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ABSTRACT
Civil engineering structures inevitably subject to the adverse effects of environment
erosion, material aging, fatigue, long-term effect of loadings, and natural disasters etc.,
which result in an accumulation of damage in structures. The structural deterioration has
become a worldwide concern as it is a hidden danger which may cause sudden break or
collapse of the structure. Structural Health Monitoring (SHM) has been attracting
enormous research efforts in structural engineering because it targets at monitoring
structural conditions to prevent catastrophic failure, and to provide quantitative data for
engineers and infrastructure owners to design reliable and economical asset
management plans. Many SHM systems have been installed on large-scale structures
worldwide, however, a great deal of research is still needed for developing more reliable
and applicable real-time SHM systems. A critical issue needs to be well addressed is the
development of a vibration-based system identification method and a damage detection
technique that are applicable to the real-time SHM under operational conditions.
The research carried out in this thesis focuses on developing the vibration-based system
identification technique and damage detection method that are applicable to the SHM of
structures under ambient excitations. It consists of:
(1) applicability of the widely used output-only system identification methods including
time domain methods, frequency domain methods and time-frequency domain methods
is comparatively studied. Variability of modal parameter identification produced by
using various methods is quantified through analysing the ambient vibration response of
an example beam indicating that on average a 2% to 3% error is generated in natural
frequency identification, which should be accounted in damage detection. The timefrequency domain methods are superior in time-varying system identification, in which,
Hilbert-Huang transform (HHT) shows superiority over wavelet transform (WT) in
detecting sudden variation and tracking smooth variation of time-varying system
process.
(2) HHT theory is intensively elaborated and found that empirical mode decomposition
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(EMD) sifting process is central to HHT. Through extensive numerical study, HHT
method is demonstrated good at nonlinear and non-stationary signal analysis, efficient
in extracting the instantaneous structural vibration information and presenting it
explicitly on time-frequency plane as an output-only method. However, HHT is found
have some critical problems, i.e., the end-effect, the ‘mode mixing’ problem and the
susceptibility to noise disturbance. Experimental data analysis shows its less reliability
in in-situ use.
(3) an improved HHT method is proposed against the characteristics of the structural
vibration response and the intrinsic problem of HHT method. The improved HHT
method takes the cross-correlation function or auto-correlation function of the structural
response as analysis object allowing the structural response under stationary random
excitations and non-stationary random excitations to be well decomposed into ‘mono
components’. Its integrated band-pass filtering technique and the real IMF selection
principle overcomes the ‘mode mixing’ problem and reinforcing its ability to identify
closely spaced natural modes. Numerical study and impact test of a scaled steelconcrete composite beam demonstrate the improved HHT method serves better as an
output only system identification tool for practical use in the field of civil engineering.
(4) application of the improved HHT method to linear time-varying (LTV) system
identification under stationary and non-stationary random excitations is proved through
theoretical derivation and extensive numerical studies of identifying LTV system from
structural free vibration response and forced vibration response under harmonic, seismic
and random excitations. In particular, the systems of abruptly varying, linearly varying
and exponentially varying features are all considered. This method is feasible in
detecting damage occurrence instant and tracking damaging process. It can also
distinguish the frequency components introduced by extraneous excitations from
structural modal frequency components.
(5) development of a multi-stage damage detection scheme consists of the detection of
damage occurrence, damage existence, damage location and the estimation of damage
severity based on the improved HHT method. The obtained instantaneous frequency (IF)
is used to detect damage occurrence instant, instantaneous phase (IP) of the first
intrinsic mode function (IMF) is sensitive to minor damage, the damage indicator
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defined based on Hilbert marginal spectrum is able to locate damaged area, the damage
severity is estimated through analysing the structural response monitored at the
damaged area. This scheme accomplishes all functions automatically in one flow
without modal parameter identification. It is validated by both numerical study and
laboratory tests of frame structures under ambient excitations to be simple, time
efficient, and robust. Moreover, the obtained variables are all functions of time making
this scheme applicable to real time SHM of in-service structures.
(6) a correlation-based ARMA model method is developed as an output-only system
identification technique based on the link between the ARMA model and the
mathematical description of civil engineering structures. This method overcomes the
bias in ARMA model modelling caused by noise. Through its applications to analysing
various types of numerically simulated and real tested structural response data,
compared with traditional ARMA model method and the developed improved HHT
method, this method is demonstrated economical, reliable and robust in output-only
system identification.
(7) a non-model based damage detection scheme is developed from the correlationbased ARMA model method and applied to the damage detection of offshore pipelines.
In this method, the signal pre-processing module reduces the effect of various loading
conditions, environmental conditions and noise; the AR model coefficients obtained
using the correlation-based ARMA model method forms effective damage feature
vector; the damage indicator defined based on Mahalanobis distance detects and locates
damage in offshore pipeline systems. FEM method of simulating the ambient vibration
of offshore pipelines under hydrodynamic forces with soil-pipe-fluid coupled effect
considered is developed. The underwater dynamic tests of a scaled model of a subsea
pipeline system with an underwater SHM system installed on it are designed and
accomplished in a laboratory. This no-model damage detection method is demonstrated
time efficient, robust and sensitive to pipeline structure damage and free-spanning
damage, and is efficient in detecting and locating such damage.
The research work presented and the results obtained in this dissertation contribute to
the development of robust and reliable vibration-based SHM technique applicable to the
real use in civil engineering structures.
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CHAPTER 1
INTRODUCTION

1.1

BACKGROUND

Damage in a structure leads to a reduction of structural load-carrying capacity. Civil
engineering structures will inevitably suffer certain level of damage during their service
life owing to corrosion, fatigue, aging of construction materials, long-term effect of
loads, sudden attacks of accidental and natural loads, etc. Therefore, to guarantee the
reliabilities of civil engineering structures is of great importance to the safety of the
public.
According to the U.S. Department of Transportation, till December 2008, of the
600,905 bridges across the country, 72,868 (12.1%) were categorized as structurally
deficient and 89,024 (14.8%) were categorized as functionally obsolete. Based on the
condition and capacity of structures, American Society of Civil Engineers assigned
grades for the estimation of structural health status. Grade C meaning in a mediocre
condition was assigned to the bridges and Grade D which means in a poor condition
was given for the school structures [1]. In the state of New South Wales, Australia, till
2010, the infrastructures is estimated in average to poor condition. Among them, around
70% of bridges were built before 1985, with a significant percentage in the mid 1930’s,
and the peak in 1970’s. The urgent upgrade need of bridges altered the emphasis of the
bridge authorities from building new networks of infrastructures to the maintenance,
repair and rehabilitation needs of the existing bridges [2]. Same health problems of civil
infrastructures are common worldwide. Therefore, the health monitoring, condition
assessment and safety evaluations of in-service structures are necessary and imperative,
especially for those structures in poor condition or even worse. With structural
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condition monitoring and assessment, a better routine maintenance or prompt retrofit of
those deficient civil infrastructures will definitely reduce the occurrence of structural
failure and the possible economic and life loss.
The primary goal of a structural health monitoring (SHM) system is to monitor the
condition of a structure and to detect damage at the earliest possible stage so that
preventative measures can be taken to avoid the unexpected failures, hence to ensure
both the safety and functionality of the structure [3]. It is acknowledged that damage
identification plays a major role in a SHM system and can be regarded as the brains of
the system. According to Rytter [4], the problem of structural damage identification in
general can be solved at four levels:
Level 1: detecting the existence of damage in the structure;
Level 2: Level 1 plus detection of the damage locations;
Level 3: Level 2 plus the quantification of severity of damage;
Level 4: Level 3 plus prediction of the remaining life of the structures.
To maintain structural serviceability without causing disruption or impairment to the
structure while performing damage detection, many non-destructive techniques (NDT)
have been developed in recent years. Traditional NDT are either local or visual methods
such as acoustic or ultrasonic methods, magnetic field methods, radiograph, eddycurrent methods or thermal field methods [5]. All of these techniques usually require
that the vicinity of the damage is known beforehand and is easily accessible. They
usually demand extensive labour work, are time consuming and very costly, and
sometimes also cause structure downtime. To effectively monitor the conditions of
complex and large-scale structures, vibration-based damage identification methods have
been developed by many researchers. Different from traditional NDT, vibration-based
damage detection methods are based on global vibration measurements. The basic
concept behind them is that modal parameters (notably frequencies, mode shapes and
modal damping) are functions of the physical properties of the structure (mass, damping
and stiffness). Therefore, changes in the physical properties, such as reduction in
stiffness resulting from the onset of cracks or loosening of connection, will cause
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changes in these modal properties, which will further result in vibration pattern change
of the structural output response [6]. The vibration-based structural damage
identification and health monitoring has been the subject of significant research in
structural engineering community in recent years, intensive literature review about the
up to date research achievements on this subject can be found in Ref [6-8] etc.
The vibration-based damage detection methods can be classified into two categories,
namely, the non-model based damage detection methods and the model-based damage
detection methods. Each type has its own intrinsic advantages and limitations. Nomodel methods work by directly extracting characteristic vibration features from
structural response time series, and therefore have the advantages of avoiding modelling
errors and computational costs involved in numerical simulations. The model-based
damage detection methods mainly include the damage index methods, in which the
modal parameters such as natural frequencies [9], mode shapes [10, 11], damping [12]
or the quantities derived thereof [13, 14] are used as damage index, direct flexibility or
stiffness calculation methods [15], model updating methods [16] etc.
To date, the vibration-based damage detection methods that do not use any structural
model primarily provide Level 1 and Level 2 damage identification, i.e., detect the
existence and location of damage in a structure. Moreover, attempts of Level 2~3
detection by non-model based methods imposes a considerable increase in the number
of sensors and the consequent amount of signal processing. When the vibration-based
damage detection methods are utilized with a structural model, Level 3 that is to
estimate the damage severity can be further obtained. Level 4 can be “uncoupled” from
the previous three levels in the sense that once the damage is known, the problem of life
prediction can be handled by means of fracture mechanics and fatigue-life analysis. The
scope of this research is to provide Level 1 to Level 3 damage identification.
In this chapter, the above mentioned two categories of vibration-based damage
identification techniques are first reviewed. Then the objectives and scope of this
research are addressed. Finally, the organization of this thesis is presented.

