data Flow Diagram
As mentioned previously, the Java tool requires an input text file containing a description of the
DFG of the system. The syntax used to describe every possible node is described in this section.
Examples of the textual description of some nodes are shown below
operand;inputVar;A;-0.255;1.258;Mul1
operand;constant;B;0.0719;Mul1
operator;multiplier;Mul1;1;mClass1;A;B;E

Each line in the input file corresponds to a node in a data flow graph. Each line entry carries
different information about a node and each field of information is separated by a semicolon. In this
given syntax, the keywords operator, adder, subtractor, multiplier, saturate, minimum, maximum,
operand, constant, inputVar, intermediateVar are used. Field entries given in a < > should be
substituted with their corresponding values. The notation {} is used to denote zero or one
occurrence and signifies that the field is optional, while {}* indicates zero or more occurrences of
the field enclosed.
The syntax for a node entry can be summarised as follows:
For an operator:
•

An adder / subtractor
operator ; adder ; <label> ; <number of pipeline stages> ; {<stage
delay> ;} <class of operator> ; <input1> ; <input2> ;<output node>

operator ; subtractor ; <label> ; <number of pipeline stages> ;{<stage
delay> ;} <class of operator> ; <input1> ; <input2> ;<output node>
where output node=input1-input2

•

A multiplier
operator ; multiplier; <label> ; <number of pipeline stages>;{<stage
delay>;} <class of operator> ; <input1> ; <input2> ; <output node>

51

•

A saturation node
operator ; saturate ; <label> ; <number of pipeline stages> ;{<stage
delay> ;} <class of operator> ; <minimum saturation> ; <maximum
saturation> ; <input node> ; <output node>

•

A minimum operator
operator ; minimum ; <label> ; <number of pipeline stages> ; {<stage
delay> ;} <class of operator> ; <input node> ; <output node>

•

A maximum operator
operator ; maximum ; <label> ; <number of pipeline stages> ; {<stage
delay> ;} <class of operator> ; <input node> ; <output node>

The details of each field entry for operator nodes are provided below:
<label> - refers to the label of the operator. The label consists of only alphanumeric characters and
starts with a letter. Examples of valid labels are A, B1, Node1, Adder 2 . The use of keywords as
node labels should be avoided to minimise confusion.
<number of pipeline stages> - refers to the number of stages an operator is partitioned into. If an
operator is not pipelined, then the <number of pipeline stages> field should be set to 1. The number
of pipeline stages is a positive integer.
<stage delay> - the stage delay is to be specified if the operator is pipelined (i.e. <number of
pipeline stages> ≠ 1). If the operator is not pipelined, then the value of the stage delay is set to the
delay of the operator. Operator delay is intrinsic to the hardware and depends on the bit resolution
and the class of that particular operator.
<class of operator> - refers to different classes of operators that might be used. For example, in
hardware implementation, an N-bit adder can be implemented as a ripple carry adder or a carry
lookahead adder. Both perform the same task and produce the same result, but each has its own
advantages and disadvantages. The decision regarding which class of operator to use is left to the
hardware designers. An entry to this field is valid if the specified class exists in the list of classes of
operators that is maintained by the tool.
<input node> - refers to nodes that are inputs to the operation. These nodes, which are adjacent to
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the operator ρ , can be denoted as vi ( ρ ) . Adders, subtractors and multipliers are connected to two
input nodes and one output node, whereas saturation, minimum and maximum operations are only
connected to one input and one output node. Valid field entry requires these input nodes to exist in
the list of nodes maintained by the tool. The naming of these nodes must follow the rules for
labelling.
52

<output node> - refers to nodes that are outputs of an operation. This can be denoted as vo ( ρ ) ,
where ρ is the operator under inspection.
For an operand:
•

An input variable

operand ; inputVar ; <label> ; <minimum> ; <maximum> ; <neighbour node1>
{ ; other neighbour node2 }*

•

A constant

operand ; constant ; <label> ; <value> ; <neighbour node1> {;<other
neighbour nodes}*

•

An intermediate variable

operand ; intermediateVar ; <label>; <neighbour node1> {;<other neighbour
nodes>}*

The notation {}* used above indicates zero or more occurrences of neighbour nodes. An operand
has to be connected to at least one adjacent node, but it is possible to be connected to more than
one.
The details of each field entry for operand nodes are provided below:
<label> - refers to the label of the operand. Similar to operator nodes, the label should only consist
of alphanumeric characters and start with a letter.
<minimum> - refers to the minimum value an input variable can take. An entry to this field is valid
if the specified string can be parsed into a real number. For example, “21.5” is a valid entry, while
“21..5” and “21G” are not.
<maximum> - refers to the maximum value an input variable can take. An entry to this field is valid
if the specified string can be parsed into a real number.
<value> - refers to the value of a constant. Similar to <minimum> and <maximum>, the entry to
this field is valid only if the specified string can be parsed into a real number.
<neighbour node 1>, <neighbour node 2>, … <neighbour node n> - are the labels of all the
adjacent vertices an operand has. This can be denoted as precedingAdj(v) ∪ subsequentAdj(v)
where v is the operand node under inspection. The labels of these nodes must also comply with the
naming convention.
Examples of valid entries for each node category are given below:
operator;adder;Add1;1;aClass1;C;D;F
operator;subtractor;Sub1;1;aClass2;Pout;PoutD;Ep
operator;multiplier;Mul1;2;36;mClass1;A;B;E
operator;maximum;Max1;1;maxClass1;A;B
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operator;minimum;Min1;1;minClass1;A;B
operator;saturate;Sat1;1;satClass2;80;90;A;B
operand;inputVar;A;-0.255;1.258;Mul1
operand;constant;B;0.0719;Mul1
operand;intermediateVar;J;Mul3;Add2

4.5 Java Tool Support for Branches
For simplicity, the presence of branches in the DFG representation of algorithms has not been
considered in the previous sections. In this section, a discussion on how branches are handled by
the Java tool is discussed.
Using the DFG notation introduced in this thesis, two possible ways a branch can arise are when:
1. An input variable or a constant is connected to more than one operator
2. An intermediate variable is connected to more than two operators.
Examples of branches formed by these two possible arrangements are shown in Figure 4.4 and
Figure 4.5 respectively. In Figure 4.4, it was shown an input variable B is connected to both
operator A1 and A2 . In Figure 4.5, the output of operator A1 , C , is connected to operator M 1
and A2 .

Figure 4.4 A DFG with a branch operand
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Figure 4.5 A branch that originates from an intermediate variable

The occurrence of branching is recognised by the Java tool and is handled by allowing a branched
operand to accommodate the finest precision applicable. Apart from the upward traversal, the graph
evaluation steps as detailed in Section 4.3 still apply for a branched DFG. Topological sort allows
each node to be visited once in the correct evaluation order. Each branch is explored in turn and
operations in each possible path are analysed individually. The presence of a branch does not affect
the range analysis of a DFG. For example, in Figure 4.5, the downward traversal allows
range( F ) to be determined based on range(C ) and range( D ) . Similarly, the procedure for
selecting the output word length is the same regardless of the presence of branches in a DFG.

The upward traversal is modified to accommodate branches such that
For all ρ ∈ Operator ,

(

JG

)

( (
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wl vi ( ρ j ) = max wl vi ( ρ j )

) ) where { ρ } are all operators connected to operand.
j

A uniform word length for a branched operand is selected by examining all the possible paths and
choosing the maximum word length among the values presented during upward traversal. The
maximum bitwidths are accommodated to ensure other operations along the path of computation
carry enough precision. Following word length selection, the weight of each operator is determined
according to the rule given in Section 4.3.4.
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Figure 4.6 A sample DFG with a branch. The fixed-point parameters determined by the Java tool are shown.

Consider a data flow graph shown in Figure 4.6. In this DFG, node E is a branched input as it is
connected to operator A2 and A3 at the same time. During upward traversal, two choices of values
can be presented for N E as a result of examining the two operations separately. The word length of
E chosen should contain sufficient precision for all arithmetic operations that follow.

4.6 Representation of the Integral Sum in the EDFA Control Algorithm
The fixed-point implementation of the summation operation required in the EDFA discrete time
control algorithm presents a number of challenges for the following reasons:
1) The dynamic range of the integrator sum is difficult to determine through analysis
2) The summation of the proportional error in the EDFA control algorithm may introduce a
cycle in its DFG representation. A cycle is present in a graph if a path exists that can be
used to trace a node back to itself.
In this section, the techniques that can be employed to handle the presence of a summation operator
in the EDFA control algorithm are discussed.
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Consider the DFG representation of the feedback part of the EDFA control algorithm shown in
Figure 4.7.

Figure 4.7 DFG of feedback component of the EDFA control algorithm

In order to use the approach proposed in the previous section, the error propagation in the
summation operator Σ needs to be characterised down to its fundamental operation and expressed as
a function of the fixed-point representation of its input and output variables. This alternative
representation is shown in Figure 4.8. Note in this diagram, that the explicit representation
introduces a cycle in the DFG of the EDFA control algorithm. This poses a problem as the presence
of cycles in a graph can prevent the topological sort algorithm utilised in the Java tool from
functioning correctly.

Figure 4.8 Explicit representation of the integrator sum
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The cycle can be removed by extracting the loop outside the controller block. The higher level view
of this configuration is shown in Figure 4.9. However, this representation requires a DFG that has
two outputs, the output pump power Ppin and the integral sum Ei , n . This system also effectively
requires an additional variable, the previous sum Ei , n −1 , to be included as the controller’s input.

Figure 4.9 Higher level abstraction of a control system with multiple outputs

It is clear from Figure 4.9 that the inclusion of the explicit form of the summation requires a DFG
that can handle multiple outputs. This does not represent a major obstacle but is beyond the scope of
the work in this thesis.
A possible approach to handle multiple outputs is to employ the solution for a branched structure.
Consider a DFG with multiple outputs, D and E , depicted in Figure 4.10. When more than one
output exists, the precision required for the two outputs can differ. Thus, two possible word length
selections for B can arise as a result of examining M 1 and A1 . As discussed in Section 4.5, the
word length with the most precision is selected in order to allow for all of the output precision
criteria to be met. The same principle can be used to analyse the EDFA control algorithm with the
explicit form of the summation illustrated in Figure 4.9.
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Figure 4.10 A DFG with multiple outputs

In the work presented in this thesis, the DFG illustrated in Figure 4.11 is used for the feedback
component of the EDFA control algorithm. This representation requires the dynamic range of
Ei , n −1 to be known. The transient values of the integral sum are challenging to estimate as the
integral controller forces the error to converge to zero at steady state. Due to the challenges
involved, the dynamic range of the Ei , n −1 is estimated through the EDFA development environment.
The development environment allows the transient values to be read and consequently the dynamic
range to be obtained.

Figure 4.11 DFG of the feedback component of the EDFA control algorithm used in the work presented
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4.7 Simulation Results
In this section, the results of running the EDFA Simulink model with the parameters obtained from
the Java tool is presented. For these simulations, the EDFA control parameters provided in Section
2.4.4 and conversion constants provided in Section 2.4.3 have been used. For the work presented in
this thesis, the following precision criteria are used for fixed-point implementation:
G =14 dB, ∆G =0.2 dB, G ±

∆G
2

= 14 ± 0.1 dB and ∆Pp =1.2059 mW

The fixed-point parameters of the EDFA control algorithm generated by the Java tool for both
multiplicative and additive types are given in Section 4.7.1. In Section 4.7.2, a comparison of
results between running the algorithm in floating-point and fixed-point is presented.

4.7.1

EDFA Fixed-point Parameters Produced by the Java Tool

The fixed-point parameters of all the variables of the EDFA control algorithm given by the Java
tool is presented in this section. Taking into account the effect of scaling of the D/A conversion, the
required resolution of the discrete output Vdac is 24.57.
A summary of results for the multiplicative algorithm is given in Table 4.1. The variables listed in
this table correspond to the parameters of the EDFA control algorithm as discussed in Section 2.3
and Section 2.5. Variable Vadc and Vadc 2 are sample input data from A/D converters. These variables
correspond to Psin and Psout respectively after scaling, as shown below.
Psin = Vadc * ADconv
Psout = Vadc 2 * ADconv 2
Similarly, Vdac is the output pump power Ppin after scaling and conversion.

Vdac = Ppin * DAconv
Please refer to Figure 2.7 for the schematic diagram of the system. The word length listed in Table
4.1 and Table 4.2 includes the sign bit. The integral constant K i takes into account the system
sampling period of 10 µ s as a result of simulation in discrete time.
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Scaling Factor
sf (γ ) = Eγ

Word Length
wl (γ ) + 1 = Nγ + 1

Dynamic Range[min,max]
range(γ )

Vadc

12

19

[0, 4095]

ADconv

-11

19

4.3956e-4

Gs 0

5

15

25.1186

Psin

1

18

[0,1.8]

K ff

7

17

89.4

Vadc 2

12

17

[0,4095]

ADconv 2

-5

17

0.0164835

Psout

7

16

[0, 67.5]

Psout
,d

6

14

[0, 45.213]

Psin K ff

8

16

[0, 160.92]

O ff

3

11

7.445

Ei , n −1

14

20

[-8192,8192]

Ep

7

15

[-45.21, 67.5]

Kp

-6

14

0.0150

U ff

8

16

[7.445, 168.365]

Ki

-8

19

0.00264257

Ei

14

20

[-8237,8260]

Ep K p

1

13

[-0.68, 1.015]

Ei K i

5

17

[-21.77, 21.83]

C1

1

12

1

U fb

5

17

[-22.45, 22.84]

U fb + C1

5

16

[-21.45, 23.84]

Ppin

12

13

[-3610, 4014]

DAconv

5

13

20.475

Vdac

17

12

[-73934.3, 82186.97]

Operand node
(γ ∈ Operand )

Table 4.1 Fixed-point parameters for EDFA multiplicative control algorithm

Similarly, the parameters for the EDFA additive algorithm are given in Table 4.2.
Operand node
(γ ∈ Operand )

Scaling Factor
sf (γ ) = Eγ

Word Length
wl (γ ) + 1 = Nγ + 1

Dynamic Range[min,max]
range(γ )

Vadc

12

16

[0, 4095]

ADconv

-11

16

4.3956e-4

Gs 0

5

14

25.1186

Psin

1

15

[0, 1.8]
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K ff

7

13

89.4

Vadc 2

12

16

[0, 4095]

ADconv 2

-5

16

0.0164835

Psout

7

15

[0, 67.5]

Psout
,d

6

13

[0, 45.21]

Psin K ff

8

12

[0, 160.92]

O ff

3

7

7.445

Ei , n −1

14

19

[-8192, 8192]

Ep

7

14

[-67.5, 45.2]

Kp

1

13

1.922

U ff

8

12

[7.445, 168.36]

Ki

-1

18

0.325

Ei

14

19

[-8259.5, 8237.2]

Ep K p

8

12

[-129.7, 86.9]

Ei K i

12

16

[-2684.34, 2677.1]

U fb

12

16

[-2814.1, 2763.99]

Ppin

12

15

[-2806.63, 2932.36]

DAconv

5

14

20.475

Vdac

16

12

[-67465.7, 60040]

Table 4.2 Fixed-point parameters for EDFA additive control algorithm

The conservative technique for dynamic range estimation used in this approach tends to
overestimate the range in order to allow for the worst possible case. This can be inefficient as a
smaller number of bits might be sufficient to represent a variable. Despite this shortcoming, the
worst case technique provides a rapid solution for range estimation. Another method, such as the
statistical approach found in [45], can also be considered for future work.