1.2

LITERATURE REVIEW OF THE VIBRATION-BASED STRUCTURAL
DAMAGE IDENTIFICATION

3

1.2.1 Model-based damage detection methods
1.2.1.1 Damage index method
Natural frequency-based methods
Natural frequency-based methods use the natural frequency change as the basic feature
for damage identification. The use of this type of methods is easier as the natural
frequencies can be conveniently identified from one or a few accessible measuring point
on the structure and is more robust to experimental noise.
Salawu [9] presented an extensive review about the achievements of the research on
structural damage detection using natural frequency changes, accordingly, he suggested
that the natural frequency alone may not be sufficient for a definite identification of the
damage in structure as different types of damage at various locations might cause same
amount of frequency change. Morassi [17] presented a method for the identification of a
single crack in a vibrating rod based on the damage-induced shifts in a pair of natural
frequencies. The analysis was based on an explicit expression of the frequency
sensitivity to damage, which enables non-uniform bars under general boundary
conditions to be considered. Morassi and Rollo [18] later extended the method to the
identification of two cracks of equal severity in a simply supported beam under flexural
vibrations and demonstrated that it was possible to identify crack location and severity
by measuring the changes of the first three natural frequencies. It was pointed out that
damage identification leads to satisfactory results if the natural frequencies
identification error is relatively small with respect to the damage-induced frequency
changes. Kim and Stubbs [19] developed a method to locate and estimate the size of a
crack in beam-type structure by using changes in natural frequencies. In which, a crack
location model and a crack size model were formulated by relating fractional changes in
modal energy to changes in natural frequencies caused by damage such as cracks or
other geometrical changes. The feasibility and practicality of the crack detection scheme
were evaluated by applying this scheme to 16 test beams. Dilena et al. [20] studied the
identification of a single open crack in a straight pipe containing fluid under pressure by
frequency measurements. Besides, frequency change is also commonly used as the basis
of some intelligent algorithms such as genetic algorithm (GA) process [21], genetic
fuzzy system [22], artificial neural network (ANN) [23] and ant colony optimization
4
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[24] etc.
Although extensive study on the use of natural frequency changes for structural damage
detection has been accomplished in the past three decades, this type of method still have
several common limitations. One critical limitation is that the frequency changes caused
by damage is usually very small and may be buried in the changes caused by
environmental and operational conditions. It has been acknowledged that in-situ
measured frequency variation due to ambient vibration and environmental effects can be
as high as 5~10% [9], generally, it would be necessary for a natural frequency to change
by about 5% for damage to be detected with confidence. Moreover, certain amount of
variability is also involved in using different system identification methods, which will
be investigated in Chapter 2 of this thesis. Another limitation is that the naturalfrequency based damage identification problem is often ill-posed even without noise
pollution, which leads to nonuniqueness of the solutions of damage location and
severity. This problem is even more severe in multiple damages detection.
Mode shape-based methods
The traditional mode shape-based method uses the mode shape change from intact to
damaged structures as a basic feature for damage identification. The baseline data from
intact structure can be obtained from either an experimental test on the intact structure
or an accurate numerical model of the intact structure. When experimental data on the
intact structure is not available, a finite element (FE) model is usually adopted to
generate the baseline data.
Two commonly used methods to compare two sets of mode shapes are the Modal
Assurance Criterion (MAC) [25] and the Coordinate Modal Assurance Criterion
(COMAC) [26]. The MAC value can be considered as a measure of the similarity of
two mode shapes. A MAC value of 1 is a perfect match and a value of 0 means they are
completely dissimilar. It has been tested that the MAC values showed substantial
change although the first seven natural frequencies shifted by less than 3% leading to
the argument that the comparison of mode shapes is a more robust technique for damage
detection than shifts in natural frequencies [27]. The COMAC is a point wise measure
of the difference between two sets of mode shapes and takes a value between 1 and 0. A
low COMAC value would indicate discordance at a point and thus is also a possible
5

damage location indicator [28]. Shi et al. [29] extended this damage localization method
to multiple damage location assurance criterion (MDLAC) by using incomplete mode
shape instead of modal frequency. The developed two-step damage detection procedure
was to preliminarily localize the damage sites by using incomplete measured mode
shapes and then to detect the damage site and its extent again by using measured natural
frequencies. No expansion of the incomplete measured mode shapes or reduction of FE
model was required to match the FE model, and the measured information could be
used directly to localize damage sites. The effectiveness of this method was
demonstrated by a simulated 2D planar truss model.
A critical limitation of the above techniques in in-situ use is that the experiment on
intact structures is not available for most of the existing structures, which also increases
the difficulty in establishing an accurate numerical model. Therefore, to develop a
response-based method that depends on experimental data only from damaged
structures has recently become a focused research topic in damage identification. These
methods do not require a theoretical or numerical model. Their basic assumption is that
the mode shape data from a healthy structure contains only low-frequency signal in
spatial domain compared to the damage-induced high-frequency signal change. Several
advanced signal processing methods are investigated for such use, and wavelet
transform (WT) is the most popular. The ability of WT to identify damage from mode
shape using WT analysis due to its ability to closely examine the signal with multiple
scales to provide various levels of detail. These methods treat mode shape data as a
signal in spatial domain, and they use spatial WT to detect the signal irregularity caused
by damage. Rucka and Wilde [30] presented a method for estimating the damage
location in beam and plate structures. In the method, the mode shapes of the Plexiglas
cantilever beam estimated from experimental results were analysed by the onedimensional continuous wavelet transform (CWT) and mode shapes of the plate
structure were analysed with two-dimensional CWT for damage detection. The location
of damage was indicated by a peak in the spatial variation of the transformed response.
The wavelet analysis could effectively identify the defect position without knowledge of
neither the structure characteristics nor its mathematical model. Extensive study about
this type of techniques can be found in Ref [31-36].
An outstanding advantage of using mode shapes and their derivatives as a basic feature
6
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for damage detection is their ability to locate the damage. Moreover, the mode shapes
are less sensitive to environmental effects, such as temperature, than natural frequencies
[6]. However, the disadvantages are also apparent, such as the measurement of the mode
shapes requires a series of sensors, the measured mode shapes are more prone to noise
contamination than natural frequencies and the measurement error of mode shape is
distinctly larger than that of the natural frequency. Besides, the measured vibration
modes are often not complete leading to the vibration mode expansion becomes
necessary.

Mode shape curvature methods
It has been verified by many researchers that the mode shape itself is not sensitive
enough to small damage, even with the mode shape measured with high sensor
distribution [37-39]. Therefore, the mode shape curvature (MSC) was proposed and
investigated as an effective feature for damage identification.
Pandey et al. [40] firstly proposed the definition of MSC as the second derivatives of
mode shape, and is given as

κ i , j = (φi , j +1 + φi , j −1 − 2φi , j ) / h 2

(1.1)

where φi , j is the ith order modal displacement at the jth point, h is the sensor spacing.
The effectiveness of using the change of MSC as damage indicator to detect and locate
damage was demonstrated through a cantilever and a simply supported beam model.
Wahab and De Roeck [41] defined the curvature damage factor as the average of
difference in modal curvature through overall modes. In their study, a simply supported
and a continuous beam model containing damaged parts at different locations were used
to demonstrate the presented method. It was found that the modal curvature of lower
vibration modes was in general more accurate than those of the higher vibration modes
and when more than one fault existed in the structure, it was not possible to localize
damages in all locations from the modal curvature of only one vibration mode. The
technique proposed in their study was further applied to a real structure, namely, Bridge
Z24.
Li et al. [42] presented a crack damage detection method using a combination of natural
7

frequencies and MSC as input in ANN for location and severity prediction of crack
damage in beam-like structures. The effectiveness of the method was verified through
the experiment of several steel beams. Kim et al. [43] proposed a MSC-based damage
identification method for beam-like structures using WT. The proposed method
resolved some existing deficiencies of the MSC method, including the mode selection
problem, the singularity problem, the axial force consideration, and the estimation of the
absolute severity of damage. The method was verified through analysing the simulated
data and field test data
Despite its strong features, the MSC-based damage detection methods also have some
weaknesses. The first is their requirement for a dense measurement over the structure
for good accuracy and the second is the accurate extraction of the mode shapes. Besides,
it should also be noted that the MSC is sensitive to damage, but the differentiation
process enhances the errors inherent in mode shapes identification which therefore
yields a large damage detection uncertainty.
Modal strain energy-based methods
These methods use fractional modal strain energy (MSE) for damage detection. For
beam-type or plate-type structures, the modal strain energy can be directly related to
(and usually derived from) mode shape curvatures. Therefore, the MSE-based method
can also be considered as a special case of MSC-based method in the context of beamtype or plate-type structures.
Stubbs et al. [44] and Stubbs and Kim [45] developed a damage identification method
based on the change in MSE. This method assumed that if the damage is primarily
located at a single sub-region, the fractional strain energy would remain relatively
constant in sub-regions. For beam-type structures, the bending stiffness EI was
assumed to be essentially constant over the length of the beam for both the undamaged
and damaged modes. The damage index β at the sub-region j was expressed by
βj

∑
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∑
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where Fij* and Fij were the fractional strain energy of undamaged and damaged beam
for the ith mode at sub-region j; κ i and κ i* were the curvature mode shapes of
undamaged and damaged beam for the ith mode; and m was the number of the measured
bending modes. The curvature mode shape could be obtained from the third order
interpolation function of the displacement mode shape.
Then, by assuming that the damage index β at various sub-regions was normally
distributed, a normalized damage index Z at sub-region j was proposed as

Zj =

βj −β
σβ

(1.3)

where β and σ β represented the mean and standard deviation of the damage index β j ,
respectively. It was also suggested that a damage criterion can be set as Z j larger than 2.
Li et al. [46] addressed the problem of identification of damage locations for plate-like
structures using MSE technique, in which two novel damage sensitive parameters were
proposed to determine the locations of damage, and corresponding damage indices were
constructed and proved simple and intuitive through both numerical simulations and
experiments. The damage detection based on MSE received widely research through
numerical study, laboratory test and practical application. In recent years, more new
damage detection techniques based on MSE has been developed. For example, Guan
and Karbhari [47] developed an improved damage detection method based on element
MSE damage index using sparse measurement. In their study, the use of numerical
differentiation procedures was identified as the main cause for the poor performance of
the modal curvature method under sparse and noisy measurement. However, the
proposed improved damage index did not rely on numerical differentiation and could be
calculated using only modal displacement and modal rotation. It used a penalty-based
minimization approach to find the unknown modal rotation using sparse and noisy
modal displacement measurement. Yan et al. [48] developed a structural damage index
with the change and distribution of wavelet transformation coefficients based on
elemental MSE. Through numerical simulation of a simply supported beam and a cablestayed bridge model, compared with the elemental MSE method, the proposed method
was demonstrated able to effectively determine multiple damage locations in a structure
9

and estimate damage levels.
1.2.1.2 Flexibility or stiffness calculation method
The presence of a crack or a localized damage in a structure reduces the stiffness of the
structure. Since flexibility is the inverse of stiffness, reduction in stiffness will produce
an increase in the flexibility of the structure. With mode shape normalized to unit mass
as ΦT M Φ = I , the flexibility matrix, F, can be obtained from the modal data as [49]:
n


F = ΦK −1ΦT = ∑  1 2  φiφiT
ωi 
I =1 

(1.4)

where n is the number of degree of freedom (DOF), M is the mass matrix, Φ is the
mode shape matrix, ωi is the ith modal frequency, φi is the ith mode shape and
K −1 = diag (1/ ωi2 ) .
If the two sets of measurements, one for the intact structure and the other for the
damaged structure are taken and the modal parameters are estimated from the
measurements, by Eq. (1.4), the flexibility matrix for the two cases can be obtained and
the change in it can be expressed as
∆F = F2 − F1

(1.5)

where F1 and F2 are the flexibility matrices for the intact and the damaged cases,
respectively. Since it is difficult to measure the rotational DOF, only the translational
DOF are used in the calculation of the flexibility matrix.
For each translational DOF j, let δ j be the maximum absolute value of the elements in
the corresponding column of ∆F , i.e.,

δ j = max δ fij
i

(1.6)

where δ fij are elements of ∆F . To locate damage, the quantity δ j is used as the
measure of the change in flexibility for each measurement location.
Aoki and Byon [50] focused on deducing localised flexibility properties from the
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experimentally determined global flexibility matrix and presented the underlying theory
that could be viewed as a generalised flexibility formulation in three different
generalised coordinates, namely, localised or substructural displacement-basis,
elemental deformation-basis and element strain-basis. Yan and Golinval [51] also
presented a damage diagnosis technique based on changes in dynamically measured
flexibility and stiffness of structures.
The direct stiffness calculation technique was developed by Maeck and De Roeck [52]
to predict the damage location and severity from measured modal displacement
derivatives for a free-free set-up experimental reinforced concrete beam. The advantage
of this method was that no numerical model was needed to obtain the dynamic stiffness
distribution for statically determined systems.
The eigenvalue problem of an undamped system can be written as
Kφi = ωi2 M φi

(1.7)

in which K is the stiffness matrix, M is the analytical mass matrix, ωi is the ith
measured circular eigenfrequency and φi is the ith measured mode shape. The above
equation can be seen as a pseudo-static system, namely, for each mode, internal (section)
forces are due to the inertial load ωi2 M φi . For the ith bending mode, φi in Eq. (1.7) can
be replaced by φib , i.e., the modal deflections that are directly available from
measurements.
In the calculation of the modal internal forces, the contribution of rotational inertia
turned out to be negligible for the lower modes when a reasonably dense measurement
grid is used. For the ith torsional modes, φi in Eq. (1.7) can be replaced by φit , i.e., the
rotation angles which are normally not directly measured. However, from the modal
deflections at two different points of the same cross-section of the beam, the torsion
angles are directly obtained. Once the inertial loads are obtained from the measured
mode shapes and rotation angles, the modal internal forces can be derived based on the
internal force equilibrium assuming that the beam is only subjected to the inertial loads
M i +1 = M i + Vi ( xi +1 − xi ) − ∫

xi+1

xi

ωi2 ρ Aφib ( x)( xi +1 − xi )dx
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(1.8)

Vi +1 = Vi − ∫

xi +1

xi

Ti +1 = Ti − ∫

ωi2 ρ Aφib ( x)dx

xi+1

xi

ωi2iaφit ( x)dx

where M i , Vi , Ti are the modal bending moment, modal shear forces and modal
torsional moment, respectively; ρ , A and ia are the density, cross area and polar
moment of inertia of the structure, respectively.
Then, the next step in deriving the dynamic bending and torsion stiffness goes to the
calculation of curvatures along the beam for the bending modes and torsion rates for the
torsional modes.
Finally, according to the basic relationship that the bending stiffness EI at each section
is equal to the bending moment in that section divided by the corresponding curvature,
which is expressed as
EI =

M
d φ b / dx 2
2

(1.9)

and the dynamic torsion stiffness GJ in each section can be calculated from
GJ =

T
d φ / dx 2
2

t

(1.10)

the bending and torsion stiffness distribution of the structure can be found.
It has been demonstrated that the damage identification results obtained using this
method showed generally good agreement with observations from the experiment [53],
however, the method was only shown to work for the statically determinate structure.
Later, Goldfeld [54] presented an identification procedure for the stiffness distribution
in statically indeterminate structures, which showed a high level of reliability in terms
of locating multiple damages and determine damage severity through numerical study.
1.2.1.3 Finite element model updating method

The vibration-based FE model updating for damage identification updates the physical
parameters of a FE model of the structure by minimizing an objective function
expressing the discrepancy between analytically predicted and experimentally identified
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modal parameters and quantities derived thereof that are sensitive to damage. Optimum
solutions of the problem are reached through sensitivity-based optimization algorithms.
The FE model updating is solved through a least squares problem
1
1 m
min f (θ ) = r(θ )T r(θ ) = ∑  rj (θ ) 
2
2 j =1

2

(1.11)

where r(θ ) is the residual vector containing the differences between the numerically
predicted and experimentally determined modal data; and θ ∈ R n is a set of physical
parameters, also called updating parameters, which will be adjusted in order to
minimize the objective functions. The updating parameters are the uncertain physical
properties of the numerical model. Instead of using the absolute value of each uncertain
variable θ, a dimensionless correction factor pi can be defined as
p = [ pi ] =  − (θi − θ ref ) / θ ref  ⇒ θi = θ ref (1 − pi )

(1.12)

The correction factor pi can be assigned to a single element or a group of elements.
Then the FE model updating problem defined in Eq. (1.11) can be rewritten as
min f (p) =

1
1 m
r(p)T r(p) = ∑  rj (p) 
2
2 j =1

2

(1.12)

Considering the importance and the identification accuracy of different modal
parameters (i.e., statistical uncertainty of identified parameters), the weighted nonlinear
least squares problem can be used in the FE model updating instead of the normal least
squares problem given in Eq. (1.12) as
1
1 m
min f (p) = r(p)T Wr(p) = ∑  w j rj (p) 
2
2 j =1

2

(1.13)

where W is a diagonal matrix whose component is w j 2 and w j is the weight factor for
the residual rj (p) .

The FE model updating techniques have attracted extensive attention in the civil
engineering research community because, on the one hand, the updating is carried out at
the element level so that the fundamental properties of the original model such as the
13

symmetry, positivity and sparse pattern in the stiffness and mass matrices are retained,
and on the other hand, the updating process can be physically explained. The difference
between various FE model updating algorithms lies in: objective functions to be
minimized, numerical schemes used to implement the optimization and algorithms to
obtain the sensitivity matrix.
Teughels et al. [55] developed a sensitivity-based FE model updating method using
experimental modal data. The method worked by iteratively minimizing the differences
between the measured modal parameters (natural frequencies and mode shapes) and the
corresponding analytical predictions. But in order to reduce the number of unknown
variables and to obtain a physically meaningful result, a limited set of damage functions
was used to determine the bending stiffness distribution over the FE model. The
updating parameters were the multiplication factors of the damage functions. The
procedure was illustrated by a modal test before and after damage on a reinforced
concrete beam to perform damage assessment (damage localization and quantification)
of structures. Jaishi and Ren [56] compared the influence of different possible residuals
in objective function through a simulated simply supported beam. Frequency residual
only, mode shape related function only, modal flexibility residual only and their
combinations were studied independently. It was found that the objective function
which consisted of all the three residuals was the best for FE model updating in view of
model tuning and damage localization. Yana et al. [57] presented a FE model updating
method in which the discrepancies in both the eigenfrequencies and the unscaled mode
shape data obtained from ambient tests were minimized. In the optimization process, the
trust region strategy was used in the implementation of Gauss-Newton method making
this method more robust. The updating procedure was validated with a real application
to a prestressed concrete bridge. Jafarkhani and Masri [58] proposed an evolutionary
strategy in FE model updating process for damage detection in a quarter-scale two-span
reinforced concrete bridge tested experimentally at the University of Nevada, Reno. It
was pointed out that, when evaluated together with the strain gauge measurements and
visual inspection results, the applied FE model updating algorithm could accurately
detect, localize, and quantify the damage in the tested bridge columns throughout
different phases of the experiment. Jang et al. [59] implemented model updating method
to the damage detection of a historic steel-truss bridge. Dynamic characteristics of the
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bridge were identified via a series of short-term full-scale experiments. An initial FE
model of this bridge was then updated to match the field corrosion estimation results.
The corrosion levels predicted by the proposed approach were consistent with the
results of a visual inspection of this bridge. It was demonstrated that the model updating
results could be used to monitor the overall corrosion levels in the structure with
periodic inspection.
1.2.1.4 Advanced signal processing method

Wavelet transform based methods
There has been increasing attention on the wavelet-based methods in recent years owing
to the successful applications of wavelet-based methods in various subjects. The
wavelet decomposes a signal using a short-duration wave, known as wavelet basis,
allowing a refined decomposition. The WT is a two-parameter transform. For time
series, the two domains of the wavelet transform are time t and scale a. The scale can be
transferred into frequency with certain relationship. The main advantage of using WT in
signal processing is its ability to perform local analysis of a signal, i.e., to zoom in on
any interval of time and space. Wavelet analysis is therefore capable of revealing some
hidden information contained in the data that other methods fail to detect. This property
is particularly important for damage detection applications.
Daubechies [60] and Mallat [61] developed the mathematic foundation of WT methods
and developed the connection between wavelets and digital signal processing. The
application of wavelet analysis in damage detection includes many aspects, such as
time-frequency

analysis,

wavelet

spectrum,

orthogonal

or

discrete

wavelet

decomposition, wavelet-based data compression, de-noising, feature extraction, linear
and nonlinear system identification and image processing.
Sohn et al. [62] suggested using CWT to detect the delamination of composite structures
through analysing the structural response signals, and damage detection was performed
by observing the signal energy in a wavelet scalogram. Yam et al. [63] developed an
integrated method for damage detection of composite structures using their vibration
responses. Structural damage feature vectors were constructed and calculated based on
energy variation of the structural vibration responses decomposed using wavelet
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package before and after the occurrence of structural damage. The ANN were applied to
establish the mapping relationship between structural damage feature proxy and damage
status (location and severity). Dawood et al. [64] showed successful wavelet multiresolution analysis in de-noising of signals collected with Bragg grating sensors
contaminated with noise from thermal effects. Yan and Yam [65] proposed an index
vector based on the energy spectrum and wavelet packet analysis to detect small
structural damage. The maximum value of the index vector at a particular wavelet
decomposition level indicated damage. Wand and Deng [66] discussed the structural
damage detection technique based on wavelet analysis of spatially distributed structural
response measurements. The concept behind this technique is that the damage in a
structural response perturbs at damage locations, such local change may not be apparent
in the measured total response, are often discernible from component wavelets.
The wavelet packet transform (WPT) was developed as an extension of WT and is able
to provide level-by-level decomposition. The wavelet packets are alternative bases
formed by linear combinations of the usual wavelet functions [67]. Therefore, the WPT
enables the extraction of features from signals that combine stationary and
nonstationary characteristics with arbitrary time-frequency resolution. Since the WPT
does not require any mathematical model for the structure being monitored, its
applications to structural damage detection is classified into the non-model based
damage detection category which will be discussed in more detail later in this thesis.