4.7.2

Simulation Plots

In this section, graphs that show the results of applying the fixed-point EDFA control algorithm
using the Simulink environment are provided. The parameters used in this simulation are defined in
Section 4.7.1. The input signal power is shown in Figure 4.12. In this figure, a fluctuation in input
signal power can be observed at at t = 5 ms and t = 10 ms . Figure 4.13 and Figure 4.14 depict the
EDFA gain level and input pump power respectively for the floating-point multiplicative-type
simulation. These simulation results employ the single precision (32 bits) IEEE floating-point
standard. Figure 4.15 and Figure 4.16 depict the same graphs for the fixed-point multiplicative-type
simulation.
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Figure 4.12 Plot of input signal power as a function of time
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Figure 4.13 Plot of EDFA gain as time progresses for the floating-point multiplicative EDFA model
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Figure 4.14 Plot of EDFA input pump power as a function of time for the floating-point multiplicative EDFA
model
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Figure 4.15 Plot of EDFA gain as time progresses for the fixed-point multiplicative EDFA model
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Figure 4.16 Plot of EDFA input pump power as a function of time for the fixed-point multiplicative EDFA
model

In Figure 4.13 and Figure 4.15, it is shown that EDFA steady state gain of 14 dB is achieved. A
glitch observed at t = 5 ms and t = 10 ms is trigerred by a fluctuation in EDFA input signal
power. It can be observed from Figure 4.14 and Figure 4.16 that while transient of EDFA gain is
suppressed, the level of pump power is adjusted at t = 5 ms and t = 10 ms as a result of this
variation.
Similar simulation results for additive-type controllers are observed. Figure 4.17 and Figure 4.18
depict the EDFA gain level and input pump power for the floating-point simulation. Figure 4.19 and
Figure 4.20 depict the same graphs for its equivalent fixed-point system.
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Figure 4.17 Plot of EDFA gain as time progresses for the floating-point additive EDFA model
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Figure 4.18 Plot of EDFA input pump power as a function of time for the floating-point additive EDFA
model
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Figure 4.19 Plot of EDFA gain as time progresses for the fixed-point additive EDFA model
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Figure 4.20 Plot of EDFA input pump power as a function of time for the fixed-point additive EDFA model
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In the graphs presented above, it can be observed that the fixed-point simulations produce a
deviation from the target gain of 14 dB at steady-state. However, in both multiplicative and additive
simulations, the precision requirement of ±0.1 dB has been met as required. These results clearly
show that the fixed-point design of the EDFA control algorithm produced by the Java tool satisfies
the criteria specified for its primary output. This demonstrates that the numerical analysis presented
in Chapter 3 is correct and the proposed design automation technique is feasible.

4.8 Future Direction
In this chapter, it has been shown that an automated framework for realising a fixed-point design
can be developed based on the error analysis presented in Section 3.5. This framework was
constructed in Java, but development in any other high level language is also achievable. The Java
tool provides a quick solution for fixed-point design by calculating the parameters that satisfy the
output precision requirement. This can be used as a starting point in hardware design, making the
process less time consuming and less tedious. Hardware designers might choose to further optimise
the parameters obtained from the Java tool to achieve a system that satisfies a specific design goal.
A significant contribution of this chapter is the approach taken to determine the fixed-point
parameters of algorithms by utilising a DFG, the topological sort algorithm and the graph traversal
method. This approach is applicable to generic DSP algorithms that do not contain loops. It has
been furthermore shown that algorithms with loops can be accommodated by representing the
algorithm at a higher level of abstraction and assuming interdependency between variables.
This work can be extended to include:
1. Automatic generation of VHDL codes that are derived directly from the Java tool. Even though
this extension requires the generic VHDL structure of the algorithm to be defined
independently, the word size of variables can be utilised and imported directly from the tool,
allowing hardwired code to be produced and synthesised in automation.
2. Order of operations can be varied, either manually or automatically, and the design with the
least bit count can be chosen. The Java tool can be equipped with an additional feature to
recognise the structure of various operations and construct the equivalent formation
automatically.

In

Figure

4.21,

the

operation

Y = A * ( B + C ) can

intoY = AB + AC as both will give the same arithmetic result.
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be

expanded

Figure 4.21 An example of DFG transformation
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Chapter 5. Pipelining
5.1 Introduction
In the previous chapter, an automated fixed-point design tool that utilises a DFG representation and
a graph traversal algorithm was presented. This tool was shown to produce a design which satisfies
the precision criteria that is specified for the algorithm primary output. In this chapter, this utility is
extended with a design capability to satisfy the speed criteria of the system. This involves
incorporating the pipelining attributes of the fixed-point realisation in the Java tool and
characterising the pipeline boundaries in the DFG representation.
The objectives of integrating pipelining features into the tool are to:
1. Improve the throughput rate of the system at the hardware level.
2. Reduce design time associated with system partitioning through automation.
3. Explore parallelism in FPGAs as an implementation platform.
The aims of this chapter are to:
1. Propose alternative techniques for pipelining a DFG that can be used to meet specific
timing design objectives.
2. Automate these pipelining options as a Java tool extension to allow users to examine the
viability of a pipeline configuration in satisfying the speed criteria of the system.
This chapter is divided into several sections. Section 5.2 introduces the topic of pipelining. Section
5.3 discusses the pipelining terminology used in this thesis. Section 5.4 provides an overview of the
partitioning algorithm utilised for the pipelining feature. Section 5.5 explores several partitioning
alternatives applicable in digital systems implementation. In Section 5.6, some examples
demonstrating the Java tool support for these partitioning alternatives are provided. In Section 5.7,
pipelining support for a branched DFG is discussed. In Section 5.8, issues that need to be
considered for partitioning a summation operator are considered. Finally, some conclusions are
drawn in Section 5.9.

5.2 Background
Pipelining is a form of parallel execution, often utilised by hardware designers to increase the
system throughput rate. Pipelining involves dividing the algorithm into stages, where each stage
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takes one clock cycle to execute. At every active clock edge, the following actions are executed
synchronously:
1. Sample data is fed into the pipeline
2. Results from one pipeline stage are transferred as inputs to the next pipeline stage
3. Output data is produced at the end of the pipeline
Thus, with pipelining, a subtask can be started without having to wait for the previous subtask to
finish. Data is synchronized by storing the intermediate results of each pipeline stage into registers.
This is to ensure that data is available to be read by the next pipeline stage when the next active
clock edge is reached.
The concept of pipelining is illustrated in Figure 5.1. In this figure, the system has been divided into
three pipeline stages, where each pipeline stage takes one clock period to perform. At every clock
cycle, data in one stage of pipelining is shifted to the next stage of pipelining and new data is
inserted at the start of the pipe. In this example, it takes three clock cycles for the first output
sample to appear at the end of the pipeline. However, after this initial delay, the system can provide
a continuous output at every clock cycle. A trade off between the throughput rate and initial delay
exists in a pipelined system. Increasing the level of pipelining can increase the system throughput
rate, but will necessarily add to the total input to output delay.

Pipeline
stage 1

Pipeline
stage 2

T

2T

3T

4T

5T

Sample data 1

Sample data 2

Sample data 3

Sample data 4

Sample data 5

Sample data 1

Sample data 2

Sample data 3

Sample data 4

Sample data 1

Sample data 2

Sample data 3

Pipeline
stage 3

There is a delay of 3T until the
first output is seen at the end of
the pipeline

After an initial delay of 3T,
outputs are continuously
produced every clock cycle

Figure 5.1 A pipeline illustration

5.3 Pipelining Terminology
Pipelining is typically characterised by several parameters, such as the number of pipeline stages,
clock period, and latency. These parameters determine the throughput rate, the execution rate of the
system as well as the number of storage elements required for implementation.
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Digital systems are comprised of interconnections of combinational logics. A pipelined system is
created by dividing this logic into stages, where each stage contains smaller and simpler
combinational logics. Registers are placed in between pipelined components to serve as temporary
storage. A pipelined system is illustrated in Figure 5.2.
Throughout this chapter, the following pipelining terminology is used and described as follows.
Stage delay Td - the time taken for a pipeline stage to complete its execution. Computation time for

each pipeline stage may differ depending on the complexity of the logic it contains.
Latency/total delay L - the number of clock cycles taken to compute output values. This

parameter is shown in the pipelining illustration provided in Figure 5.2. The latency of a pipeline is
formulated in (5.3.1).
L =< number of pipeline stage > * Tc

(5.3.1)

where Tc is the clock period of the system.

Figure 5.2 A sample three-stage pipeline system

Clock period Tc – In digital system design, designers have the freedom to choose the clock period
for the system. The clock period should be assigned such that its value is larger than the stage delay
of every pipelined component. This is necessary in order to provide all stages with sufficient time to
process the data. In this thesis, the minimum possible value of Tc is selected according to (5.3.2).
TC = max(Td 1 , Td 2 ,...TdN )

(5.3.2)

where N is the number of pipeline stages.
In Figure 5.2, the minimum clock period can be computed from the maximum Td among the three
stages. For a pipelined architecture, the clock period also determines the sampling rate and
throughput rate of the system.
Operator stage delay Tdo - the time taken to complete the execution of a pipelined component that

exists in an operator.
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Throughput rate f c – the rate at which outputs are produced in a pipeline. The throughput rate is

directly related to the clock period by f c = 1/ Tc .
Sampling rate f s - the rate at which input data and output data is sampled in the system. The

sampling period Ts can be obtained from Ts = 1/ f s . The clock and the sampling rate do not
necessarily have the same values. The EDFA control algorithm is implemented on hardware such
that f c >> f s . This is discussed further in Section 6.4.1.
Registers- storage elements used to temporarily keep intermediate results until the next active clock

edge is reached. The purpose of registers is to synchronise data in each stage of the pipeline in order
to avoid a race condition.

5.4 Previous Work on Pipelining
In this thesis, the pipelining algorithm previously proposed by Bakshi [38] is utilised. This
algorithm is designed for partitioning a DFG into a minimum number of stages given a latency
constraint. This section summarises this pipelining algorithm which is used as the foundation for the
pipelining work presented in this chapter.
The proposed algorithm can be summarised in steps as follows:
1. Traverse the DFG downward
2. Accumulate operator delay as the DFG is traversed
3. Designate a cut when a performance constraint can no longer be satisfied
4. Repeat steps 1-3 in reverse direction
5. The pipeline configuration with fewer cuts is selected.

A cut refers to the intersection between an edge of the graph and the pipe stage partition. In
hardware implementation, a cut corresponds to a register. Thus, lesser cut counts suggest that fewer
hardware components are required in the system.
Proof that this pipelining algorithm yields a minimum number of pipe stages is presented in [38].
A simple DFG is shown in Figure 5.3, the delay of operators A1 , M 1 , and A2 are 12 µ s , 40 µ s ,
and 16 µ s respectively. Factors that determine the length of operator delay include the bit
resolution and the internal architecture of the operator.
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Figure 5.3 A sample DFG to be partitioned

In the sample computation shown in Figure 5.3, the maximum delay is 40 µ s . Ideally, the value of
Tc should be chosen such that Tc ≥ Td ,max to avoid further partitioning of any operator. In Figure 5.3,
Tc is chosen to be 40 µ s , and the DFG is to be partitioned such that the delay in each pipeline stage
does not exceed this value. The result of partitioning this DFG using Bakshi’s algorithm is shown in
Figure 5.4.

Figure 5.4 Illustration of the results of the partitioning algorithm
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Pipelining configurations as a result of traversing the DFG in downward and upward directions
using Bakshi’s approach are shown in Figure 5.4. In both arrangements, operators M 1 and
A2 cannot belong to the same partition as their total delay exceeds Tc = 40 µ s . It can be observed
from this diagram that a downward traversal yields 2 cuts, while an upward traversal yields 3 cuts.
The configuration given by an upward graph traversal is used as fewer registers are required. Apart
from these, five additional registers are required to store input and output variables.

5.5 Pipelining Options
In this section, several pipelining options are considered, allowing for possible design objectives
and speed constraints to be applied to the system. Each of these options will be demonstrated as
examples and discussed in the subsections that follow.
For each pipelining alternative, the following conditions are assumed:
1. All pipelining options are synchronous and the computation of all pipeline stages is
triggered at every active clock edge.
2. All pipeline stages in a system are regulated by a common clock line
3. All operators in a DFG can be pipelined into smaller partitions assuming each segment
takes equally long as any other to perform a computation. Explicitly, it is assumed that the
operator stage delay Tdo can be obtained using the following rule
Tdo =< total operator delay > /< no. of operator partition >

(5.5.1)

This assumption might not be valid in the actual hardware implementation as one pipeline
component may contain more complex combinational logics than the others. Therefore, a
situation where Tdo ≥ < operator delay > / < no. of operator partition > might apply.

5.5.1

Standard Pipelining

The purpose of this pipelining alternative is to partition a data flow graph into a minimum number
of pipeline stages given that all unit operators are allowed to be pipelined internally. The pipelining
properties for the operators are specified by the user. A pipelined operator is characterised by the
number of stages the operator is partitioned into and its stage delay Tdo .
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Figure 5.5 A sample DFG with pipelined operators

A sample DFG with pipelined operators is shown in Figure 5.5. In this graph, operator A1 is
pipelined into three stages, operator M 1 into two stages, and operator A2 configured with one
stage of pipelining. Assuming the stage delay for operators A1 , M 1 , and A2 are 5 µ s , 20 µ s and
16 µ s respectively, the total delay for each of these operators can be computed to be 15 µ s , 40 µ s
and 16 µ s respectively using equation (5.5.1).
In this pipelining option, Tc is chosen based on the maximum stage delay that exists in the graph.
The pipelining algorithm is run on this DFG given Tc = 20 µ s as criteria. Partitioning as a result of
traversing the graph in downward and upward directions is shown in Figure 5.6. In this graph,
downward traversal yields three cuts, while upward traversal yields four cuts. As traversal in both
directions divides the graph into four partitions, the pipelining formation that uses fewer registers
will be chosen.