Hilbert-Huang transform based methods
Hilbert-Huang Transform (HHT) method is an adaptive method for nonlinear and nonstationary signal analysis proposed by Huang et al. [68, 69]. The HHT comprises the
empirical mode decomposition (EMD) and the Hilbert Spectral Analysis that performs a
spectral analysis using the Hilbert transform (HT) followed by an instantaneous
frequency (IF) computation. The application of HHT in structural damage detection can
be developed from several aspects, such as time-frequency analysis, IF, instantaneous
phase (IP), instantaneous amplitudes (IA), Hilbert spectrum, Hilbert marginal spectrum
and so on.
Lin et al. [70] showed that HHT method could be used to identify the structural
parameters of a benchmark building and was quite accurate in detecting structural
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damage locations and severities. Quek et al. [71] illustrated the suitability of HHT for
damage detection problems, such as an aluminium beam with a crack, a sandwiched
aluminium beam with an internal delamination, a reinforced concrete slab with different
degrees of damage. Crack and delamination in homogeneous beams could be located
accurately and damage in the reinforced concrete slab could be identified if it has been
previously loaded beyond first crack. Tua et al. [72] used the energy peaks in Hilbert
spectrum corresponding to crack-reflected waves to determine the accurate flight times
and also to estimate the orientation of the crack. Yang et al. [73] proposed two damage
detection techniques based on the HHT, the first method, used the EMD extracted
damage spikes due to a sudden change for damage detection, and the second one used
EMD and HT to determine the damage time instants and the natural frequencies and
damping ratios of the structure before and after damage. Salvino and Pines [74] showed
the ability of the EMD to extract phase information from transient signals and use the
results to infer damage in a structure. Jha et al. [75] applied HHT to the damage
detection of a multi-level structure. They showed that discontinuity in the intrinsic mode
functions (IMFs) indicated the presence and location of a damaging event in a
continuously monitored structure. Bernal et al. [76] examined the IF of the IMFs
generated by EMD as a damage detection tool. Yu et al. [77] proposed a method for the
fault diagnosis of roller bearings based on HHT. The local Hilbert marginal spectrum is
used to diagnose the faults in a roller bearing and to identify fault patterns. Quek et al.
[78] compared the results obtained from the wavelet analysis with those obtained from
an EMD. The EMD was shown to provide a more direct method of extracting
information needed for damage detection purposes. Moreover, it was free of the
limitation of the Heisenberg uncertainty principle, which allowed it to decompose signal
with very high time resolution and frequency resolution simultaneously.
HHT offers a huge potential for analysing non-stationary and nonlinear data. It is a very
promising intelligent signal processing technique for in-situ monitoring of structures.
The superiorities and limitations of HHT method will be comprehensively studied in
later chapters of this thesis.
1.2.2 Non-model based damage detection methods
The non-model based damage detection methods accomplish structural damage
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detection through directly analysing the time series of the online measured structural
vibration response. Therefore, on the one hand, the implementation of this type of
methods is simpler and faster, and on the other hand the modelling error and the
inaccuracy resulted from modal parameter identification is also ruled out. Owing to
these reasons, it is feasible to apply such methods to the continuous monitoring of inservice structures.
Research on this area has become very hot during the last decade, with many new
methods welled up. Among the time-series related methods for structural damage
detection, the representative ones include WPT method and auto-regressive moving
average (ARMA) model method. Sun et al. [79] proposed a WPT based method for the
damage assessment of structures. Structural dynamic response was firstly decomposed
into wavelet packet components. Component energies was then calculated and used as
input into ANN for damage detection. Sun and Chang [80] developed a statistical
pattern classification method based on WPT for structural damage detection. In which, a
novel condition index, the wavelet packet signature (WPS) and its thresholds for
damage alarming were established using the statistical properties of the signal from
successive measurements. Han et al. [81] proposed a damage detection index called
wavelet packet energy rate index (WPERI) based on the WPT components of the
structural vibration data to detect damage in beam structures. Ren and Sun [82] defined
wavelet entropy, relative wavelet entropy and wavelet-time entropy as damage feature
to detect damage occurrence and damage location with a reference signal
simultaneously measured from any undamaged location of the structure.
Carden and Brownjohn [83] proposed a statistical classification algorithm based on the
analysis of a structure's vibration response. The time-series responses were fitted with
ARMA models and the ARMA model coefficients were fed to the classifier which was
capable of learning in an unsupervised manner and forming new classes when the
structural response exhibited change. Accordingly, different structural damage states
were identified. Gul and Catbas [84] utilized ARMA model method in conjunction with
Mahalanobis distance-based outlier detection algorithms to identify different types of
structural changes on different structures through the analysis of structural ambient
vibration data. Wang and Ong [85] developed a damage detection scheme using
autoregressive-model-incorporating

multivariate
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average (MEWMA) control. In which, special procedures to allow for the uncertainty
involved in process parameter estimation as well as those for control limit determination
were proposed for structural damage detection application.
Non-model based damage detection methods detect change from direct processing of
structural vibration responses, is a promising tool for realizing the real-time SHM of
civil engineering structures. Research work on this category of methods is also included
in this thesis.

1.3

RESEARCH OBJECTIVES

The primary goal of the research in this thesis is to develop vibration-based damage
detection methods which are reliable, robust, efficient and well applicable to the realtime SHM of civil engineering structures under ambient excitations. The research work
includes:
•

to study the applicability of different output-only system identification methods
and to quantify the possible variability generated by using different methods for
identifying structural modal parameters;

•

to study the fundamental theory of HHT algorithm, its superiorities, limitations
and applicability to nonlinear and non-stationary signal analysis;

•

to develop an improved HHT method with respect to the characteristics of the
vibration response of civil engineering structures to overcome the intrinsic
limitations of HHT algorithm for the system identification of civil engineering
structures;

•

to study the applicability of the improved HHT method to the identification of
time-varying civil structural system under various loading conditions;

•

to develop a multi-stage damage detection scheme which is able to realize the
detection of damage occurrence, damage existence, damage location and the
estimation of damage severity in structures under ambient excitations;

•

to develop a correlation-based ARMA model method that is applicable to
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analysing the real measured noisy structural vibration response under ambient
excitations;
•

to develop a non-model based damage detection scheme based on the
correlation-based ARMA model method to realize continuous SHM of civil
engineering structures;

•

to verify the feasibility and applicability of the vibration-based damage detection
techniques to the real-time SHM of offshore pipelines through both numerical
study and experiment validation.

1.4

THESIS ORGANIZATION

Chapter 1 introduces the background, motivation, literature review of the vibrationbased damage detection methods, objectives and the scope of the thesis.
Chapter 2 performs a systematic study on the applicability of the popularly used outputonly system identification methods including time-domain methods, frequency-domain
methods and time-frequency domain methods to the identifications of time invariant
systems and time-varying systems; quantifies the variability of using different methods
to identify modal parameters through applying all methods to analysing the structural
dynamic response.
Chapter 3 presents a comprehensive study about the fundamental concepts, superiorities
and limitations of HHT method; then, uses HHT method to analyse various types of
nonlinear and non-stationary signals including numerically simulated signals and real
measured experimental data to investigate its feasibility and applicability as an outputonly system identification tool.
Chapter 4 develops an improved HHT method with respect to the characteristics of the
vibration response of civil engineering structures and the inherent problems of
traditional HHT method; proposes approaches to meliorating noise contamination,
overcoming ‘mode mixing’ and well decomposing the structural response under both
stationary

random

excitations

and

non-stationary
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‘monocomponent’; and conducts numerical study and experimental verification to
validate the improved method.
Chapter 5 reviews the present development of LTV system identification in prominent
engineering fields; extends the improved HHT method to the identification of LTV
system including the systems of abruptly varying, linearly varying and exponentially
varying features under various loading conditions; and develops theoretical derivation
and numerical investigation accordingly.
Chapter 6 develops a multi-stage damage detection scheme including the detection of
damage occurrence, damage existence, damage location and the estimation of damage
severity based on the improved HHT method; and performs numerical study and
laboratory test of shear-type frame structure under ambient excitations to verify the
proposed damage detection scheme.
Chapter 7 presents the link between the ARMA model and the mathematical description
of civil engineering structures; develops a correlation-based ARMA model method as a
reliable and robust output-only civil structural system identification technique; and
applies this method to analysing various types of numerically simulated and real tested
data to demonstrate its validity.
Chapter 8 develops a non-model based damage detection scheme based on the
correlation-based ARMA model method and applies it to the damage detection of
offshore pipeline systems under subsea ambient excitations; method of simulating
ambient vibration response of subsea pipelines under subsea hydrodynamic forces with
soil-pipe-fluid coupled effect is developed; the underwater dynamic test of offshore
pipelines installed with a SHM system is designed and accomplished to verify the
proposed method in identifying the pipeline conditions;
Chapter 9 summarizes the main conclusions of this study. Recommendations of future
work are also provided.

1.5
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CHAPTER 2

OUTPUT-ONLY SYSTEM IDENTIFICATION METHODS:
VARIABILITY AND APPLICABILITY STUDY

2.1

INTRODUCTION

The theoretical background of vibration-based SHM is rather straightforward since the
structural responses and vibration properties such as frequencies and mode shapes are
directly related to the structural mass and stiffness. Changing structural conditions will
affect the structural responses and vibration properties. Structural conditions can thus be
inversely identified through measurements of structural vibration. However, certain
uncertainties inevitably exist in vibration properties and their measurements and
extractions. These include uncertainties in the structure models, and those caused by
changing ambient environmental conditions, changing loading conditions, equipment
noises and various signal processing techniques used in extracting the structural
vibration properties, etc. The influences of these uncertainties on structural vibration
properties might be more significant than that of the structural damage, therefore, cause
false identification or result in the true structural damage not identifiable.
Since in most cases, the excitation sources of civil engineering structures are
immeasurable and only their response to ambient excitation sources such as traffic,
wind, micro-tremors or their combinations can be measured, the output-only system
identification techniques are in fact most practical for identifying structural modal
parameters.
On these grounds, this chapter will perform a systematic study on the applicability of
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the popularly used output-only system identification methods including time-domain
methods, frequency-domain methods and time-frequency domain methods, and quantify
the variation yielded by using different methods for structural modal parameter
identification. Theoretical background of these methods is briefly reviewed in section
2.2. In section 2.3, the applicability of different methods to the identification of time
invariant and time-varying systems is discussed through numerical simulations.
Accordingly, the variability results from using various system identification approaches
is quantified. Conclusions are summarized in section 2.4.