77

Figure 5.6 Results of executing a standard pipelining option

5.5.2

Achieving Optimum Throughput Rate

This second pipelining alternative is achieved by making an assumption that all operators are not
pipelined, assigning the minimum operator delay as the clock period, and partitioning all the other
operators according to this constraint.
This approach ensures that the pipeline delay is set to the minimum value possible without having
to partition all of the operators. This method of partitioning has the potential to achieve an
improvement in throughput rate without increasing system delay unnecessarily.

5.5.3

User Specified Clock Requirement

The third pipelining option allows users the freedom to specify the clock period of the system and
observe the pipelining configuration that results from it. This option provides users with a quick
pipelining solution which satisfies a given clock requirement.
Assuming operators are allowed to be pipelined internally, it is sometimes necessary to redesign the
internal configuration of some operators such that they satisfy the required clock rate. An instance
of such a case is when Tdo > Tc .
This option is useful for exploring various partitioning configurations that can result by providing
different clock rate specifications. The simulation also provides an estimate of the register count
required to implement a particular pipelining arrangement, and therefore, is effective in providing a
quick comparison of hardware resource utilisation.
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5.6 Java Tool Support for Pipelining
The Java tool supports all pipelining options discussed in the previous section. In this section,
various pipelining options as discussed in Section 5.5 are demonstrated as examples. Section 5.6.1
provides an example related to the standard pipelining option, where it is assumed that all operators
cannot be pipelined internally. Section 5.6.2 provides a similar example with operators that allow
internal partitioning. Section 5.6.3 provides an example of pipelining performed to achieve an
optimum throughput rate. Section 5.6.4 provides an example of pipelining with an objective to meet
a clock requirement. A summary of the output generated by the Java tool is included for each
example discussed.
The pipelining feature integrated in the Java tool utilises the DFG representation of algorithms. For
every pipelining option supported, the following actions are to be performed on the DFG:
1. The given data flow graph shall be partitioned into various parts pi in which each part pi
represents one stage of pipelining.
2. Registers are to be inserted at appropriate edges on the graph that indicate cuts. These cuts
separate a graph into different partitions.
3. The number of pipeline stages |P(Graph)| required for the system should be minimised.
4. The number of registers required for pipelining should be minimised.

5.6.1

An Example of the Standard Pipelining Assuming Non-Pipelined Operators

In this section, an example of a standard pipelining option is presented, with an assumption that
operators are not allowed to be pipelined into smaller partitions. Consider a sample DFG depicted in
Figure 5.7. This DFG describes a mathematical function K = ( H * I ) + [( A * B ) * ( C + D )] . The
value/ dynamic range of the input variables are listed below.

A [−0.255,1.258] , B = 0.0719 ,

C [−15.7, 2.1] ,

D = −126.715 ,

H [−1.2, 2.5] ,

I [−2.5,8.1] .
The required output resolution is 1.0. Operator Mul1 has a delay of 72 µ s , Mul 2 62 µ s , Mul 3
72 µ s , Add1 35 µ s , and Add 2 35 µ s . In this example, the maximum stage delay is 72 µ s .
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Figure 5.7 DFG-based pipelining

The node summary provided by the tool is given below. The pipelining properties of this graph are
also summarised below.
****************************************************
There are 16 vertices in the graph.
The required resolution is 1.0
The clock period (max stage delay) is : 72.0
Traversal in downward direction divides graph into 3 pipeline stages.
Total number of registers to be inserted (downward direction) : 12
Traversal in upward direction divides graph into 3 pipeline stages.
Total number of registers to be inserted (upward direction) : 13
Please use pipelining configuration in downward direction as it requires fewer registers
----------- Index [0] ----------Label : A
Visited flag : false
Is an input variable
SF expression: Ea
WL expression: Na=(Ne=(Ng=(Nk)-1+1)+1)
SF : 1
WL : 7
Register count (dwn): 1
Register count (up) : 1
Min : -0.255
Max : 1.258
Neighbour node(s) : Mul1
----------- Index [1] ----------Label : B
Visited flag : false
Is a constant
SF expression: Eb
WL expression: Nb=(Ne=(Ng=(Nk)-1+1)+1)
SF : -3
WL : 7
Register count (dwn): 1
Register count (up) : 1
Value : 0.0719
Neighbour node(s) : Mul1
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----------- Index [2] ----------Label : Mul1
Visited flag : false
Is an operator
Type : multiplier
multiplier bits : 7
Number of pipeline stages : 1
Total operator delay : 72.0
Stage delay : 72.0
Partition number range (downward): 1 to 1
Partition number range (upward) : 3 to 3
Neighbour node(s) : A B E
----------- Index [3] ----------Label : C
Visited flag : false
Is an input variable
SF expression: Ec
WL expression: Nc=(Nf=(Ng=(Nk)-1+1))-4
SF : 4
WL : 2
Register count (dwn): 1
Register count (up) : 1
Min : -15.7
Max : 2.1
Neighbour node(s) : Add1
----------- Index [4] ----------Label : D
Visited flag : false
Is a constant
SF expression: Ed
WL expression: Nd=(Nf=(Ng=(Nk)-1+1))-1
SF : 7
WL : 5
Register count (dwn): 1
Register count (up) : 1
Value : -126.715
Neighbour node(s) : Add1
----------- Index [5] ----------Label : Add1
Visited flag : false
Is an operator
Type : adder
adder bits : 6
Node C needs to be shifted right by 4 prior to operation
Node D needs to be shifted right by 1 prior to operation
Node F needs to be shifted left by 0 after addition
Number of pipeline stages : 1
Total operator delay : 35.0
Stage delay : 35.0
Partition number range (downward): 1 to 1
Partition number range (upward) : 3 to 3
Neighbour node(s) : C D F
----------- Index [6] ----------Label : F
Visited flag : false
Is an intermediate variable
SF expression: Ef=(Ed)+1
WL expression: Nf=(Ng=(Nk)-1+1)
SF : 8
WL : 6
Register count (dwn): 1
Register count (up) : 1
Min : -142.415
Max : -124.61500000000001
Neighbour node(s) : Add1 Mul2
----------- Index [7] ----------Label : Mul2
Visited flag : false
Is an operator
Type : multiplier
multiplier bits : 6
Number of pipeline stages : 1
Total operator delay : 62.0
Stage delay : 62.0
Partition number range (downward): 2 to 2
Partition number range (upward) : 2 to 2
Neighbour node(s) : E F G
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----------- Index [8] ----------Label : G
Visited flag : false
Is an intermediate variable
SF expression: Eg=(Ee=(Ea)+(Eb)-1)+(Ef=(Ed)+1)-1
WL expression: Ng=(Nk)-1
SF : 4
WL : 5
Register count (dwn): 1
Register count (up) : 1
Min : -12.881465233
Max : 2.6111078174999998
Neighbour node(s) : Mul2 Add2
----------- Index [9] ----------Label : H
Visited flag : false
Is an input variable
SF expression: Eh
WL expression: Nh=(Nj=(Nk)+1)
SF : 2
WL : 7
Register count (dwn): 1
Register count (up) : 2
Min : -1.2
Max : 2.5
Neighbour node(s) : Mul3
----------- Index [10] ----------Label : I
Visited flag : false
Is an input variable
SF expression: Ei
WL expression: Ni=(Nj=(Nk)+1)
SF : 4
WL : 7
Register count (dwn): 1
Register count (up) : 2
Min : -2.5
Max : 8.1
Neighbour node(s) : Mul3
----------- Index [11] ----------Label : J
Visited flag : false
Is an intermediate variable
SF expression: Ej=(Eh)+(Ei)-1
WL expression: Nj=(Nk)
SF : 5
WL : 6
Register count (dwn): 2
Register count (up) : 1
Min : -9.719999999999999
Max : 20.25
Neighbour node(s) : Mul3 Add2
----------- Index [12] ----------Label : Add2
Visited flag : false
Is an operator
Type : adder
adder bits : 6
Node J needs to be shifted right by 0 prior to operation
Node G needs to be shifted right by 1 prior to operation
Node K needs to be shifted left by 0 after addition
Number of pipeline stages : 1
Total operator delay : 35.0
Stage delay : 35.0
Partition number range (downward): 3 to 3
Partition number range (upward) : 1 to 1
Neighbour node(s) : J G K
----------- Index [13] ----------Label : K
Visited flag : false
Is an intermediate variable
SF expression: Ek=(Ej=(Eh)+(Ei)-1)
WL expression: Nk
SF : 5
WL : 6
Register count (dwn): 1
Register count (up) : 1
Min : -22.601465233
Max : 22.8611078175
Neighbour node(s) : Add2
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----------- Index [14] ----------Label : Mul3
Visited flag : false
Is an operator
Type : multiplier
multiplier bits : 7
Number of pipeline stages : 1
Total operator delay : 72.0
Stage delay : 72.0
Partition number range (downward): 1 to 1
Partition number range (upward) : 2 to 2
Neighbour node(s) : H I J
----------- Index [15] ----------Label : E
Visited flag : false
Is an intermediate variable
SF expression: Ee=(Ea)+(Eb)-1
WL expression: Ne=(Ng=(Nk)-1+1)
SF : -3
WL : 6
Register count (dwn): 1
Register count (up) : 1
Min : -0.0183345
Max : 0.09045020000000001
Neighbour node(s) : Mul1 Mul2
****************************************************

As discussed in Section 5.4, partitioning is performed in two directions, upward and downward. In
both cases, the pipelining configuration that results and the total number of registers required are
provided by the tool.
The partitioning information given by the tool can be interpreted in the following manner. Each
operator includes information on the partition number it belongs to in both directions of traversal.
The partition number is denoted as a range A to B , where A = B indicates that the operator is not
pipelined and B > A indicates that the operator is partitioned into B − A + 1 stages.
The operands in the node summary shown above carry information related to the placement of
registers. For example, the node summary for the intermediate variable J can be interpreted as
follows:
For downward traversal, two registers are to be inserted on the edge that connects the
operators Mul 3 and Add 2 . For upward traversal, only one register needs to be inserted
between the two operators.
Label : J
Visited flag : false
Is an intermediate variable
SF expression: Ej=(Eh)+(Ei)-1
WL expression: Nj=(Nk)
SF : 5
WL : 6
Register count (dwn): 2
Register count (up) : 1
Min : -9.719999999999999
Max : 20.25
Neighbour node(s) : Mul3 Add2

In addition to registers that represent cuts, those required for synchronising inputs and storing
outputs are also considered. Thus, an input variable, a constant, or an output variable will
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incorporate at least one register for synchronisation. For example, the summary for node I can be
interpreted as follows:
For downward traversal, one register is to be inserted at node I in order to synchronise
input data. For upward traversal, two registers are to be inserted; one for synchronisation,
the other to represent a cut in that location.
Label : I
Visited flag : false
Is an input variable
SF expression: Ei
WL expression: Ni=(Nj=(Nk)+1)
SF : 4
WL : 7
Register count (dwn): 1
Register count (up) : 2
Min : -2.5
Max : 8.1
Neighbour node(s) : Mul3

The Java utility also provides the total number of registers required for partitioning in both
directions and suggests which configuration to use based on this information. The traversal in the
direction that yields fewer pipeline stages should be used. If both yield the same number of stages,
the one that gives fewer cuts shall be chosen. The pipelining configurations provided by the tool for
downward and upward traversal are shown in Figure 5.8 and Figure 5.9 respectively. Both
alternatives divide the graph into three partitions, however the configuration that results from
downward traversal uses less registers than the other alternative. Thus, the downward partitioning is
used.

Figure 5.8 Downward partitioning of a DFG. Total register count is 5 (cuts at node C , F , G , and J ) + 7 (I/O
- A, B ,C , D, H , I , and K ) = 12
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Figure 5.9 Upward partitioning of a DFG. Total register count is 6 (cuts at node E , F , H , I , G , and J ) + 7
(I/O - A, B ,C , D , H , I , and K ) = 13

5.6.2

An Example of Standard Pipelining Assuming Pipelined Operators

In this section, an example of a standard pipelining option is presented, assuming operators can be
pipelined into smaller partitions.
Consider the DFG depicted in Figure 5.10, with operators Mul1 and Mul 2 internally partitioned
into two. Assume that Mul1 has a stage delay of 36 µ s and Mul 2 a stage delay of 31 µ s .
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Figure 5.10 A sample DFG with pipelined operators

The pipelining summary provides information as shown below. The register count given in this
summary does not include the ones required to pipeline an operator internally. However, as the
number of registers internal to operators is fixed, it will not affect the comparison of register count.
****************************************************
There are 16 vertices in the graph.
The required resolution is 1.0
The clock period (max stage delay) is : 72.0
Traversal in downward direction divides graph into 3 pipeline stages.
Total number of registers to be inserted (downward direction) : 10
Traversal in upward direction divides graph into 3 pipeline stages.
Total number of registers to be inserted (upward direction) : 12
Please use pipelining configuration in downward direction as it requires fewer registers

The result of partitioning in both directions produced by the tool can be observed in Figure 5.11.
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Figure 5.11 An example of the standard partitioning algorithm assuming pipelined operators

5.6.3

An Example of Pipelining Option to Achieve the Optimum Throughput Rate

In this section, a pipelining option that is performed to achieve optimum throughput rate is
demonstrated as an example. Consider partitioning the DFG depicted in Figure 5.10. This option
assumes all operators are not pipelined internally, even though some may have been specified
otherwise. A minimum operator delay of 35 µ s is obtained by visiting all operators in the graph.
This value is assigned as the clock period of the system.
After the clock period is determined, operators with delay greater than 35 µ s are partitioned to
satisfy this clock requirement. For example, operator M 1 which has a total delay of 72 µ s is
divided into three stages. Assuming the operator can be pipelined equally, each stage has a delay of
24 µ s , which satisfies the clock requirement.
The pipelining summary for running this option is provided below.
Minimum operator delay is 35.0
Clock period is : 35.0
****************************************************
There are 16 vertices in the graph.
The required resolution is 1.0
The clock period (max stage delay) is : 35.0
Traversal in downward direction divides graph into 6 pipeline stages.
Total number of registers to be inserted (downward direction) : 15
Traversal in upward direction divides graph into 6 pipeline stages.
Total number of registers to be inserted (upward direction) : 19
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Compared to the standard pipelining alternative, this option generates more pipeline stages and uses
more registers. However, comparing the total delay between the two, this option introduces a delay
of 6 * 35 µ s = 210 µ s , while the standard option presents a delay of 3 * 72 µ s = 216 µ s . Thus,
this option reduces the total delay of the pipelined system but at the cost of an increase in the
number of storage elements.
The diagrams in Figure 5.12 illustrate the partitioning that results from this option. As observed
from these diagrams, partitioning in downward and upward directions yields six pipeline stages.

Figure 5.12 An example of the pipelining option to achieve the optimum throughput rate

5.6.4

A Pipelining Example Based on Specified Clock Criteria

In this section, an example of a pipelining option that allows clock criteria to be specified is
provided. With this option, users are allowed to select an operator delay within a DFG as the clock
period. This option is demonstrated below for the DFG depicted in Figure 5.10.
0.
1.
2.
3.
4.
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Label
Mul1
Add1
Mul2
Mul3
Add2

Stages
2
1
2
1
1

Stage delay
36.0
35.0
31.0
72.0
35.0

Total delay
72.0
35.0
62.0
72.0
35.0

List of operators: sorted according to their stage delays
Label
Stages
Stage delay
Total delay
0. Mul2
2
31.0
62.0
1. Add1
1
35.0
35.0
2. Add2
1
35.0
35.0
3. Mul1
2
36.0
72.0
4. Mul3
1
72.0
72.0
From the list above, choose the stage delay you want to use as clock period :0
Choice 0 -> clock period : 31.0
Specified clock period is 31.0

The pipelining summary for a user specified sampling period of 31 µ s is shown below.
There are 16 vertices in the graph.
The required resolution is 1.0
The clock period (max stage delay) is : 31.0
Traversal in downward direction divides graph into 7 pipeline stages.
Total number of registers to be inserted (downward direction) : 14
Traversal in upward direction divides graph into 7 pipeline stages.
Total number of registers to be inserted (upward direction) : 17
Please use pipelining configuration in downward direction as it requires fewer registers

All operators whose delay exceeds 31 µ s are partitioned into stages. Operators which are pipelined
in the first place will be repartitioned according to the new clock specification. For example,
operator Mul1 which is initially partitioned into 2 stages has been reconfigured to include 3 stages
of pipelining.
Label : Mul1
Is an operator
Type : multiplier
multiplier bits : 7
Number of pipeline stages : 2
Stage delay : 36.0
Number of pipeline stages (modified) : 3
Stage delay modified : 24.0
The pipelining configuration of this operator needs to be modified
Total operator delay : 72.0
Partition number range (downward): 1 to 3
Partition number range (upward) : 5 to 7
Neighbour node(s) : A B E

The need to modify the internal pipelining of an operator arises when:
•

The stage delay of an operator Tdo is greater than the chosen clock period Tc (hence the
need to partition it), or

•

The operator can be better optimised by pipelining it into a lesser number of stages (thus,
reducing the number of storage elements).

89

The partitioning routine is performed after all operators are configured accordingly. Figure 5.13
illustrates the partitioning determined by the tool when a sampling rate of 31 time units is specified.
Graph partitioning in both directions yields 7 pipeline stages.

Figure 5.13 An example of graph partitioning with a user specified sampling period of 35 µ s

5.7 Pipelining Support for Branched DFG
In this section, the Java tool support in partitioning a branched DFG is discussed with an example.
Consider a branched DFG depicted in Figure 4.6. It can be observed that in this diagram, node E is
branched as it is connected to both A2 and A3 . During the pipelining routine, the utility responds
to a branch encounter by examining all path alternatives and resolving register placement for each
respective path.
The node summary for node E provided by the Java tool is shown below. It can be seen that a
register placement is provided for each branch that exists in the DFG.
Label : E
Is an input variable
SF expression: Ee
WL expression: Ne
SF : 1
WL : 4
Maximum error in fixed-point representation: 0.125
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Registers count (dwn):
Insert 1 registers at node E to synchronise input data
Insert 0 registers on edge between E and operator A2
Insert 1 registers on edge between E and operator A3
Registers count(up):
Insert 2 register at node E to synchronise input data
Insert 1 registers on edge between input E and neighbour operator A2
Insert 0 registers on edge between input E and neighbour operator A3
Min : 0.0070
Max : 1.1
Neighbour node(s) : A2 A3

5.8 Cycles in Pipelining
In this section, an approach that can be used to handle cycles in a DFG for algorithm partitioning is
proposed.
According to Patterson and Hennessy [57], one hazard that could result from a pipelined system is a
data hazard. This refers to situations where an instruction depends on the result of a previous
instruction still in the pipeline. In digital implementations of EDFA control algorithms, this
situation is a possibility as the algorithm contains a cycle in its feedback component. When cycles
are present, the system contains memory and therefore the calculation of the current output depends
on the value of previous outputs.
Consider a closed-loop discrete time system that has been partitioned into two stages, where the
first stage computes a[ n] = x[ n] + s[ n − 1] and the second stage computes s[ n] = a[ n]* C .This
system is illustrated in Figure 5.14. Assuming a data sample x[ n] is available at every clock cycle,
this arrangement can cause a data hazard as the first stage of computation requires s[ n − 1] when
s[ n − 1] = a[ n − 1]* C is still in the midst of computation. This situation can be further clarified in
Figure 5.15. In this illustration, s[1] is required before it is available (recall that all pipeline stages
are executed in parallel). This can result in an incorrect value of s[n − 1] being used in computation.

Figure 5.14 A sample system containing a feed-back loop
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Figure 5.15 An illustration of partitioning a system that contains a cycle

In this situation, a data hazard will not occur if the two computations are performed sequentially
without pipelining. One way to ensure this is to group such closed-loop components into the same
pipeline partition. This will guarantee that two components which are dependent on one another
will not be executed in parallel.

5.9 Conclusions
In summary, pipelining is often utilised to enhance the performance of digital systems. Pipelining
can improve the system’s throughput rate and thereby assist designers in meeting the timing design
objective of the system. The pipelining feature incorporated in the Java tool provides users with
options to specify a timing requirement and allows them to obtain the configuration resulting from
the automation. This feature can be further improved by generating a graph of a partitioned DFG
that allows users to visualise the outcome of DFG partitioning.

92

Chapter 6. Hardware Implementation
6.1 Introduction
It has been discussed in Chapter 1 that a fixed-point realisation of an EDFA control algorithm on a
FPGA involves several stages of development cycles. The first step involves converting the original
floating-point design to its fixed-point equivalent by determining all the necessary fixed-point
parameters through analysis and simulation. This stage of development is discussed in Chapter 3
and Chapter 4. The second step involves verification of the resulting fixed-point design in the
MATLAB simulation environment. Discussion of the methodology used and the results of
simulation are provided in Chapter 4. This chapter is concerned with the hardware implementation
of EDFA control algorithms using the approach proposed in previous chapters. In particular, it
focuses on the emulation of EDFA control algorithms to validate the fixed-point design generated
by the Java tool.
The key contributions of this chapter are:
1. Implementation of the fixed-point algorithm generated by the Java tool on a Stratix FPGA.
2. Characterisation of hardware constructs used in RTL implementation.
This chapter has been divided into several sections. In Section 6.2, possible hardware alternatives
for digital implementation are discussed. In Section 6.3, the components that constitute the EDFA
emulation environment are discussed. In Section 6.4, design techniques that can be used in
hardwired implementations of EDFA control algorithms are introduced. In Section 6.5, issues
related to hardwired implementation of the summation in the EDFA control algorithm are
considered. In Section 6.6, experimental results are presented.

6.2 Hardware Alternatives
In this section, a comparison study of possible hardware choices for digital implementation is
provided.
Two popular hardware choices for digital systems implementation are DSPs and FPGAs. Digital
signal processing tasks have been traditionally implemented on DSPs which are specifically
designed for numerical processing tasks and computationally intensive algorithms. FPGAs,
however, have also been used increasingly due to various benefits they can offer.
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The choice of hardware depends on the constraints, objectives and purposes of the target
application. For example, for a handheld carry around device, a DSP would be a more appropriate
choice as a DSP is more power efficient than a FPGA. Both DSPs and FPGAs are general purpose
devices, which are programmable by means of descriptive languages. DSPs can be programmed
using high-level languages, such as C, and FPGAs in hardware description languages, such as
Verilog or VHDL. For this reason, system development with both DSPs and FPGAs is relatively
quick, in comparison to the traditional ASIC (Application-Specific Integrated Circuit) design. Both
platforms are also easy to maintain. Thus, in the need for upgrades, they are easily reprogrammable.
The main reasons FPGAs are chosen in preference to DSPs for fixed-point implementations of
EDFA control algorithms are:
1. The requirement for speed
2. FPGA support for multiple variable word sizes
FPGAs are capable of providing much higher MIPS (million instructions per second) counts in
comparison to DSPs as they can be optimised on the hardware level and instructions can be
executed simultaneously in parallel. Parallelism in FPGAs can be achieved with or without
pipelining. In addition to the acceleration of the throughput rate, FPGAs also offer developers a
high degree of flexibility. It provides designers with the liberty to optimise the system to achieve the
design goals of specific applications. A FPGA is powerful in this respect, but it primarily relies on
the skills of system designers to realise its full potential. DSP implementation requires the word size
of variables to be fixed, as opposed to FPGA implementation, which allows word size to be defined
in any length without restriction. A fixed integer size imposes a precision constraint that can be
avoided in FPGA implementation. In [58], it is also suggested that FPGAs provide better reliability
and maintainability compared to DSP devices. On the downside, FPGAs are generally more
expensive than most DSPs. However, in the current development, FPGAs have become less costly
in price. Target applications of FPGAs can include, but are not limited to, digital signal processing.
Examples of algorithms that are suitable for FPGA implementation include digital filters and digital
controllers. FPGAs are also suited for other repetitive tasks such as multiply and accumulate
(MAC) operations as these repetitive operations can be performed in parallel. Nowadays,
intellectual property modules are available that can be utilised to perform complicated DSP
functions on FPGAs. These cores support a variety of standard DSP algorithms such as transforms,
sine/cosine building blocks, dedicated arithmetic modules and various filters that can be easily be
utilised when required. FPGAs that were introduced more recently, such as Altera’s Stratix family
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and Xilinx’s Virtex-II family, are enhanced with these dedicated features to implement challenging
DSP applications.
DSPs are commonly used for prototyping due to their ease of development. Support tools are readily
available to assist system engineers with the design process. DSPs are programmable using highlevel languages and the coding process is less involved compared to FPGA gate-level
implementations. This allows for a faster development cycle and time to market. DSPs are known to
be power efficient and are suitable for applications that have power limitations. FPGAs, on the other
hand, are traditionally known to have poor power efficiency, even though some have claimed that
this statement is obsolete [59, 60]. DSP performance is limited to serial instruction streams and
there is no hardware support for parallel computation/multitasking, and thus tasks cannot be
executed nearly as fast as on the FPGA.
In terms of architecture, DSPs require a separate memory to store instruction sets and data which
are fetched sequentially whenever required, while FPGAs contain logic blocks and interconnects
which can be programmed to perform combinational logic functions. DSP support such as libraries
and pre-defined modules exist for both floating and fixed point computation. Functions provided in
FPGA platforms favour fixed-point implementation as the parameters assigned to these functions
are configurable. For example, Altera Megacore functions provide primitive computation units,
such as adders and multipliers, which can be instantiated and parameterised at the system level.
Floating-point implementation in FGPAs is possible, but it may not be as optimised as in DSPs.
In order to achieve the objective of improving the execution speed of the EDFA control algorithm,
the FPGA is selected as the design platform to use due to better design flexibility. The pipelining
feature, which is discussed in Chapter 5, can be taken into account in order to improve the
algorithm execution speed further. DSP implementations of the EDFA control algorithm have been
considered in [4].
Note that the Java tool developed for fixed-point realisation of the EDFA control algorithm can be
extended to automate VHDL generation through the use of operator templates. Due to the limited
time available, the automated VHDL generation feature was not incorporated in the Java tool
developed.

6.3 EDFA Emulation Environment
In this section, the structure of the EDFA emulation environment and the interface between the
hardware and software in the system are discussed. The framework of the emulation environment
has been developed previously and is reported in [61].
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The target FPGA used to implement the EDFA control algorithm is the Altera manufactured Stratix
EPS125 card. This card is fitted into a PCI slot of a computer to enable communication between the
hardware and Simulink. The overview of the interface between the software and hardware sides is
shown in Figure 6.1. The software side (MATLAB Simulink) simulates the EDFA whose gain
needs to be kept constant, while the hardware side (Stratix card) runs the control algorithm that
allows this goal to be achieved. The transfer of sample data required by the controller is initiated by
the software side. A software driver allows these data to be delivered to the PCI bus. On the
hardware side, there is a similar interface that enables these data to be read from the PCI bus and
stored into appropriate registers. The FPGA reads the data from these I/O registers, executes the
algorithm, and writes the result back to the PCI bus.

Figure 6.1 The communication between Simulink and the FGPA card is facilitated through the PCI bus

6.3.1

The Software Environment

The interconnection between the software and hardware components in the EDFA emulation
environment is illustrated in Figure 6.2. As observed from this diagram, the input signal power and
output signal power are scaled (from power to voltage units) and converted from analog to digital
prior to processing. Similarly, the output pump power is converted to an analog signal and scaled
accordingly following the digital processing. The A/D and D/A converters are both 12 bits in
resolution. Thus, the inputs as seen by the hardware controller are scaled digital signals with 12 bits
length.
The PCI bus software interface block, as shown in Figure 6.2, is a MATLAB S-function that is
written in C language. A Dynamic Link Library (DLL) file is generated from this S-function that
enables data to be sent from MATLAB to the PCI bus. This is made possible by Jungo
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Windriver[62], a PCI driver development tool which allows hardware access from the operating
system level.

Figure 6.2 The interconnection between the software and hardware components in the EDFA emulation
environment

Figure 6.3 provides a closer look at the PCI bus software interface. The data transferred from
Simulink to hardware include:
•

Vadc1, the input signal power which has been scaled and digitised accordingly.