2.2

OUTPUT-ONLY SYSTEM IDENTIFICATION METHODS

Output-only system identification methods can be classified into three main groups: (1)
frequency domain methods; (2) time domain methods; and (3) time-frequency domain
methods. The major frequency domain methods, such as the Fourier spectral analysis
(FSA), i.e., peak picking (PP) method, the frequency domain decomposition (FDD)
technique [86] and the rational fraction polynomial function (RFPF) technique [87], are
developed based on frequency response function (FRF). Time domain output-only
system identification methods can be subdivided into two categories, namely, two-stage
methods and one-stage methods. In the two-stage approaches, free vibration response
estimates, including random decrement functions and response correlation functions, are
obtained in the first stage from response measurements, and then modal parameters are
identified in the second stage using any classical system identification algorithm based
on impulse/free response function estimates. These classical algorithms include the
Ibrahim time domain (ITD) method [88], and the least-squares complex exponential
(LSCE) method [89] etc. One-stage system identification methods include the datadriven stochastic subspace identification (SSI) method [90], Blind source separation
(BSS) method [91], and ARMA model method [92] etc. WT method [93] and HHT
method [68] are essentially the most popular time-frequency domain methods at present.
Brief review of different output-only system identification techniques is provided in this
section. The starting point is the motion equation of a multi-degree of freedom (MDOF)
system:
MXɺɺ (t ) + CXɺ (t ) + KX (t ) = F (t )
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in which X (t ) = [ x1 , x2 ,⋯ xn ]T is the n-displacement vector, Xɺ (t ) is the n-velocity
vector and Xɺɺ (t ) is the n-acceleration vector; F (t ) is the n-excitation vector; M, C and
K are n × n mass, damping and stiffness matrices, respectively; and n is the number of
DOF of the system.
2.2.1 Frequency domain methods
2.2.1.1 Fourier spectral analysis (FSA) Technique
This method might be the simplest method to estimate natural frequencies and mode
shapes using only response measurements due to ambient excitations. In this method,
the natural frequencies and vibration mode shapes are determined based on the Fourier
amplitude spectra (FAS) and Fourier phase spectra (FPS) of the multi-channel response
data. Each output channel is subjected to a Fast Fourier Transform (FFT). The natural
frequencies of the system are identified as the frequencies corresponding to FAS peaks
presented in a significant number of channels, then, the corresponding damping ratios
are calculated based on the half bandwidth method. The mode shape associated with an
identified natural frequency is obtained as the ratios of the magnitudes of the FAS peaks
at various channels to the magnitude of the FAS peak at a reference channel. This
method is widely used in the preliminary analysis of structural measurements as it is
intuitive, simple and fast. However, it has a few drawbacks: (1) the identification of
modal damping ratios is unreliable; (2) the accuracy of modal frequency estimation is
limited to the frequency resolution of FFT analysis; (3) closely spaced modes cannot be
identified separately; and (4) it is not suitable for non-classically damped structures.
2.2.1.2 Frequency domain decomposition (FDD) technique
For a structural system, the relationship between the unknown inputs f (t ) and the
measured responses x(t ) can be expressed as [86]

Gxx ( jω ) = H ( jω )G ff ( jω ) H ( jω )T

(2.2)

where G ff ( jω ) is the (r × r) power spectral density (PSD) matrix of the input, r is the
number of inputs, Gxx ( jω ) is the (m × m) PSD matrix of the responses, m is the number
of responses, H ( jω ) is the (m × r) frequency FRF matrix and the overbar and
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superscript T denote the complex conjugate and transpose, respectively. The FRF can be
written in the form of partial fraction:
n

H ( jω) = ∑
k =1

Rk
Rk
+
jω − λk jω − λk

(2.3)

where n is the number of modes, λk is the pole and Rk is the residue.
Suppose the input is white noise, i.e., its PSD is a constant matrix G ff ( jω ) = C , then
Eq.(2.2) becomes
 Rk
Rk   Rs
Rs 
Gxx ( jω ) = ∑∑ 
+
+
C 

jω − λk   jω − λs jω − λs 
k =1 s =1  jω − λk
n

n

H

(2.4)

where superscript H denotes a complex conjugate and transpose. After some
mathematical manipulations, it can be reduced into a pole/residue form as follows
n

Gxx ( jω ) = ∑
k =1

Ak
Ak
Bk
Bk
+
+
+
jω − λk jω − λk jω − λk jω − λk

(2.5)

where Ak is the kth residue matrix of the output PSD. As for the output PSD itself, the
residue matrix is an (m × m) Hermitian matrix and is given by

 n
RsT
RsT 
Ak = Rk C  ∑
+

 s =1 −λk − λs −λk − λs 

(2.6)

The contribution to the residue from the kth mode is given by
Ak =

Rk CRkT
2α k

(2.7)

where α k is the negative value of the real part of the pole λk = −α k + jω k . In the case of
light damping, the residue becomes proportional to the mode shape vector. Thus, the
response spectral density can always be written as
n

Gxx ( jω ) = ∑
k =1

d kφkφkT d kφkφkT
+
jω − λk jω − λk

(2.8)

This is a modal decomposition of the spectral matrix. In the FDD identification, the first
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step is to estimate the PSD matrix. The estimate of the output PSD, Gˆ xx ( jω ) , known at
discrete frequencies ω = ωi is then decomposed by taking the singular value
decomposition (SVD) of the matrix

Gˆ xx ( jω ) = U i S + iU iH

(2.9)

where the matrix U i = [ui1 , ui 2 ,… , uim ] is a unitary matrix holding the singular vectors uij ,
and S i is a diagonal matrix holding the scalar singular values si = −ξiωi + jωi 1 − ξi2 .
Near a peak corresponding to the kth mode in the spectrum, this mode or maybe a
possible close mode will be dominating. If only the kth mode is dominating there will
only be one term in Eq. (2.8). Thus, in this case, the first singular vector ui1 is an
estimate of the mode shape
(2.10)

φˆ = ui1

and the corresponding singular value belongs to the single degree of freedom (SDOF)
spectral density function. From the piece of the SDOF spectral density function
obtained around the peak of the PSD, the natural frequency and the damping can be
easily identified.
2.2.1.3 Rational fraction polynomial function (RFPF) technique
The system FRF can also be represented in the form of rational fraction or partial
fraction [87] as
a0 + a1s + ⋯ + a2 n s 2 n C ( s )
H ( s) =
=
b0 + b1s + ⋯ + b2 n s 2 n D( s )

(2.11)

where n is the modal order, ak and bk (k=0,1,2,…2n) are the undetermined coefficients
which are all rational numbers.
Suppose jω = s and set b2 n = 1 , Eq. (2.11) can be expressed as
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H ( s) =

a0 + a1 ( jω ) + ⋯ + a2 n ( jω ) 2 n
b0 + b1 ( jω ) + ⋯ + b2 n ( jω )2 n
2n

=

∑ a ( jω )
2 n −1

k =0

∑ b ( jω )
k =0

k

k

k

(2.12)

C ( jω )
=
D( jω )

k

+ ( jω ) k

The error at a particular value of frequency as simply the difference between the
analytical value H ( jω ) and the measurement value Hɶ ( jω ) of the FRF
2n

ei = H ( jωi ) − Hɶ ( jωi ) =

∑ a ( jω )
2 n −1

k =0

k

∑ b ( jω )
k =0

k

k

i

k

i

+ ( jωi ) 2 n

− Hɶ ( jωi )

(2.13)

Accordingly, the entire vector of errors, one for each frequency value can be made up as
{e} = [e1 e２ ⋯ eＬ]Ｔ

(2.14)

{e}＝[ P]{ A}－[T ]{B}－{W }

(2.15)

which can also be expressed as

where
１
Hɶ jω Hɶ ( jω１)２Hɶ1 ⋯ ( jω１)2n Hɶ1 
１ 1

 1

１
Hɶ 2 jω２Hɶ 2 ( jω2 )２Hɶ 2 ⋯ ( jω2 )2n Hɶ 2 
] 
[T]＝
 [Ｐ＝
⋮
⋮
⋮
⋮
⋮

１
Hɶ jω Hɶ
２
ɶ ⋯ ( jω )2n Hɶ 
L L ( jωL ) H
L
L
L
 L

,

( jω１)
２
jω２ ( jω2 )
jω１
⋮

⋮

jωＬ

( jωL )

( jω１) 

2n
( jω2 ) 
2n

２

⋯
⋯



⋯ jω 2n 
( L ) 
⋮

２

(2.16)

( jω１) Hɶ 1 


( jω2 ) 2 n Hɶ 2 
{Ｗ} = 

⋮



2n
( jωL ) Hɶ L 
2n

{Ａ} = [ a0 a1 ⋯ a2 n ]

T

{B} = [b0 b1 ⋯ b2 n −1 ]

T

,

,

The objective function based on the squared error criterion is
E = {e}H {e}
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Then, the minimum value can be found by setting
∂E
∂E
= 0,
=0
∂ { A}
∂ { B}

(2.18)

Accordingly, it can be derived as
 [C ]
[ B ]T


[ B ]  {a} { g} 
 =

[ D ] {b}  { f }

(2.19)

in which
 [ B ] = − Re([ P ]H [T ])

H
 [C ] = [ P ] [ P ]

H
 [ D ] = [T ] [T ]
 { g } = Re([ P ]H {W })

{ f } = Re([T ]H {W })

(2.20)

the coefficients ak (k=0,1,2,…,2n) and bk (k=0,1,2,…,2n-1) can therefore be obtained
by solving the above equation.
Then, the poles of the system transfer function can be solved by setting
D( s ) = b0 + b1s + ⋯ b2 N −1s 2 n −1 + s 2 n = 0

(2.21)

and the obtained roots are
 s = −ξ ω + jω 1 − ξ 2
i
i i
i
i
 *
2
 si = −ξiω − jωi 1 − ξi

(2.22)

The natural frequency ωi and damping ratio can be calculated as

ωi = si si* ,

ξi =

si + si*
2ωi

(2.23)

2.2.2 Time domain methods
2.2.2.1 Ibrahim time domain (ITD) technique
The ITD algorithm [88] uses the time response of several outputs in order to find modal
parameters. The vibration response of a general MDOF system can be expressed as the
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sum of contributing modes, and can be written as:
2n

xi (tk ) = ∑ air e sr tk

(2.24)

r =1

where i denotes the measured location, t k is the time instant, air is a constant associated
with the response signal taken as reference and the measured response signal, sr are the
characteristic roots of Eq. (2.1) as expressed in Eq. (2.22).
Re-writing Eq. (2.24) in matrix form gives
x2
⋯ xL
 x1

x
⋯ xL +1 
 2 x3
⋮

⋮
⋮ ⋮


 x2 n x2 n +1 ⋯ x2 n + L −1 
a2
 a1
 a e s1∆t
a 2 e s2 ∆ t
1

=
⋮
⋮
 s1 (2 n −1) ∆t
a2 e s2 (2 n −1) ∆t
 a1e

 e s1t1 e s1t2
  s2t1
⋯ a 2 n e s2 n ∆ t
e s2 t 2
 e
 ⋮
⋮ ⋮
⋮
s2 n (2 n −1) ∆t   s2 n t1
⋯ a2 n e
e s2 n t 2
 e
⋯ a2 n

⋯ e s1tL 

⋯ e s2 t L 

⋮ ⋮
s2 n t L 
⋯ e 

(2.25)

where tk=k∆t, n is the total number of modes considered for identification and L is the
number of correlation values per row. The identification order n is usually not known a
priori but can be increased until the identified parameters converge.
In symbolic form, Eq. (2.25) can be written as