•

Vadc2, the output signal power which has been scaled and digitised accordingly.

•

Debug_ctrl, which provides control options for debugging.

•

Add_mul, which acts as a switch that regulates additive or multiplicative runs.

The hardware outputs include :
•

Vdac, which represents the output pump power that regulates the EDFA external pump.
Subsequent to digital computation on the FPGA Stratix, this parameter is converted to
analog and scaled accordingly.
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•

Debug_output, which stores debugging output. The debugging tool contains a multiplexer
which selects an internal variable and projects it to this parameter. This multiplexer is
controlled by input debug_ctrl.
1
1

Vadc1
2

Vdac

slk_stx

Vadc2
3

2

S-Function

debug info

debug ctrl
4
add_mul

Figure 6.3 PCI bus software interface

All the I/O parameters are 32 bits in length. However, for Vadc1, Vadc2, and Vdac, only 12 bits are
effectively utilised due to the resolution of the A/D and D/A converters being used. Similarly, for
other parameters, only a portion of the 32 bit length is utilised as it is more than adequate to
represent the signals.
One issue in FPGA design is the lack of visibility with regards to its internal signals and the
contents of its memories[63]. For this reason, a debug utility is included in the hardware
development environment to help developers achieve intended functionality. This debug utility is
regulated at the software level, by passing a parameter debug_ctrl that manages the internal signal
to be displayed. The value of the signal to be read is given in the output parameter debug_info.

6.3.2

The Hardware Environment

The hardware component of the EDFA emulation environment is expressed with a hardware
description language VHDL. The top level schematic of the hardware environment is depicted in
Figure 6.4. The purpose of the PCI bus hardware interface includes:
•

The management of communications between the PCI bus and the backend entity.

•

The retrieval of data from the PCI bus and storage into appropriate registers (IOREG)

•

The return of computation result(s) back to the PCI bus

The PCI hardware interface includes entities such as CHIP_TOP, PCI_TOP, BKEND, and
IOCTRL. The entity PCI_TOP is one of the MegaCore functions developed by Altera used for
communication between the PCI bus and the BKEND entity. The entity IOREG contains registers
to accommodate input and output data to the system. The entity ALG contains the hardware
description code of the algorithm to be implemented, in this instance the EDFA control algorithm.
The schematic for the entity IOREG is provided in Figure 6.5. Registers in IOREG are also utilised
to regulate read and write between Simulink and the FPGA.
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Figure 6.4 The top-level schematic of the hardware environment
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Figure 6.5 The schematic of IOREG entity

The input control register PCI_ALG_CTRL_REG in entity IOREG is used to send signals that will
initiate algorithm execution. The output control register ALG_PCI_CTRL_REG is used to indicate
the availability of the result for a single iteration of the computation. The read and write protocol in
the EDFA emulation environment can be summarised as follows:
1. When sample data is sent from the software side, the Least Significant Bit (LSB) of
PCI_ALG_CTRL_REG is set to ‘1’ to inform the hardware that input data is available and
ready to be read.
2. This triggers CALC_START_PULSE in entity ALG to be set to ‘1’, which enables the
execution of the EDFA controller algorithm. The algorithm state machine will force
CALC_START_PULSE back to ‘0’ after one clock cycle.
3. After an iteration of the algorithm execution, the LSB of ALG_PCI_CTRL_REG is set to
‘1’ to notify Simulink that the result is ready. This bit is reset for the next algorithm
iteration.
4. Simulink performs polling on the output control register ALG_PCI_CTRL_REG to detect
the activation of its LSB to ‘1’. When the PCI software interface identifies this occurrence,
it performs a read to retrieve the result from the hardware.
The I/O registers are assigned for the following parameters:
Input registers:
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•

PCI_ALG_DAT0_REG : scaled input signal power Vadc1

•

PCI_ALG_DAT1_REG : scaled output signal power Vadc2

•

PCI_ALG_DAT2_REG : debug options Debug_ctrl

•

PCI_ALG_DAT3_REG : algorithm type Add_mul

Output registers:
•

ALG_PCI_DAT0_REG : scaled output pump power Vdac

•

ALG_PCI_DAT1_REG : debug display Debug_output

These parameters correspond to I/O parameters as seen from the software environment.

6.4 Hardwired Implementation of the EDFA Control Algorithm
In this section, a technique that can be used for a hardwired implementation of the EDFA control
algorithm is proposed. A hardwired design is implemented through a fixed interconnection of
primitive logic gates. It involves defining computation blocks, starting from the highest level of
abstraction down to the Register Transfer Level (RTL). Even though a hardwired logic approach
can prove challenging for large designs, it can increase the overall speed and performance of the
system. This approach is utilised for a FPGA Stratix implementation in order to meet the design
objective of improving the execution speed of the EDFA control algorithm. In the discussion that
follows, it is assumed that the sampling clock is synchronised with the hardware clock.
The EDFA control algorithm is implemented within the entity ALG in the hardware component of
the emulation environment. Entities in this algorithm block are described in the RTL level, from the
highest abstraction down to the gate level. The word length of variables specified in the
computation is defined according to the fixed-point parameters produced by the Java tool.
In the Stratix implementation, the Java pipelining tool was not used as the performance
requirements were met without optimised pipelining. An example illustrating the application of the
pipelining tool was given in Section 5.6.
This section is divided into three subsections. In Section 6.4.1, a generic structure that is used for
the hardwired implementation of the EDFA control algorithm is proposed. In Section 6.4.2, the
generic construct is extended to allow for multiple inputs and outputs that are synchronous. In
Section 6.4.3, the timing of the hardwired implementation of the EDFA control algorithm is
discussed. In Section 6.4.4, an example of the computation using the proposed implementation
technique is provided. The structure proposed in this section is also applicable to other digital
systems that can be represented as a DFG.

6.4.1

Generic Construct

A digital circuit design comprises an interconnection of constructs, where each construct may be
divided into more primitive function blocks. This section provides a hardware construct that can be
used in the hardwired design of algorithms.
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For a synchronous design, each construct typically consist of:
1. A global clock input (CLK)
2. A reset signal, active low (RST_L)
3. One or more enable input lines (EN_IN[1] … EN_IN[M])
4. One or more enable output lines (EN_OUT[1] … EN_OUT[K])
5. One or more data input lines (X[1] … X[M])
6. One or more data output lines (Y[1] … Y[K])
The enables and data signals are paired such that there is one enable line associated with each data
input and output. The input enable signal EN_IN is a pulse that indicates the point in time when a
new sample comes in. This pulse triggers the computation and is asserted as soon as the input signal
is ready to be read. Similarly, the output enable signal EN_OUT indicates the point in time when a
new sample output is produced. Both EN_IN and EN_OUT are active high and both are enabled
once every sampling period.
The diagram for a hardware construct is given in Figure 6.6.

Figure 6.6 Generic hardware construct

The relationship between these input and output ports can be summarised below
1. (EN_OUT[1],…,EN_OUT[K]) = d(CLK, EN_IN[1],…,EN_IN[M])
2. (Y[1], …, Y[M]) = f(CLK, X[1], …, X[K])

where d is a delay function of enable input signals which is sensitive to the clock rising edge.
f is a sequential logic function which is sensitive to the clock rising edge.
M is the number of inputs of the construct.
K is the number of outputs of the construct.
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The enable input pulses (EN_IN[1], …, EN_IN[M]) that initiate the algorithm computation arrive
periodically according to the sampling rate (denoted as fs ). This rate is different from the rate of
the clock (denoted as fc ). In typical situations, algorithms are executed under the condition that

fc >> fs . Even though the hardware is capable of running at a very high clock rate, the sampling
capability of other components in the system (including the EDFA hardware, the A/D and D/A
converters) enforces the data to be sent at a lower rate. This is illustrated in Figure 6.7. It is
desirable to have the hardware run at a much faster speed relative to the sampling rate as the results
of computation can be obtained in the same sample iteration without any delay. This issue is
discussed further in Section 6.4.3.

Figure 6.7 The difference in execution capability between the software and hardware environment

The enable out pulse, EN_OUT, indicates that a computation result is ready. In effect, it enables
successive blocks to start their execution. EN_OUT is activated some delay after EN_IN arrives.
The timing for EN_OUT activation is a function of the number of pipelining stages inside the
construct. The number of pipelining stages inside a function depends on the complexity of the logic
that produces its output. For a computation block with multiple outputs, one output can be made
available ahead of the others. The outputs of the construct (Y[1], …, Y[M]) are computed based on
the value of inputs (X[1], …, X[K]) and the logic function implemented in the block.
The timing diagram for a sample hardware construct is given in Figure 6.8. This sample construct
consists of two input ports and two output ports. As observed in Figure 6.8, the input data is
delivered in unison with the EN_IN pulse. When the outputs of the computation are ready,
EN_OUT is enabled for one clock period and the output data is made available at the same time.
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Figure 6.8 Timing diagram for a generic hardware construct

The advantages of this method of implementation can be outlined as follows:
1. Each data output port has an enable line associated with it. This allows outputs to be
produced as soon as they are available instead of waiting for all outputs to be calculated.
2. Similarly, each input port has an enable line associated with it. This allows inputs to be
processed as soon as they are available.
3. Sub-functions can be shared internally within a construct. This allows reuse of function
blocks and eliminates the need to duplicate the same construct.
4. This approach allows the computation within the construct to be pipelined internally at the
clock level.
This construct allows a generic implementation of a digital system for the following reasons:
1. It allows multiple inputs and outputs to be included in the construct.
2. The inclusion of one enable line for each I/O port allows data to be made available at
different points in time in the computation.

6.4.2

Specialised Construct

This section provides an alternative hardware construct that can be used when multiple inputs and
outputs are synchronised.
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In the case where several inputs are available at the same time, one input enable line is sufficient to
indicate the readiness of data. Similarly, when output data is ready at the same time, one output
enable line is sufficient to signify result availability. In this case, the generic construct presented in
the previous subsection can be reduced to only include one input enable and one output enable line.
The schematic of this specialised construct is illustrated in Figure 6.9.

Figure 6.9 A specialised construct

Utilising the generic construct discussed in Section 6.4.1, the equivalent implementation of a
specialised construct is illustrated in Figure 6.10. As observed in this diagram, all enable input
signals are connected to a common line EN_IN.

Figure 6.10 An equivalent implementation of a specialised construct

The timing diagram of a digital construct with one enable input and one enable output line is shown
in Figure 6.11. It can be observed that EN_IN is set high for one clock period when all inputs are
available. Similarly, EN_OUT is activated when all computation results are available. One
disadvantage of this approach is that, in the case where one output is available before the others, it
is necessary to introduce delay in order to have all outputs synchronised with the enabling signal.
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Figure 6.11 Timing illustration for a specialised construct

6.4.3

Timing Requirements

In digital system design, timing diagrams are commonly utilised to observe the behaviour of the
system and the state of internal signals in various stages of the development cycle, including pre
and post synthesis simulations. It is a crucial tool in debugging and verifying the functionality of the
system. In this section, timing issues related to the emulation of the EDFA control algorithm are
investigated.
On the subject of timing, there are two categories of implementations to be taken into consideration:
1.

fs = fc (the sampling rate is synchronised with the clock for computation)

2.

fs << fc

The symbol fc denotes the clock rate and fs the sampling rate.
To demonstrate the difference between the two approaches, consider the simple schematics shown
in Figure 6.12. Entity_A represents a combinational logic function which takes in 2 inputs,
produces 1 output and takes 3 clock cycles to compute. Entity_B represents a simple computation
which takes an input and produces an output within 1 clock cycle. In this example, a specialised
construct as discussed in Section 6.4.2 is assumed.
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Figure 6.12 First sampling approach, where fs = fc

The schematics of the first and second sampling approach are shown in Figure 6.12 and Figure 6.13
respectively. In Figure 6.12, both entity_A and entity_B are connected to a common enable (EN)
line. In Figure 6.13, the enable input signal to entity_B (EN_INT) is a delay function of the enable
input signal to entity_A (EN).

Figure 6.13 Second sampling approach, where fs << fc

The timing diagram for the first implementation alternative is given in Figure 6.14. It is assumed
that fc = 6 fs , thus the EN pulse is activated every 6 clock cycles. In this implementation, both
computation blocks are activated only when EN is set to high. As EN is only set to high for 1 clock
period at a time, one clock cycle of computation is executed each time the block is enabled. For this
system, as entity_A takes three clock cycles to compute, its result OUT_A is only accessible after
three occurrences of the EN pulse. Similarly, the output of entity_B (OUT_B) is available at the
next occurrence of the EN pulse after OUT_A is ready. The processes in this implementation are
described such that they are sensitive to the EN pulse as well as rising clock edges. This option is
easier to implement than the second option as there is no need to coordinate the enable signals.

Figure 6.14 Timing illustration for the first sampling approach

The timing diagram for the second sampling alternative is given in Figure 6.15. In contrast to the
schematic provided in Figure 6.12, each entity in Figure 6.13 has an enable_in (EN_IN) and an
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enable_out (EN_OUT) port. EN_IN is used to indicate when input data is available, while EN_OUT
is used to indicate that the result of computation is available.
It can be observed in Figure 6.15, EN is set to high when new data (IN_A and IN_B) are available.
After three clock cycles, OUT_A is available and the signal EN_INT is enabled for a clock period.
The activation of the EN_INT signal is a cue for entity_B to execute. The signal OUT_B is ready
after a clock period of computation and EN_OUT is enabled. In this sampling option, the
computation in entity_A is sensitive to CLK and EN, but the computation in entity_B is sensitive to
CLK and EN_INT. This implementation has the advantage of not having to wait for the next EN
signal to arrive before a cycle of computation can be completed.

Figure 6.15 Timing diagram for second sampling option

Regardless of the implementation, both sampling alternatives with fs = fc and fs << fc produce
the same result. The two implementations, however, have diverse effects on the system as discussed
below:
1. The timing for the availability of the result differs for the two options. Even though in both
cases, the output is available at the rate of the sampling frequency, there is a delay
associated with one of the available alternatives. When the system is implemented such
that fs << fc , the outputs to the system can be obtained immediately at every iteration. On
the other hand, when fs = fc is assumed, it takes n * Ts delay before the first output is
accessible, where n is the number of clock cycles a computation takes and Ts is the
sampling period. The presence of delay however, affects the transfer function and
consequently the stability of the closed-loop system [64, 65], and thus should be avoided.
2. It can be observed from Figure 6.13 and Figure 6.15, that when fs << fc , coordination of
the enable signal is required within the algorithm. The enable(EN) pulse that activates the
hardware computation has to be propagated to the inner function blocks in order to provide
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the correct timing for each operation. The other option, on the other hand, does not require
any coordination as the sampling rate is equal to the clock rate.

6.4.4

Sample Computation

Consider a simple example of a computation block as shown in Figure 6.16. In this diagram, D
signifies one clock period delay element, while R represents a storage element (register).

Figure 6.16 Sample computation block

This entity includes several ports for clock, reset, and enable signals. As observed from the
diagram, the entity comprises three inputs ( A , B , and C ) and two outputs ( Y and S ). The inputs
assume varying values for every sample, as opposed to constants. Supposing the result of each
arithmetic operation is available within one clock period, the computation enclosed in the entity
takes a maximum of two clock cycles to compute. Accordingly, the input/output relationship in the
computation block can be summarised as follows:
1.

EN_OUT = d (CLK, EN_IN) where d is a 2 clock period delay

2. Y = f (CLK, A, B, C) = (A+B)*C
•

S_T = f(CLK, A, B) = A+B

•

C_T = d (CLK, C)

•

S = d(CLK, S_T)

•

Y = f(CLK, S_T, C_T) = S_T*C_T

The variable C is delayed for one clock period prior to multiplication in order to ensure the correct
sample data is used. The location of registers in digital systems implementation corresponds to a cut
occurrence in its equivalent DFG representation. This issue has been discussed in Section 5.4.
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The timing diagram for this is given in Figure 6.17 below. In this diagram, a common enable line is
assumed for all inputs.

Figure 6.17 Timing illustration for the sample computation block

An alternative implementation is depicted in Figure 6.18. The following enabling signals are
included:
•

•

Input enable:
o

EN_IN1 to indicate A and B are ready.

o

EN_IN2 to indicate C is ready.

Output enable:
o

EN_OUT1 to indicate output Y is available.

o

EN_OUT2 to indicate output S is available.

It is assumed that A and B are available at the same time, while C is enabled 1 clock cycle after A
and B are available.
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Figure 6.18 An alternative implementation of the sample computation block

The following relationship exists for this implementation:
1.

EN_OUT2 = d1(CLK, EN_IN1) where d1 is a 1 clock period delay
EN_OUT1 = d2(CLK, EN_IN2) where d2 is a 2 clock period delay

2.

Y = f (CLK, A, B, C) = (A+B)*C
S = f (CLK, A, B) = (A+B)

The timing diagram for this implementation is given in Figure 6.19. It can be observed from this
diagram that it is not necessary to delay the signal C internally as the input C is made available
(enabled) when it is required for computation. This requires coordination of enable signals outside
the computation block.
The following remarks are made based on observation of the two implementation alternatives:
•

In both implementations, outputs S and Y are produced in a maximum of two computation
cycles

•

The first implementation, depicted in Figure 6.16, is the more compact approach as less I/O
ports are required compared to the second implementation, depicted in Figure 6.18. This is
obtained with the tradeoff of an extra storage element included in the first alternative.

•

The second implementation that utilises separate enable lines for its inputs, allows
operations to be performed as soon as input signals are available. If utilised wisely, this
feature has the potential to save some computational time.

•

Individual enabling signals for outputs allows data to be made available as soon as they are
ready. For this reason, the second implementation produces the output S more immediately
than the other option. The timing difference in output availability can be observed from the
diagrams given in Figure 6.17 and Figure 6.19.
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The decision on which construct to use depends on the nature and complexity of the algorithm as
well as the aims and purposes of the design.

Figure 6.19 Timing diagram for the alternative computation block

6.5 Hardwired implementation of EDFA Integrator Sum
In the previous section, alternative ways of constructing a computation block as well as various
sampling options for implementation have been discussed. The EDFA control algorithm is
implemented on a Stratix FPGA using the hardwired logic paradigm and assuming the sampling
condition

fs << fc

applies.

The

pulse

that

enables

hardware

computation

(CALC_START_PULSE) is regulated by the sampling rate of the Simulink model, which is set at
100kHz. The Stratix FPGA side is run with a clock speed of 33.3 MHz.
In this section, a specific issue related to a hardwired implementation of the summation operator in
the EDFA control algorithm is discussed and a possible solution is proposed.
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Arithmetic in computation blocks can be implemented without any pipelining. In this situation, the
function becomes a combinational logic block which does not require a register nor rely on the
clock for computation. Outputs of non-pipelined functions can be obtained immediately after some
computation delay. A schematic of a non-pipelined computation is shown in Figure 6.20 below.

Figure 6.20 Non-pipelined computation

All primitive arithmetic operations in a hardwired implementation of the EDFA control algorithm
are pipelined for at least one clock cycle. The step is required as the algorithm incorporates an
integrator sum, which requires the value of previous sum to be retained until the new sample is
available. An integrator can be expressed mathematically as follows:
sn = sn −1 + x n
Where x n is the current input sample
sn −1 is the sum up to the previous sample
sn is the sum including the current sample
For a summation operator, a memory element or register is required to hold the sum temporarily.
This memory element is implemented in the hardware as a D register, which reads the input when it
is enabled and retains the value until the next clock rising edge. The insertion of a register
effectively simulates a pipeline in the system. The hardware schematic of an integrator is provided
in Figure 6.21.

Figure 6.21 The hardware schematic of a summation operator
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The timing diagram for the summation operator is shown in Figure 6.22. It can be observed from
the diagram that EN_OUT is activated one clock cycle after EN_IN arrives. At the same time, the
current sum is made available. Assuming the initial sum is 0 and xn = xA3, the sum of xA3 is
available at the next encountered rising clock edge. In this implementation, the summation assumes
one stage of pipelining.

Figure 6.22 Timing illustration of an integrator

Consider a more generic example of a FIR filter shown in Figure 6.23.

Figure 6.23 A Finite Impulse Response (FIR) filter

A FIR filter is described by the following difference equation :

Y[n] = b0 x[n]+ b1 x[n-1] + … + bN x[n-N]
When modelling this structure in hardware, it is necessary to delay the availability of intermediate
variables until the next clock rising edge is seen. The reason for this is that the algorithm includes a
delay element on the input sample that stores data from previous samples. As such, all arithmetic
operators need to include one stage of pipelining in order to keep inputs to operations synchronized.
For the same reason, the EDFA control algorithm, which contains an integrator, needs to be
pipelined for operations to be synchronized. The schematic of the FIR filter implementation that
includes pipelining is shown in Figure 6.24.
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Figure 6.24 The positioning of registers in hardware implementation of a FIR filter

6.6 Emulation Results
In this section, the results of the hardwired emulation of the EDFA control algorithm are provided.
The gain response in dB for the multiplicative and additive controllers is given in Figure 6.25 and
Figure 6.27 respectively. The corresponding input pump power in mW for the multiplicative and
additive type controllers is given in Figure 6.26 and Figure 6.28 respectively.

Fixed-point multiplicative emulation
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Floating point multiplicative simulation
Fixed-point multiplicative simulation
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Figure 6.25 EDFA gain response as a function of time for the multiplicative type controller, as obtained from
system emulation
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Figure 6.26 The plot of pump power as a function of time for the multiplicative type controller, as obtained
from emulation
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Figure 6.27 EDFA gain response as a function of time for the additive type controller, as obtained from
system emulation
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Figure 6.28 The plot of pump power as a function of time for the additive type controller, as obtained from
system emulation

It can be observed from the gain response of both controller types, that the steady state gain satisfies
the target gain of 14 dB as well as the maximum quantisation error of ± 0.1 dB. A good agreement
is obtained between these results and those produced using pure Matlab simulation, provided in
Figure 4.15 and Figure 4.16 for the multiplicative controller, Figure 4.20 and Figure 4.20 for the
additive controller. The fixed-point designs that are generated by the Java automation tool are thus
demonstrated to produce the correct result when implemented on hardware.
This experimental work has shown that the speed which can be achieved with a hardwired
implementation of the EDFA control algorithm is 30 MHz, which although not required for the
EDFA, by far exceeds the DSP speed of 100 kHz, which was the speed used for DSP
implementation in [4]. This demonstrates that the design objective to increase the execution speed
of the algorithm has been met through its realisation in fixed-point on a FPGA.
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Chapter 7. Summary and Conclusions
In this thesis, it has been shown that the process of realising an algorithm in fixed-point can be
facilitated through the numerical analysis of quantisation errors which are propagated in the system.
This realisation concept has been implemented as a tool that automates the computation of this error
analysis based on the data flow diagram representation of the algorithm.
It was shown that given a generic algorithm consisting of primitive arithmetic operations, the
developed framework can provide a fixed-point design which is capable of satisfying the precision
constraint of its primary output. Specifically, it has been demonstrated that the technique is viable
for the practical implementation of EDFA control algorithms on a dedicated hardware platform. In
this thesis, theoretical and practical considerations specific to fixed-point implementations of EDFA
control algorithms, such as the presence of branches and cycles in the DFG representations, have
been highlighted and addressed. The proposed solutions can also be applied to the implementation
of other digital signal processing algorithms with similar design issues.
It was shown that the contributions in this thesis led to design solutions which improve the speed of
algorithm execution. The main advantage of this method is the speed and effectiveness of the
approach, which allows design solutions to be generated rapidly without having to perform
exhaustive trials. However, this technique did not take into account the optimisation of parameters,
which can prove useful when an area constraint is required for implementation. In general, the
proposed tool is useful in reducing the time and effort associated with fixed-point design.
One notable limitation is the range propagation method used in this automation process, which is
too rigid in the sense that it tends to overestimate the range of variables. A possible direction for
future work is to examine alternative dynamic range estimation methods currently in the literature
and investigate their performance.
Several novel solutions for pipelining are proposed to improve the performance of digital systems.
These options allow designers to configure the partitioning of hardware computation according to
the criteria of the individual algorithm.
The component in the EDFA control algorithm that proved the most challenging to implement in
fixed-point is the integrator that is included in the feedback controller. The representation of the
integrator provided in this thesis is practical, yet still leaves some room for improvement.
The characterisation of hardware constructs provided in the thesis allows digital systems to be
implemented on dedicated hardware in a concise and structured manner. It was shown that a fixedpoint Stratix FPGA realisation of EDFA control algorithms employing the proposed structure
produced agreeable outcomes. In particular, experimental results obtained from the emulation of the
119

EDFA closed-loop system are shown to have a close agreement with the results acquired through
pure software simulation. Timing and sampling considerations related to Stratix FPGA
implementation of the EDFA control algorithms were also discussed.
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Appendix A. Sample Computations for Chapter 3
In this appendix, examples of fixed-point computations are provided to clarify the concept and
analysis presented in Chapter 3. In Section A.1. , an example is provided to demonstrate the
accuracy that can be achieved with fixed-point representation. In Section A.2. , the analysis for
various cases of fixed-point addition/subtraction operations is presented. In Section A.3. , error
propagation in fixed-point multiplication is demonstrated with an example. In Section A.4. , error
propagation in fixed-point addition/ subtraction is demonstrated with an example.

A.1. Sample computation of fixed-point representation
An example provided in this section demonstrates the precision achieved with fixed-point
representation.
Consider the normalised fixed-point representation of a real number X = 0.385 a word length N X =
8 bits. Fixed-point approximation of this number is
X = 0.11000101 * 2−1
The first bit ‘0’ is the sign bit which signifies a positive number. The binary point is inserted after
the sign bit for clarity. The 8 bits fractional part (11000101)2 has an equivalent decimal value of
0.76953125. Taking into account the scaling factor, fixed-point approximation of X has a decimal
value of X = 0.76953125* 2−1 = 0.384765625. The relative error of the representation is given by
X−X
X

= 0.2532 %

The maximum relative error is given by 2− N
X − X =0.385-0.384765625=0.000234375.

2

− NX

2

EX

X

+1

= 2−7 = 0.78125 %. Actual error is given by

The

maximum

actual

error

is

given

by

= 2−8 2 −1 = 2 −9 = 0.001953125 .

A.2. Fixed-point addition/subtraction
As discussed in Section 3.4.4, fixed-point addition/subtraction has to allow for different cases of
computation depending on the sign bit of the operands. In this section, the steps involved in
obtaining the result are discussed for each of this case. In all of the cases discussed, it is assumed
that both X and Y are positive.
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Case 1, X + Y
To avoid overflow during addition, X and Y need to be rescaled such that
MX <

1
2

and M Y <

1
2

1. Since X has a larger value, M X is rescaled so that

⎧

⎛N

⎩

⎝ k =1

⎞

⎫

⎠

⎭

X = ⎨ S X ⎜ ∑ X k 2 − k ⎟ 2 −1 ⎬ 2
X

E X +1

This is diagrammatically shown below.

SX

X1

0

X2

x 2 EX +1

X N X −1

… … …

Due to scaling, X N will be discarded unless there is an extra bit allocated when representing X .
X

This will cause a loss in precision.
2. Y is rescaled so that its scale factor matches that of X .

⎧

⎛

⎩

⎝ k =1

⎞

NY

Y = ⎨ SY ⎜ ∑ Yk 2− k ⎟ 2

EY − ( E X +1)

⎠

⎫ E
⎬2
⎭

X

+1

Diagrammatically, this is shown below.

SY

0

…

Y1

0

Y2

…

…

…

…

YNY −( EX +1− EY )

x 2 EX +1

E X + 1 − EY
E X + 1 − EY right most significant bits will be discarded due to scaling unless extra bits are allocated
to represent Y .
The sum Z can be expressed as

⎧

⎛N

⎩

⎝ k =1

⎞

⎛

⎠

⎝ k =1

NY

⎞

Z = X + Y = ⎨ S X ⎜ ∑ X k 2− k ⎟ 2−1 + SY ⎜ ∑ Yk 2− k ⎟ 2

⎛

X

NZ

⎞

= S Z ⎜ ∑ Z k 2− k ⎟ 2 E , where

⎝ k =1

•
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S Z = ‘0’ (positive)

⎠

Z

⎠

EY − ( E X +1)

⎫ E
⎬2
⎭

X

+1

•

EZ = E X + 1

•

M Z = ⎜ ∑ Z k 2− k ⎟ = M X 2 −1 + M Y 2 E

⎛

⎞

NZ

⎝ k =1

Y

− ( E X +1)

⎠

Overflow is guaranteed not to occur since M X <

1
2

and M Y <

1
2

.

Figure A.1 illustrates the

addition process.