X = A

(2 n× L )

Λ

(2.26)

(2 n×2 n ) (2 n× L )

A similar equation can be written in matrix form by shifting all the discrete response
values by ∆t as follows:
 x2
x
 3
⋮

 x2n+1

x3
x4
⋮

x2 n+2

⋯ xL+1 
⋯ xL+2 

⋮ ⋮

⋯ x2n+ L 

a1es1∆t
a2es2∆t
 s1 2∆t
a1e
a2es2 2∆t

=
⋮
⋮
 s1 2n∆t
a2es2 2n∆t
a1e

⋯ a2n es2 n∆t  es1t1 es1t2

⋯ a2n es2 n 2∆t  es2t1 es2t2
 ⋮
⋮ ⋮
⋮
s2 n 2 n∆t   s2 nt1
⋯ a2n e
es2 nt2
 e
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⋯ es1tL 

⋯ es2tL 

⋮ ⋮
s2ntL 
⋯ e 
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Xˆ = Aˆ

(2 n× L )

Λ

(2.28)

Aˆ

(2.29)

(2 n×2 n ) (2 n× L )

By defining a system matrix S
A =

S

(2 n×2 n ) (2 n×2 n )

(2 n× 2 n )

Pre-multiplying Eq. (2.26) by S, gives

S

X = S

(2 n×2 n ) (2 n× L )

A

Λ = Aˆ

(2 n× L ) (2 n×2 n ) (2 n× L )

Λ = Xˆ

(2 n×2 n ) (2 n× L )

(2 n×L )

(2.30)

Note that the system matrix S is independent of the location of measurements and thus
Eq. (2.30) remains valid for any single input single output (SISO) combination.
Accordingly, the n responses to a single impulse, i.e., single input multi-output (SIMO)
can be written as
S  X 1 X 2 ⋯ X n  =  Xˆ 1 Xˆ 2 ⋯ Xˆ n 
  (2 n× L ) (2 n× L )

(2 n× L ) 
(2 n× L ) 
 (2 n× L ) (2 n× L )

(2 n× 2 n )

(2.31)

where X j is the matrix of correlation functions of the jth response. Then, a leastsquares solution S of Eq. (2.31) can be computed.
The eigenvalues deduced from S can be decomposed as
 ar e sr 0 ∆t



sr ∆t
 S − e I  ⋮
=0
 a e sr (2 n −1) ∆t 
 r


r = 1, 2⋯ 2n

(2.32)

Eq. (2.32) is a standard eigenvalue problem, from which sr can be found. Then, modal
frequencies and damping ratio can be computed according to Eq. (2.23).
2.2.2.2 Least-squares complex exponential (LSCE) technique
Since sr appears in complex conjugate forms as shown in Eq. (2.22), there exists a
polynomial of order 2n (known as Prony's Equation) of which e sr ∆t are roots [89]:

β 0 + β1Vr1 + β 2Vr2 + ⋯ + β 2 n −1Vr2 n −1 + Vr2 n = 0

(2.33)

where Vr = e sr ∆t and βi is the coefficient matrix of the polynomial. To determine the
values of βi , let us multiply the impulse response Ri given in Eq. (2.24) for sample k by
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the coefficient β k and sum up these values for k=0,…,2n:
2n

2n



2n

∑ β R (k ∆t ) = ∑  β ∑ a V
k =0

k

i

k

k =0

r =1

k
ir r

 2n  2n
k 
 = ∑  air ∑ β kVr  = 0
 r =1  k =0


(2.34)

Hence, the coefficient {β } satisfy a linear equation whose coefficients are the impulse
responses (or correlation functions) at (2n+1) successive time samples. Eq. (2.34) can
also be expressed in the form of 2n Prony's Equations to build up a linear system that
determines the coefficients {β } :

β0 Rk + β1 Rk +1 + ⋯ + β 2 n−1Rk + 2 n−1 = − Rk + 2 n ,

k = 0,⋯ , 2n − 1

(2.35)

where Rk = Ri (k ∆t ) . Note that {β} can be obtained from an over-determined set of
equations as Eq. (2.35). This might be useful in order to average out measurement noise
for instance. In that case, n in the system of Eq. (2.35) is varied till L ≥ 2 N . L is the
data length. Eq. (2.35) can be put in matrix form as
[ R ]{β } = −{R′}

(2.36)

where [R] is an (L×2n) matrix whose rows are the sequence of sampled impulse
response. Once the coefficients {β} are computed by solving Eq. (2.36), the complex
eigenvalues sr are found by computing the roots of Prony's polynomial Eq. (2.33).
Thereafter, the modal parameters can be calculated from Eq. (2.23).
2.2.2.3 Stochastic subspace identification (SSI) technique
This method allows the determination of the modal parameters of a structure using only
the response measurements. The detailed knowledge of the excitation is replaced by the
assumption that the system is excited by white Gaussian noise.
The motion equation of a MDOF structural system Eq. (2.1) can be reformulated in a
state-space description [90]:
{ Xɺ (t )} = [ A]{ X (t )} + [ B]{u (t )}
where:
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 −[ M ]−1[C ] [ M ]−1[ K ]
[ A] = 
 : state matrix
[I ]
[0] 


[ M ]−1 
[ B] = 
 : input matrix
 [0] 
(2.38)

{xɺ (t )}
X (t ) = 
 : input matrix
{x(t )}

{u (t )} = { f (t )} : input vector

The force vector {f(t)} is factorized into a matrix [B2], describing the locations of the
inputs and a vector {u(t)} that gives the inputs as a function of time:

[ M ]−1[ B2 ]
{ f (t )} = [ B ]{u (t )} ; [ B] = 

 [0] 

(2.39)

The number of elements of the state space vector is the number of independent variables
needed to describe the state of the system. In practice, not all the DOFs are monitored.
If it is assumed that the measurements are evaluated at only l sensor locations, and these
sensors can be accelerometers, velocity or displacement transducers, the observation
equation is:
{Y (t )} = [Ca ]{x(t )} + [Cv ]{xɺ (t )} + [Cd ]{x(t )}

(2.40)

where {Y(t)} is the response data vector; [Cd], [Cv] and [Ca] are output matrices for
displacement, velocity and acceleration.
In practice, measurements are available at discrete time instants. Thus, the continuous
time state Eq. (2.37) and Eq. (2.40) have to be sampled. After sampling, the following
equations are obtained:
{ X k +1} = [ A2 ]{ X k } + [ B3 ]{uk }
{Yk +1} = [C2 ]{ X k } + [ D ]{uk }

(2.41)

where [C2 ] = [Cd ] − [Ca ][ M ]−1[ K ]; [Cv ] − [Ca ][ M ]−1[C ] and [ D] = [Ca ][ M ]−1[ B2 ] are the
output matrix and the direct transmission matrix, respectively; {uk} is the discrete input
vector; [A2]=e[A]∆t is the discrete state matrix; {Xk}={X(k∆t)} is the discrete state vector;
∆t is the sampling time; [B3]=[A2−I][A]−1[B] is the discrete input matrix.
Knowing that data measured are always influenced by noise, the stochastic components
(noise) are included in these equations and the deterministic-stochastic discrete time
state space model is obtained as
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{ X k +1} = [ A2 ]{ X k } + [ B3 ]{uk } + {wk }
{Yk +1} = [C2 ]{ X k } + [ D]{uk } + {vk }

(2.42)

where {wk } is the process noise vector due to disturbances and modelling inaccuracies;
{vk } is the measurement noise vector due to sensor inaccuracy. These two noise vectors
{wk } and {vk } are not measurable, but are assumed to be white and to have zero mean.
Assuming that the input is white Gaussian noise allows one to model the input
implicitly by the noise terms {wk } and {vk } . The stochastic state space model is then
defined by
{ X k +1} = [ A2 ]{ X k } + {wk }
{Yk +1} = [C2 ]{ X k } + {vk }

(2.43)

This stochastic state space model can be identified using the measured time response
signals [90]. As a result of this identification, the discrete matrix [A2] is obtained and
decomposed by an eigenvalue decomposition. It is proved in Ref [91] that A2 and A
have the same eigenvectors and their eigenvalues are related as:
si =

ln s2i
∆t

(2.44)

where si is the eigenvalue of the continuous state matrix [A], s2i is the eigenvalue of
the discrete state matrix [A2]. With s2i , the modal parameters are easy to calculate from
Eq. (2.23).
2.2.2.4 Blind Source Separation (BSS) technique
Blind source separation (BSS), or closely related algorithm called independent
component analysis (ICA), deals with recovering a set of underlying sources from
observations without knowing mixing processing and sources [92].
Using [ X ]n×T = {xik } ( i = 1, 2,⋯, n; k = 1, 2,⋯ , L ) to denote n rows of measured time
histories {xi } (where the mean of the data xi has been subtracted from each row
individually) from n sensors, each with L time points. Each observation xi (t ) can be
considered to be a linear combination of M statistically independent sources, which are
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the individual elements of the vector {S (t )} = {s1 (t ), s2 (t ),⋯ , sM (t )}T . The sources si (t )
are called the independent components and have unit variance. The linear relationship
between [ X ] and {S } is:
M

[ X (t )]n×1 = [ A(t )]n×M {S (t )}M ×1 = ∑{ai }si (t )

(2.45)

i =1

where [A] is an unknown mixing matrix and {ai } is the ith column of matrix [A]. The
main issue is then the estimation of the mixing matrix [A] and the realization of the
source vector {S (t )} using only the measured data.
The ICA algorithms normally find the independent components of a data set by
minimizing or maximizing some measure of independence. The fixed-point algorithm
[93] is one such method popularly used because of its suitability for handling raw timedomain data and good convergence properties. This algorithm will now be described
briefly.
The first step is to pre-whiten the measured data vector { X } by a linear transformation,
to produce a vector { Xɶ } whose elements are mutually uncorrelated and all have unit
T
variance. A SVD of the covariance matrix [C ] = E { X (t )}{ X (t )}  yields



[C] =[Ψ][Σ][Ψ]T

(2.46)

where [Σ] = diag(σ1,σ2 ,⋯,σn ) is a diagonal matrix of singular values and [ Ψ ] is the
associated singular vector matrix. Then, the vector { Xɶ } can be expressed as
{ Xɶ (t )} = [Σ]1/ 2 [Ψ ]T { X (t )}

(2.47)

The second step is to employ the fixed-point algorithm to define a separating matrix [W]
that transforms the measured data vector { X (t )} to a vector {Y (t )} , such that all
elements yi (t ) are both mutually uncorrelated and have unit variance, i.e.,
{Sˆ (t )} = {Y (t )} = [W ]{ Xɶ (t )}

in which [W ][W ]T = I , thus [W] is an orthogonal matrix.
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(2.48)

If we consider only one source signal at a time, the problem of estimating the filter
matrix [W] can be somewhat simplified. From Eq. (2.48),
sˆi (t ) = yi (t ) = {wi }T { Xɶ (t )}

(2.49)

where {wi }T denotes the ith row of [W].
The kurtosis of the estimated signal yi (t ) is defined as
kurt( yi (t )) = E[ yi4 (t )] − 3( E[ yi2 (t )]) 2

(2.50)

Since the variance of yi (t ) is unity

(

)

4
kurt( yi (t )) = E[ yi4 (t )] − 3 = E  {wi }T { Xɶ (t )}  − 3



(2.51)

and the ith filtering vector {wi } may be obtained by maximizing the kurtosis of
yi (t ) using a gradient descent type algorithm [93].
Following the estimation of the filtering matrix [W] and the vector of independent
components {S (t )} , the mixing matrix [A] is obtained as
[ A] = [Ψ ][Σ]1/ 2 [W ]T

(2.52)

Therefore, using the ICA algorithm, the time responses from different sensors may be
transformed into a linear mixture of higher-order statistically independent components.
The matrix [A] represents the relationship between the measured responses (inputs) and
the independent components (outputs). Thus [A] may be viewed as a transformation
matrix between the time domain data and the characteristic dynamic features in the data.
From which, the structural modal parameters can be identified using SVD as introduced
above.
2.2.2.5 Autoregressive moving average (ARMA) model
A general model which is commonly used in time series analysis is based on the
assumption that a signal can be modeled as the output of a system which is driven by
Gaussian white noise input. In such a model the output is a linear combination of past
outputs and present and past inputs.
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Assuming the time series of the stochastic signal is collected with the same sampling
interval h, and the system’s input and output at time t is denoted by u (t ) and y (t ) ,
respectively, the most basic relationship between the input and output is the linear
difference equation [94]:
y (t ) = −a1 y (t − 1) − ⋯ − an y (t − n) + u (t ) + b1u (t − 1) + ⋯ + bm u (t − m)

(2.53)

By reorganizing Eq. (2.53) as
a0 y (t ) + a1 y (t − 1) + ⋯ + an y (t − n) = b0u (t ) + b1u (t − 1) + ⋯ + bmu (t − m)

(2.54)

in which u (t − m ) is used as the abbreviation of u (t − m ⋅ h) to make the notations easier.
In fact, Eq. (2.54) represents an ARMA model with n-order autoregressive (AR) model
and m-order moving average (MA) model. In which a0 , a1 , ⋯, an are the AR model
coefficients and b0 , b1,⋯, bm are the MA model coefficients. It is usually assumed that
a0 = b0 = 1 .
By introducing Z-transform, Eq. (2.54) can also be expressed as
A( z )Y ( z ) = B ( z )U ( z )
n

A( z ) = ∑ Ai z − i

(2.55)

i =0
m

B( z ) = ∑ B j z − j
j =0

Therefore, the ARMA(n, m) can be written as
Y (z) =

B( z )
U ( z ) = H ( z )U ( z )
A( z )

(2.56)

As a matter of fact, it describes a system with a transfer function H ( z ) .
By introducing factorization, we can get
n

A( z ) = (1 − λ1 z )(1 − λ2 z ) ⋯ (1 − λn z ) = ∏ (1 − λi z )
i =1
m

B ( z ) = (1 − η1 z )(1 − η 2 z ) ⋯ (1 − η m z ) = ∏ (1 − η j z )

(2.57)

j =1

in which λi are the poles of the transfer function, which represent the natural
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characteristics of the system; and η j are the zeros of the transfer function, which
describe the relationship between the system and the outside environment. λi and η j
can be obtained by setting A(Z)=0 and B(Z)=0, from which, the system modal
parameters can be identified.
2.2.3 Time-frequency domain methods
For a linearly damped MDOF system with real modes, the free-decay response, impulse
response function, cross/auto-correlation function of response due to a white noise input,
and the random decrement signature derived from the ambient vibration data, which can
be expressed in a generalized format as
n

n

i =1

i =1

x (t ) = ∑ xi (t ) = ∑ Ai (t )e −2πζ i fit cos(2π f di t + θi )

(2.58)

where Ai is the amplitude of the ith mode, θi is the phase lag, f i is the undamped
natural frequency, f di = 1 − ζ i2 fi is the damped natural frequency, and ζ i is the
damping ratio.
2.2.3.1 Wavelet Transform (WT)
A type of CWT, the modified complex Morlet wavelet [95] is used in this chapter. The
CWT is a linear representation, which is essentially defined as the convolution of the
signal x(t) and the scaled, shifted versions of the mother wavelet ψ(t) in the form:
W ( a, b) =

1
a

∫

∞

−∞

 t −b 
x(t )ψ * 
 dt
 a 

(2.59)

where “∗” denotes the complex conjugate, a represents the scale index and b indicates
the time shifting. The factor a−1/2 is used to ensure energy preservation.
The modified complex Morlet wavelet function is selected as the mother wavelet
function. It is expressed as

ψ (t ) =

1

π fb

e j 2π f c t e − t

2

/ fb

(2.60)

where fb is the bandwidth parameter, fc is the central wavelet frequency, and j is the
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imaginary unit. The bandwidth parameter fb controls the shape of the basic wavelet.
The Fourier transform of the dilated Morlet wavelet can be expressed as

ψ (af ) = e−π

2

fb ( af − fc )2

(2.61)

note that ψ ( af ) reaches a maximum value when af = f c , which demonstrates that the
localized Fourier frequency f can be determined by the parameters a and fc.
By substituting Eq. (2.58) and Eq. (2.60) into Eq. (2.59), the Morlet wavelet coefficients
of the free-decay signal with n modes can be approximated by means of asymptotic
techniques as follows[95]
a
2

W ( a, b) =

n

∑ Ae
i =1

−2πζ i f i b −π 2 fb ( ai f i − f c ) 2

i

e

e j (2π fdi b +θi )

By localizing a fixed value of the scale parameter a = a i , the term e−π

(2.62)

2

f b ( af i − f c ) 2

obtains

its maximum value at a i = f c / f i . It is important to note that only the mode i related to
the scale ai gives a significant contribution to Eq. (2.62), and the other (n − 1) modes
appear to be negligible. Hence the wavelet coefficients of the ith mode can be written in
the form

W (ai , b) =

ai
Ai e −2πζ i fi b e j (2π fdib +θi )
2

(2.63)

which implies that the WT can be conducted to decompose a multi-component signal
into single modes and represent them in the form of complex-valued signals.
As shown in Eq. (2.63), by substituting t for b, the Morlet wavelet coefficients of the ith
mode can be rewritten in the form

ai
(2.64)
Ai e −2πζ i fi t e j (2π fdit +θi ) = Bi (t )eiϕi ( t )
2
which demonstrates that the instantaneous amplitude Bi (t ) and the instantaneous phase
W (ai , t ) =

angle ϕi (t ) of the analytical Morlet wavelet coefficients W (ai , t ) can be expressed as

Bi (t ) =

ai
Ai e −2πζ i fi t
2

ϕi (t ) = 2π f di t + θi
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(2.65)

By applying logarithmic and derivative operators to them, respectively, it can be
obtained that
 ai 
ln Bi (t ) = −2πζ i fi t + ln 
A
 2 i



⇒

d ln Bi (t )
= −2πζ i f i
dt
(2.66)

d ϕ i (t )
= 2π f di = 2π fi 1 − ζ i2
dt
Consequently, the slopes of ln Bi (t ) and ϕi (t ) can be combined to identify the damping
ratio ζ i and the natural frequency f i , respectively.
2.2.3.2 Hilbert-Huang Transform (HHT)
The HHT is a combination of EMD and HT. By employing EMD, the measured
structural response, take acceleration ɺɺ
x p (t ) for example, can be decomposed into a
series of IMFs that will conduce to well-behaved Hilbert transform as [68]
m

ɺɺ
x p (t ) = ∑ c pj (t ) + rp (t )

(2.67)

j =1

in which c pj (t ) for j=1,…,m are the IMFs of the acceleration response ɺɺ
x p (t ) , and rp (t )
is the residue which is the mean trend (or a constant) of the signal.
Applying Hilbert transform to the above obtained IMF gives

π
−ζ ω t
ɺɺ
xɶ pj (t ) = B pk , j e j j sin(ωdj t + ϕ j + + ϕ pk , j )
2

(2.68)

The corresponding analytical signal Z pj (t ) is given by
iθ ( t )
Z pj (t ) = ɺɺ
x pj (t ) + ɺɺ
xɶ pj (t ) = Apj (t )e pj

(2.69)

in which the IA Apj (t ) and the IP θ pj (t ) are given by
Apj (t ) = 2 B pk , j e

−ζ j ω j t

,

θ pj (t ) = ωdj t + ϕ j +

π
2

+ ϕ pk , j

(2.70)

From Eq. (2.70), it can be obtained that
ln Apj (t ) = −ζ jω j t + ln 2 B pk , j ;

40

(2.71)

School of Civil and Resource Engineering
The University of Western Australia

d ln Apj (t )
dt

= −ζ jω j

ω j (t ) = dθ pj (t ) / dt = ω dj = 1 − ζ j2 ω j
Therefore, the natural frequencies and damping ratios are identified.
2.2.3.3 Resolution property
As to the time-frequency decompositions of WT and HHT, the resolution properties
have significant influences upon the identification accuracies of the modal parameters.
The Heisenberg uncertainty principle provides a good performance indicator termed
time-frequency resolution rectangle ∆t ∆f ≥ 1/ 4π to evaluate the time–frequency
representation [96]. For the CWT introduced in section 2.2.3.1, the Morlet mother
wavelet adopting a frequency modulated Gaussian function given by Eq. (2.60), the
resolution rectangle holds equality, that is
∆tψ ∆fψ = 1 / 4π

(2.72)

which indicates that an increase in time resolution results in a decrease in frequency
resolution, and vice versa. Hence, a signal’s time and frequency behaviors are not
independent, and there is a fundamental limitation to simultaneously obtain good
resolutions in both time and frequency domains.
In contrast, the HHT method is an intuitive and adaptive method demands no parameter
input. It is free of the limitation of Heisenberg uncertainty principle, and, theoretically,
should be able to achieve high time resolution and frequency resolution at the same time.