NX
SX

0

X1

X2

… … …

X N X −1

+

NY
SY

0

…

0

Y1

Y2

…

…

…

…

YNY −( EX +1− EY )

=

SZ

Z1

Z2

…

…

… …

Z NZ

Figure A.1 An illustration of fixed-point addition

Note that if N X < NY , the sum is only precise up to N X bits and vice versa. Furthermore, since only
the leftmost N ADD bits inputs to the adder are retained, further loss in precision might occur if
N ADD < N X and N ADD < NY .

Case 2, - X - Y
This case follows the same step as case 1 above, except that S Z = ‘1’ (negative).
For case 1 and case 2 above, digital stopping might occur if E X + 1 − EY > N Z . In these
circumstances, Y is too small to have any effect on the addition, that is X + Y = X .

Case 3, X - Y
Subtraction of signed magnitude numbers comprises of a number of steps. Firstly, system designers
are required to convert the operands into two’s complement representation. The required operation
is then performed on the fractional part of the representation. Once the result is obtained, it will be
converted back to signed magnitude representation. As mentioned previously, signed magnitude
and two’s complement differ in the way negative numbers are represented, but are identical in
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positive numbers characterisation. For this reason, the numbers only need to undergo conversion
when the values are negative.
For subtraction, mantissa overflow will not occur, mantissa scaling is therefore not necessary.
Overflow due to conversion to two’s complement fractional representation, however, might still
occur as two’s complement has one extra negative number representation compared to signed
magnitude representation. This problem can be accommodated by reserving a carry bit during the
operation.
Consider the addition of two fixed point numbers X and Y :

X = M X 2 E , where S X = ‘0’ (positive)
X

Y = M Y 2 , where SY = ‘1’ (negative)
EY

2.

X does not need any scaling, but the scaling factor of Y has to match X ’s.

⎧

⎛

NY

⎩

⎝

k =1

⎞

Y = ⎨ SY ⎜ ∑ Yk 2 − k ⎟ 2 E

Y

− EX

⎠

⎫ E
⎬2
⎭

X

This is illustrated below.

SY

0

…

0

Y1

Y2

… … … …

YNY − EX

x 2 EX

EX
Precision will be lost due to scaling E X bits are added to represent Y .
3. Represent - Y with two’s complement representation. This is illustrated below.

NYC = NY
SY

YC1

YC 2

… … … … … … …

Where YC is the two’s complement representation ofY .
4. The result of subtraction Z is given by

Z = X − Y = X + YC = M Z 2E

Z
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•

S Z = ‘0’ (positive), since X > Y

•

EZ = E X

YNY

C

x 2 EX

•

M Z = M X + MY

C

The result is subject to further loss in precision if N ADD < N X and N ADD < NY where N ADD is the
resolution of the adder. To avoid using an extra bit, the carry bit as a result of adding X and YC will
be inverted and stored in S Z . This bit also indicates the sign of the resultant (‘0’ for positive and ‘1’
for negative).
As a positive number has an identical representation in both signed magnitude and two’s
complement domain, only Y needs to be represented as two’s complement. Since for this case, the
result of addition is guaranteed a positive number, there is no need to modify the representation of
the M Z .
An example of this case of subtraction is provided below.
Z = 11.4375-5.6875
Where X = 11.4375 and Y = 5.6875 , X > Y , S X = ‘0’, SY = ‘1’.
Signed magnitude representation of X and Y are as follows, assuming N X = NY =8 bits. Note that
the sign bits are not included when performing subtraction.
X = (.1011 0111)2 * 24
Y = (.1011 0110)2 * 23
Y is scaled so that X and Y have the same scaling factors.

Y = (.0101 1011)2 * 24
Find two’s complement of Y .
YC =(.1010 0101)2 * 24
Compute Z

Z = X + YC = M Z 2E = 1 .0101 1100 * 24
Z

↑
Carry bit
The carry bit is stored in S Z since its inverse indicates the sign of the result. In this case, since S Z =
‘0’ (positive), thus taking two’s complement of the mantissa is not necessary. M Z = 0101 1100
and EZ = 4. The decimal value of this result is +5.75.
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Case 4, Y - X
Similar to case 3, a carry bit is required to handle overflow originating from performing summation
in two’s complement domain.
Consider the addition of two fixed point numbers X and Y :
X = M X 2 E , where S X = ‘1’ (negative)
X

E
Y = M Y 2 , where SY = ‘0’ (positive)
Y

1. The first step involves matching the scaling factor of Y to that of X .

⎧

⎛

⎩

⎝ k =1

⎞

NY

Y = ⎨ SY ⎜ ∑ Yk 2− k ⎟ 2

EY − E X

⎠

⎫ E
⎬2
⎭

X

This is illustrated below.

SY

0

…

Y1

0

Y2

…

…

…

…

x 2EX

YNY − EX

EX
Precision loss due to scaling is expected unless E X bits are added to representY .
2. Find the two’s complement of scaled X . The two’s complement representation of X is denoted
as X C . The diagram is given below.

N XC = N X
SX

X C1

XC2

…

…

…

…

…

…

…

YN X

C

x 2 EX

3. The result of subtraction in two’s complement representation is given by Z C .

ZC = Y − X = Y + X C = M Z 2E

Z
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•

Z C is the two’s complement of the result

•

S Z = ‘1’ (negative), since X > Y

•

EZ = E X

•

M Z = M X + MY
C

C

Since the result is negative, two’s complement needs to be performed on the mantissa of Z C to
obtain the mantissa of Z .
Similar to case 3, the result is subject to further loss in precision if N ADD < N X and N ADD < NY ,
where N ADD is the resolution of the adder. To avoid using an extra bit, the carry bit as a result of
adding X C and Y

will be inverted and stored in S Z . This bit can indicate the sign of the resultant

(‘0’ for positive and ‘1’ for negative).
As a consequence of performing arithmetic process in two’s complement domain, a negative result
needs to be converted from two’s complement domain to signed magnitude.

Find the two’s complement of M Z to find M Z . The result Z can be obtained by combining
C

M Z with the sign ( S Z = ‘1’) and the scaling factor information ( EZ = E X ). This is illustrated
below.

N Z = N ZC
S Z = ‘1’

Z1

Z2

…

…

… …

Z NZ

x 2 EX

Consider a simple example of signed magnitude subtraction below.
Z = 5.6875-11.4375
X = 11.4375 and Y = 5.6875 , X > Y , S X = ‘1’, SY = ‘0’
The fixed-point representation of X and Y is given, assuming N X = NY =8 bits.
X = (.1011 0111)2 * 24
Y = (.1011 0110)2 * 23

Scale Y
Ys = (.0101 1011)2 * 24
Find two’s complement of X .
X C =(.0100 1001)2 * 24
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Compute Z C

ZC = Ys + X C = M Z 2E = 0 .1010 0100 * 24
Z

C

↑
Carry bit
The carry bit indicates the sign of the result and hence stored as S Z . Since S Z = ‘1’, M Z

C

needs to

be converted to two’s complement representation.
Find the two’s complement of Z C
M Z =0101 1100
Combining sign, mantissa and scaling factor, Z can be obtained.

Z = M Z 2E = (1 0101 1100 * 24 )2 = (-5.75)10
Z

↑
SZ

A.3. Example of error propagation in multiplication operation
In this section, the error that is propagated in multiplication operation is demonstrated with an
example.
Consider fixed point multiplication C = A * B , A =4.2, B =8.1, and C = AB = 34.02. Assuming
required output precision is 0.5, other parameters of these fixed-point numbers can be determined
according to the steps outlined in Section 3.5.1.
1.

E A = 3, EB = 4,

2.

EC = 6

3.

N C = 7 bits

4.

N A = N B =9 bits

5. Mantissa of C is to be shifted 1 bit to the left
With these parameters, the value of fixed-point variables can be illustrated below. The scaling
factor is shown by the location of the binary point.
A = (100.001100)2; B = (1000.00011)2. Expected C = (100010.0)2 = (34)10.
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Product of multiplication AB = (100001.1)2 = (33.5)10
The difference between expected decimal value of and the actual product is 0.5, which satisfy the
precision requirement. However, the actual error between the real product AB and its fixed-point
product AB is 0.52. The error of 0.02 is introduced to the product as a consequence of truncating
the result to fit bits allocation.

A.4. Example of error propagation in addition/subtraction operation
In this section, the error that is propagated in addition/subtraction operation is demonstrated with an
example.
Consider

the

addition

of

two

fixed-point

numbers

A and B .

A =222.9,

B =48.625,

C = A + B =271.525. Assuming after a shift and a binary point alignment N A = N B =11 bits and
E A = EB =9, the fixed-point addition can be illustrated below. Note that the sign bits are not shown
in the illustration and the binary points are placed according to the scaling factor of each respective
representation.

A

0 1101 1110.11

B

0 0011 0000.10

C

1 0000 1111.01 = 271.25

+

In order to align the binary points of operands for addition and to avoid overflow, A is shifted 1 bit
to the right while B is shifted 3 bits to the right. In this example, A and B have a maximum error
of 2−2 . From the analysis, the sum C has a maximum error of 2−1 . It can be observed that in this
example that the actual error does not exceed 2−1 .
Even though fixed-point representation of C carries a maximum error of 2−1 , reducing N C by 1 bit is
not desirable as C will carry truncation error in addition to quantization error. In this example,
reducing N C to 10 bits will introduce an actual error of 0.525 > 2−1 to the representation of C .
Following the observation, it can be concluded that in order for C to have a maximum error of 2−1 ,
the following fixed-point parameters are required for A , B , and C :
N A = 10, E A = 8
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N B = 8, EB = 6
N C =11, EC =9
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Appendix B. Sample Computations for Chapter 4
In this appendix, examples are provided to clarify the concept of automated fixed-point design that
is realised as a Java tool. In Section B.1. , the principle of fixed-point design automation and the
numerical steps involved are explained with an example. In Section B.2. , various arithmetic
operations supported by the Java tool are presented.

B.1. Numerical Flow of the Java Tool
In this section, the numerical flow of the Java automated tool is demonstrated with an example. In
this example, the sequence of computations to obtain the fixed-point parameters of a sample DFG is
provided. The Java tool allows these computations to be automated by utilising the graph traversal
technique, as discussed in Section 4.3.
Consider a DFG shown in Figure B.1. Assume that the required resolution rc at the output is 0.5.
The objective of the computation is to determine key design parameters that satisfy this
requirement. The scaling factor and word length of variables are determined according to the results
of analysis given in Section 3.5.

Figure B.1 A DFG that incorporates information on dynamic range, fixed-point parameters and output
criteria
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The operation represented in Figure B.1 is G = ( A * B ) + D + E with A = 2.7, B = [7.5,9.8], D =
[-3.5,7.2], E = 1.7. This operation gives a floating-point result of G = [18.45, 35.36].

In

this

example,

a

set

of

vertices

V = { A, B, C , D, E , F , G , A1, A2, M 1} ,

V

of

where

Graph(V , E )

can

be

defined

{ A, B, C , D, E , F , G} ∈ Operand

as
and

{M 1, A1, A2} ∈ Operator . The operands are classified in the following way:
1.

{ A, E} ∈ Constant

2.

{B, D} ∈ InputVar

3.

{C , F , G} ∈ IntermediateVar

The operators can be classified as:
•

{ A1, A2} ∈ AddSub

•

{M 1} ∈ Multiplier

From equation (3.3.5), (3.5.11), and (3.5.1), the maximum error of each operand node is given by:

∆Amax = 2(

− N A + EA )

, ∆Bmax = 2(

− N B + EB )

, ∆Cmax = 2(

− N C + EC )

, ∆Dmax = 2(

− N D + ED )

∆Cmax = 2 E ∆Bmax + 2 E ∆Amax
A

B

∆Fmax = ∆Dmax + ∆Cmax
∆Gmax = ∆Emax + ∆Fmax

Fixed-point parameters of all the operands in the graph can be determined in steps:

Step 1
The first step involves determining the range and scaling factors of all variables. The dynamic range
of intermediate variables can be determined as follows:
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min(C ) = 2.7 * 7.5 = 20.25
max(C ) = 2.7 *9.8 = 26.46

⎧min(C ) + min( D), max(C ) + min( D), ⎫
⎬ = 16.75
⎩ min(C ) + max( D), max(C ) + max( D) ⎭
⎧ min(C ) + min( D), max(C ) + min( D ), ⎫
max( F ) = max ⎨
⎬ = 33.66
⎩ min(C ) + max( D ), max(C ) + max( D) ⎭
min( F ) = min ⎨

min(G ) = 1.7 + min( F ) = 18.45
max(G ) = 1.7 + max( F ) = 35.36
The scaling factors of all operands can be determined
E A = floor log 2 2.7 + 1 = 2
EB = floor log 2 9.8 + 1 = 4
EC = floor log 2 (2.7 * 9.8) + 1 = 5
ED = floor log 2 7.2 + 1 = 3
EE = floor log 2 1.7 + 1 = 1
EF = floor log 2 (33.66) + 1 = 6
EG = floor log 2 (35.36) + 1 = 6

Step2
The required output resolution is ∆Gmax = 0.5 = 2k = 2−1 . N G can be obtained as follows

∆Gmax = 2

− N G + EG

= 2−1

NG = 7
However, it has been discussed in Section 3.5.2 that in fixed-point addition, it is necessary to
allocate an extra bit to the output of the operation in order to retain the required precision. As G is
the output of an addition operation A2 , N G is allocated an extra bit so that N G =8 bits. Another rule
that can also be used to determine the word-length of addition/subtraction output is given below.
N G = EG − k + 1 = 6 + 1 + 1 = 8 bits
When N G is obtained, the word length of A2 inputs can be determined. N E and N F can be found
by substituting the output criteria into the error expression

0.5 = ∆Emax + ∆Fmax
0.5 = 2(

− N E + EE )

+ 2(

− N F + EF )

Substituting the value of EE and EF obtained from Step 1,
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0.5 = 2 − N

E

+1

+ 2− N

F

+6

Assuming equal error contribution,
2− N

E

+1

= 0.25

NE = 3

and

2− N

F

+6

= 0.25

NF = 8

Step 3
Given N F = 8 and EF = 6 , the maximum error of F can be obtained from
∆Fmax = 2− N

F

+ EF

= 2−2 = 2k

For fixed-point addition, the value of N F is obtained to be
N F = EF − k + 1 = 6 + 2 + 1 = 9 bits
It can be noted that this differs from the value obtained in Step 2. This is, however, expected as an
extra bit allocation is required due to F being the output of an addition operation A1 . The word
length of C and D , that are inputs to operation A1 can be determined using a similar approach as
Step 2.
NC = 8
ND = 6

Step 4
Operator M 1 is now examined and both N A and N B can be determined.

∆Cmax = 2− NC + EC = 2−3
∆Cmax = 2 EA ∆Bmax + 2 EB ∆Amax
2−3 = 22 2− N B + EB + 24 2− N A + EA
Substituting the value of E A and EB obtained from Step 1 and assuming equal error contribution,
2−4 = 22 2 − N
N B = 10
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B

+4

and

2−4 = 24 2 − N
N A = 10

A +2

Using this approach, fixed-point parameters of all operands are summarised below:
Variable

Scaling factor

Word length

A
B
C
D
E
F
G

2
4
5
3
1
6
6

10
10
8
6
3
9
8

With this set of parameters, this operation in fixed-point gives G = [18.125, 35.0]. The quantisation
error at the output is 35.36-35=0.36 for the upper limit and 18.45-18.125=0.325 for the lower limit.
For both cases, the error is less than 0.5 as required.
The resolution of fixed-point operators A1, A2 , and M 1 can be determined by choosing the
maximum word length among adjacent operands, as discussed in Section 3.6.
Note that it is possible to determine these parameters according to the formulation developed in
Chapter 4. This example is provided in order to show how quantisation error is propagated from one
operation to another. In the example given above, the maximum error in representing G as fixedpoint, ∆Gmax , depends on the error carried by node F . ∆Fmax is in turn dependent on the error
contained in node C .

B.2. Operations Supported by the Java Tool
In this section, the overview of operations that are supported by the Java tool, including examples,
is provided. The resolution of operators is decided during DFG traversal by choosing the maximum
word length among the operator’s adjacent nodes.

B.2.1 Addition
Consider a simple operation C = A + B . The dynamic range of input variables is shown in Figure
B.2.
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Figure B.2 DFG for an addition operation

The textual input representation for this operation is given below.
operand;inputVar;A;60.1;63.7;add1
operand;inputVar;B;17.5;32.85;add1
operator;adder;add1;1;aClass3;A;B;C
operand;intermediateVar;C;add1

This printout of nodes summary below is generated by the Java tool given the textual description of
the DFG and the required output resolution rc.= 0.5.
****************************************************
There are 4 vertices in the graph.
The required resolution is 0.5
----------- Index [0] ----------Label : A
Is an input variable
SF expression: Ea
WL expression: Na=(Nc)-1
SF : 6
WL : 8
Min : 60.1
Max : 63.7
Neighbour node(s) : add1
----------- Index [1] ----------Label : B
Is an input variable
SF expression: Eb
WL expression: Nb=(Nc)-1
SF : 6
WL : 8
Min : 17.5
Max : 32.85
Neighbour node(s) : add1
----------- Index [2] ----------Label : add1
Is an operator
Type : adder
adder bits : 9
Node A needs to be shifted right by 1 prior to operation
Node B needs to be shifted right by 1 prior to operation
Node C needs to be shifted left by 0 after addition
Neighbour node(s) : A B C
----------- Index [3] ----------Label : C
Is an intermediate variable
SF expression: Ec=(Ea)+1
WL expression: Nc
SF : 7
WL : 9
Min : 77.6
Max : 96.55000000000001
Neighbour node(s) : add1
****************************************************
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This summary contains node information such as labels, adjacent nodes, class of node, dynamic
range, and other attributes. Note that the adder includes information on shift operations necessary
prior and subsequent to the addition. The purpose of these shifts is to align the scaling factor for
addition and eliminate extra bit(s) that might be redundant to the system.
The location at which shift registers are inserted is shown in Figure B.3.

Figure B.3 An illustration of the location of shift registers for the sample addition operation

The example below illustrates fixed-point addition performed in hardware by utilising the
parameters and shifts information provided by the Java tool.
Consider A = 63.1 and B = 31.5. The normalised fixed-point representation of A and B are as
follows.
A .11 1111 0001 * 2^6
B

.1 1111 1000 * 2^5

From the node summary, the following parameters used on the operands: N A =8, E A = 6, N B = 8,
EB = 6, N C = 9, and EC =7. A 9-bit adder is used for this addition. One bit logical right shifts are to
be performed on A and B before addition, resulting in both scaling factors adjusted to 2^7. No
shift is required on fixed-point sum C .
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This addition is illustrated below. Note that in this illustration, the signs of the operands are not
included in the representation.
A (after shift)

.011 1111 00 * 2^7

B (after shift)

.001 1111 10 * 2^7
+
.101 1110 10 * 2^7 = (94.5)10

C

Note that overflow can result if shifts are not performed on A and B . In this example, the actual

(

)

error in representation is ( A + B ) − A + B = 94.6-94.5 = 0.1 < 0.5 as required.

B.2.2 Subtraction
Consider the operation C = A − B , illustrated as a data flow diagram in Figure B.4.

Figure B.4 A sample subtraction operation

Text representation of this graph is given below. The syntax for subtraction operation requires the
minuend node to be placed before the subtrahend. In this example, node A is the minuend, while
node B is the subtrahend.
operand;inputVar;A;25;70;sub1
operand;inputVar;B;18;24;sub1
operator;subtractor;sub1;1;aClass3;A;B;C
operand;intermediateVar;C;sub1

The node summary provided by the Java tool is given below, for rc = 0.5.
****************************************************
There are 4 vertices in the graph.
The required resolution is 0.5
----------- Index [0] ----------Label : A
Is an input variable
SF expression: Ea
WL expression: Na=(Nc)+1
SF : 7
WL : 9
Min : 25.0
Max : 70.0
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Neighbour node(s) : sub1
----------- Index [1] ----------Label : B
Is an input variable
SF expression: Eb
WL expression: Nb=(Nc)-1
SF : 5
WL : 7
Min : 18.0
Max : 24.0
Neighbour node(s) : sub1
----------- Index [2] ----------Label : sub1
Is an operator
Type : subtractor
subtractor bits : 9
Node A needs to be shifted right by 0 prior to operation
Node B needs to be shifted right by 2 prior to operation
Node C needs to be shifted left by 1 after addition
Neighbour node(s) : A B C
----------- Index [3] ----------Label : C
Is an intermediate variable
SF expression: Ec=(Ea)-1
WL expression: Nc
SF : 6
WL : 8
Min : 1.0
Max : 52.0
Neighbour node(s) : sub1
****************************************************

Similar to addition, there are shifts that must be executed prior and subsequent to the operation. The
location of these shifts registers within the operation is shown in Figure B.5.

Figure B.5 An illustration of registers placement for subtraction operation

In order to illustrate fixed-point implementation of subtraction operations, a sample subtraction is
presented below.
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Consider A = 65 and B =22, both values within their respective dynamic range. Their normalised
fixed-point representation, A and B , are as follows:

A .100 0001 0000 * 2^7
B

.01 0110 1000 * 2^5

Based on the result of Java simulation, the following parameters are used on the operands: N A =9,
E A = 7, N B = 7, EB = 5, N C = 8, and EC =6. A 9-bit subtractor is to be used for this operation. B is

shifted two bits to the right prior to operation, resulting in a scaling of 2^7. No shift is required
for A . The subtraction operation is illustrated below:
A

.100 0001 00 * 2^7

B (after scale)

.001 0110 00 * 2^7

C

.010 1011 00 * 2^7

-

It can be observed that the MSB of C is ‘0’. In fact, for the given dynamic range, the MSB of C
will always be zero. For this reason, the result is shifted one bit to the left, resulting in a scaling
factor of 2^6 and a word length of 8 bits. These parameters agree with the tool’s description on
how node C should be represented.
In this operation, the actual error can be computed to be ( A − B ) − ( A − B ) = 0. The quantisation
error in this example is zero as the error carried by operands A and B cancel out with each other.

B.2.3 Multiplication
Consider a multiplication operation C = A * B , where A has a dynamic range of [0.1345,0.3523]
and B has a dynamic range of [3.54, 7.85].
The text description of the data flow graph is given below.
operand;inputVar;A;0.1345;0.3523;mul1
operand;inputVar;B;3.54;7.85;mul1
operator;multiplier;mul1;1;mClass1;A;B;C
operand;intermediateVar;C;mul1
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The fixed-point parameters as determined by the tool are provided below.
****************************************************
There are 4 vertices in the graph.
The required resolution is 0.01
----------- Index [0] ----------Label : A
Is an input variable
SF expression: Ea
WL expression: Na=(Nc+1)
SF : -1
WL : 10
Min : 0.1345
Max : 0.3523
Neighbour node(s) : mul1
----------- Index [1] ----------Label : B
Is an input variable
SF expression: Eb
WL expression: Nb=(Nc+1)
SF : 3
WL : 10
Min : 3.54
Max : 7.85
Neighbour node(s) : mul1
----------- Index [2] ----------Label : mul1
Is an operator
Type : multiplier
multiplier bits : 10
Node C needs to be shifted left by 0 bits after multiplication.
Neighbour node(s) : A B C
----------- Index [3] ----------Label : C
Is an intermediate variable
SF expression: Ec=(Ea)+(Eb)
WL expression: Nc
SF : 2
WL : 9
Min : 0.47613000000000005
Max : 2.765555
Neighbour node(s) : mul1
****************************************************

The data flow graph representation of this operation is shown in Figure B.6.

Figure B.6 A sample multiplication operation
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Consider A = 0.2 and B = 4.5. Their fixed-point representations, A and B , with parameters N A =10,
E A = −1 , N B =10, EB =3 are as follows:
A .01 1001 1001 * 2^-1
B

.10 0100 0000 * 2^3

For multiplication operations, no right shifts are required prior to operation. Left shifts, however,
might be necessary in cases where N C < N A + N B . This indicates the presence of redundant bits in
the representation of C . In this example, C does not require any shift, but is truncated to 9-bits to
avoid using the full precision.

C

.0 0111 0011 * 2^2

The actual error of this operation can be computed ( AB ) − (C ) = 0.9 – 0.8984375 = 0.0015625. This
satisfies the precision requirement rc = 0.1 .

B.2.4 Minimum
This min operation extracts the minimum value of a variable. For a variable A with a dynamic
range of [11.5, 16], the minimum operation will produce 11.5 as a result. This operation only takes
in one input node.
Consider an operation B = min( A) , the dynamic range of A is given as [-25,37]. The textual
description is given below.
operand;inputVar;A;-25;37;Min1
operator;minimum;Min1;1;minClass1;A;B
operand;intermediateVar;B;Min1

The output and fixed-point parameters produced by the tool is shown below, rc = 0.1 .
****************************************************
There are 3 vertices in the graph.
The required resolution is 0.1
----------- Index [0] ----------Label : A
Is an input variable
SF expression: Ea
WL expression: Na=(Nb)+1
SF : 6
WL : 10
Min : -25.0
Max : 37.0
Neighbour node(s) : Min1
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----------- Index [1] ----------Label : Min1
Is an operator
Type : minimum
minimum bits : 10
Neighbour node(s) : A B
----------- Index [2] ----------Label : B
Is an intermediate variable
SF expression: Eb=(Ea)-1
WL expression: Nb
SF : 5
WL : 9
Min : -25.0
Max : -25.0
Neighbour node(s) : Min1
****************************************************

Data flow representation of this operation is given in Figure B.7.

Figure B.7 A sample minimum operation

Fixed-point parameters of the inputs are assigned such that the required precision of the output is
maintained. In hardware, this function can be implemented with a comparator.

B.2.5 Maximum
The max operation calculates the maximum value of a variable. For example, given A is a variable
with a dynamic range of [-39,12], B = max( A) will produce B =12. The textual description of this
operation is given below.
operand;inputVar;A;-39;12;Max1
operator;maximum;Max1;1;maxClass1;A;B
operand;intermediateVar;B;Max1

The node summary as provided by the tool is shown below, specified rc = 0.5 .
****************************************************
There are 3 vertices in the graph.
The required resolution is 0.5
----------- Index [0] ----------Label : A
Is an input variable
SF expression: Ea

143

WL expression: Na=(Nb)+2
SF : 6
WL : 7
Min : -39.0
Max : 12.0
Neighbour node(s) : Max1
----------- Index [1] ----------Label : Max1
Is an operator
Type : maximum
maximum bits : 7
Neighbour node(s) : A B
----------- Index [2] ----------Label : B
Is an intermediate variable
SF expression: Eb=(Ea)-2
WL expression: Nb
SF : 4
WL : 5
Min : 12.0
Max : 12.0
Neighbour node(s) : Max1
****************************************************

The data flow diagram of this operation is provided in Figure B.8.

Figure B.8 A sample maximum operation

In this example, it is shown that the precision of the input is retained at the output. Node A has 2
bits of fractional word-length and so does B . The bit resolution of the operator is decided
according to the maximum word-length between the input and the output, in this case 8 bits. Similar
to min operation, this operation can be implemented with a comparator.

B.2.6 Saturation
This function performs saturation operation on a given variable. The purpose of saturation is to
limit the variable within an allowable range.
Consider a simple operation B = sat ( A) . The sat function has a lower bound of 80 and an upper
bound of 90. Given the dynamic range of A is [70, 130], which exceeds the saturation boundary,
the range of A will be set to [80, 90]. The textual input of this operation is shown below.
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operand;inputVar;A;70;130;Sat1
operator;saturate;Sat1;1;satClass2;80;90;A;B
operand;intermediateVar;B;Sat1

The nodes summary as produced by the tool is shown below, rc = 0.1 .
****************************************************
There are 3 vertices in the graph.
The required resolution is 0.1
----------- Index [0] ----------Label : A
Is an input variable
SF expression: Ea
WL expression: Na=(Nb)+1
SF : 8
WL : 12
Min : 70.0
Max : 130.0
Neighbour node(s) : Sat1
----------- Index [1] ----------Label : Sat1
Is an operator
Type : saturate
saturate bits : 12
Minimum saturation : 80.0
Maximum saturation : 90.0
Neighbour node(s) : A B
----------- Index [2] ----------Label : B
Is an intermediate variable
SF expression: Eb=(Ea)-1
WL expression: Nb
SF : 7
WL : 11
Min : 80.0
Max : 90.0
Neighbour node(s) : Sat1
****************************************************

The data flow diagram of this operation is shown in Figure B.}9.

Figure B.9 A sample saturation operation

Fixed-point parameters are assigned according to the new range of the output. The word lengths are
chosen such that the required output precision rc can be retained. The operator resolution is decided
according to the maximum word length between the input and the output node.
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