2.3

NUMERICAL STUDY

2.3.1 Time-invariant system identification
In order to study the variability and applicability of the above introduced output-only
system identification methods in processing structural dynamic responses, a FE model
of a simply supported beam is established using ANSYS, as shown in Figure 2-1. The
properties of the beam are: span length L=10m, damping ratio ζ =0. 01, Young’s
Modulus E=3.0×E10Pa and density ρ=2500kg/m3. Uniform beam cross section with a
height of 0.25m and a width of 0.2m is employed as shown in Figure 2-1. Dynamic
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vibration response of the beam model under random excitation f(t) (Figure 2-2) acting at
1m point from the left support is simulated. Altogether, except for the two supports,
acceleration responses of 19 points, at every 0.5m along the beam, are calculated at a
sampling frequency of 500Hz for 10s. One typical acceleration response at 2.5m from
the left support is given in Figure 2-3 for illustration.
Firstly, the above introduced frequency domain methods are used for analysing
acceleration response. As to the identification of structural natural frequencies and
damping ratios, one acceleration measurement is usually enough. In this case, the signal
presented in Figure 2-3 is analysed. The frequency domain method works initially based
on the FRF of a structural system. Since ambient testing techniques do not directly lead
to FRF, in this study, the FRF is essentially replaced by the auto PSD of the measured
response in the implementation of each frequency domain method. The identified
natural frequencies of the first three modes and their relative error (RE) with the
corresponding theoretical values obtained through finite element method (FEM) modal
analysis are presented in Table 2-1. The results indicate that all the three methods are
well applicable to identifying the natural frequency of the structure. A maximum RE of
1.84% by FSA method, 2.84 % by the RFPF method and 1.95% by the FDD method is
generated, respectively. However, it should be pointed out that much larger RE is
usually produced in the identification of damping ratios. Therefore, the damping ratio
identification is not included in this study, also, it is not recommended to be used as
decisive factor in structural condition assessment. Additionally, the FSA is different
from the other two methods as, on the one hand, it works by observing the peaks of the
auto PSD to identify the natural frequencies, and on the other hand, it can only identify
the real modes of the system with damping proportional to mass and/or stiffness.
Therefore, FSA is a subjective method to some extent, and is only recommended for the
preliminary analysis of structural dynamic response.
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Figure 2-1 Simply supported beam subjected to a random excitation
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Figure 2-3 Acceleration response at 2.5m from the left support
Table 2-1 Natural frequency (Hz) identified using frequency domain methods
FSA

RFPF

FDD

Mode
FEM

RE(%)

RE(%)

RE(%)

1

3.92

3.98

1.46

3.89

-0.77

3.89

-0.90

2

15.68

15.29

-2.48

15.57

-0.67

15.42

-1.65

3

35.24

34.72

-1.46

34.23

-2.84

34.55

-1.95

Absolute maximum RE:

2.48

2.84
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1.95

Then, the time-domain methods illustrated in section 2.2.2 are utilized in analysing the
same acceleration signal. As for the implementation of ITD and LSCE method, RDT
(Random Decrement Technique) [97] method is employed in the signal pre-processing
to obtain the corresponding impulse response estimates. As a result, such methods are
termed as two-stage methods. In contrast, SSI, BSS and ARMA are one-stage methods
that perform direct analysis of structural output signals for modal parameter
identification. The identified natural frequencies are listed in Table 2-2. As presented in
the table, the two-stage time domain methods, ITD and LSCE, only produce very small
RE. It can be attributed to the fact that taking the impulse response as a substitute of
analysis facilitates the identification of structural modal parameters. Although the RE
generated by SSI, BSS and ARMA is relatively larger, it is still smaller than 3%,
namely, within a reasonable range.
Table 2-2 Natural frequency (Hz) identified using time domain methods
ITD

LSCE

RE(%)

SSI

FEM

1

3.92

3.92

0.0

3.92

0.0

3.91

0.33

3.92

0.0

3.92

0.0

2

15.68

15.63

-0.32

15.61

-0.44

15.66

-0.12

16.07

2.49

15.78

0.64

3

35.24

35.57

0.96

35.32

0.25

34.33

-2.57

35.89

1.86

35.05

0.53

0.96

RE(%)

ARMA

Mode

Absolute maximum
RE:

RE(%)

BSS

0.44

RE(%)

2.57

2.49

RE(%)

0.64

The above results demonstrate that using different signal processing techniques and
modal extraction methods in general yields a 2% to 3% error in identified vibration
frequencies, which should be accounted for in SHM analysis.
2.3.2 Time-varying system identification
All the above introduced system identification methods are developed based on the
theory of linear time invariant (LTI) systems. However, civil engineering structural
systems accumulate damage under both service load and environmental excitations as a
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result of the inevitable material aging, fatigue, deterioration etc., or sudden damage
caused by accident or natural disaster. In such cases, most civil structural systems are
time-varying systems and, therefore, methods applicable to the identification of linear
time varying (LTV) systems may better capture the transition in the operation mode of
the system, or could be used to perform real time health monitoring of structures.
Obviously, the time domain system identification methods are superior to the frequency
domain method in terms of identifying the instantaneous vibration properties of LTV
system. More advanced approaches are the time-frequency domain methods by
decomposing signals into multi-scales (frequency resolution) and performing analysis in
each scale separately, as a result, even very slight vibration frequency change and its
occurrence time can be accurately detected. In this section, the applicability of timefrequency methods, CWT and HHT, to time-varying modal parameter identification is
discussed through some typical numerical examples.
2.2.5.1 Free vibration response of a SDOF system with frequency shift.
Dynamic response of a SDOF system with sudden damage occurrence is simulated as
shown in Figure 2-4. For the undamaged system, the original natural frequency is
1.16Hz and the damping ratio is 0.05. It is assumed that the sudden damage results in a
10% decrease of the stiffness, which causes a reduction in vibration frequency in terms
of a square root relationship with the stiffness. It is simulated by a sudden shift of
frequency at 20s from 1.16Hz to 1.10Hz, as well as a 100 times abrupt increase of the
vibrating amplitude. As is shown in Figure 2-4, the FFT cannot detect this damage
information. The CWT introduced in section 2.2.3.1 is used to analyse this signal. The
obtained CWT coefficients modulus and the instantaneous frequency are given in
Figure 2-5, respectively. As shown, the frequency shift is clearly indicated but the
shifting instant is not exactly detected due to the limited time resolution of WT analysis.
The steadier response data segments before and after the damage are used for frequency
and damping ratio identification. In this case, the data segment from 12s to 16s
corresponding to the intact state, and the segment from 28s to 32s corresponding to the
damaged state are employed for natural frequency and damping ratio identification. For
the undamaged status, the identified result is 1.58Hz and 4.56%, while for the damaged
status, the result is 1.10Hz and 4.60%.
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Figure 2-4 Free vibration response of a SDOF system with frequency shift: (a) timehistory; (b) FFT spectrum

(b)

(a)

Figure 2-5 CWT identification results: (a) Modulus; (b) IF

The same signal is analysed using the HHT method. The obtained Hilbert spectrum and
IF are presented in Figure 2-6. As shown, the shift instant is precisely distinguished as
denoted with an arrow. By using the identified shift instant as a demarcation point, the
signal segments before and after this instant are analysed using HHT method, and the
identified frequency values are 1.16Hz and 1.10 Hz, respectively. As a result, it can be
concluded that the HHT method is sensitive to the occurrence of extreme events in the
signal and is capable of capturing the exact time instant when such events occur because
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it is free from the limitation of Heisenberg uncertainty principle. The HHT method is
therefore superior to CWT method for the detection of sudden change instants.
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Figure 2-6 HHT identification results: (a) Hilbert spectrum; (b) IF

2.2.5.2 Signals with frequency modulation and amplitude modulation
To further explore the applicability of WT and HHT to analysing complex nonlinear and
non-stationary signal with time-varying features, a signal consists of both frequency
modulation and amplitude modulation is simulated as:

x(t ) = x1 (t ) + x2 (t )
x1 (t ) = e ( −0.2 t ) cos[ 2πt + 0.5 sin( 2πt )]

(2.73)

x2 (t ) = 0.05 sin(30πt )
where x1(t) is a very typical nonlinear signal with both amplitude modulation and
frequency modulation. Its amplitude attenuates exponentially with an attenuation ratio
of 0.2 and IF fluctuates around 1Hz in the form of cosine wave. According to Eq. (2.71),
theoretical value of IF can be calculated as

f1 (t ) = 1 + 0.05 cos(2πt )(Hz )

(2.74)

A snapshot of the first 20s and the corresponding FFT spectrum are shown in Figure 2-7.
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Figure 2-7 A signal with frequency modulation and amplitude modulation: (a) timehistory; (b) FFT spectrum
The identification results obtained using CWT method is presented in Figure 2-8. From
the CWT modulus plot (Figure 2-8(a)), it is shown that the first component which
frequency fluctuates around 1Hz is not exactly described but only a wide frequency
bandwidth is indicated. Moreover, in Figure 2-8(b), the IF of the second component is
clearly identified but only the centre frequency of the first component is detected.
Therefore, the results indicate that the CWT method may not be good enough for
capturing such continuously varying process. This signal is also processed with HHT
method. The obtained Hilbert spectrum and IF are given in Figure 2-9. It clearly shows
that both of the two components are accurately identified. Namely, the intra-wave
modulation part is well captured and explicitly described by using different colours to
indicate the decaying trend of amplitude and IF to track the time varying feature of the
frequency. Therefore, the superiority of HHT over CWT in identifying the continuously
changing process is demonstrated.
From the above analysis, it can be concluded that the time-frequency domain methods
are superior to the time-domain methods or frequency domain method in terms of
identifying the time-varying systems. Both the CWT method and HHT method are
capable of detecting sudden changes in a time-varying process. However, CWT is found
not accurate enough for detecting the exact instant when extreme events occur due to its
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limited time resolution property. Both of the two methods are able to separate the multicomponents contained in a complex signal. Limited by the Heisenberg uncertainty
principle, the time resolution and frequency resolution of CWT analysis can only be
optimized with a compromise between each other, which causes its applicability to
tracking smoothly varying process restricted. In contrast, the HHT method is free of
such restriction and is able to provide satisfactory identification of smoothly varying
process.

(b)

(a)

Figure 2-8 CWT identification results of the signal in Figure 2-7: (a) Modulus; (b) IF
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Figure 2-9 HHT identification results of the signal in Figure 2-7: (a) Hilbert spectrum;
(b) IF
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2.4

CONCLUSIONS

In this chapter, different output-only system identification techniques including
frequency domain methods, time domain methods and time-frequency domain methods
that are widely in use are briefly reviewed. All the methods have been applied to the
analysis of the same ambient acceleration response of a numerically simulated simple
beam. It was found that on average a 2% to 3% error will be generated in the identified
vibration frequencies by using different signal processing techniques, which should be
accounted for in SHM analysis. The time-frequency domain methods are superior to the
time-domain or frequency-domain methods in terms of the time-varying system
identification. The CWT method and the HHT method are all capable of detecting
sudden change occurrence to a system. However, the time resolution and frequency
resolution of CWT is limited by the Heisenberg uncertainty principle, which negatively
influences its applicability to the detection of exact change instant and the track of
smoothly varying process. Whereas the HHT method is free of such restriction and is
demonstrated able to detect the exact instant of damage occurrence and is feasible in
monitoring and describing the time varying process.
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CHAPTER 3
HILBERT-HUANG TRANSFORM (HHT) THEORY AND
APPLICATIONS

3.1

INTRODUCTION

HHT method has received considerable attention since its first development [68,69] as a
novel technique of signal processing, mainly attributed to its capability of decomposing
a complex signal into several vibration components, extracting the instantaneous
vibration information, i.e., instantaneous frequency (IF) and instantaneous amplitude
(IA), of each component at very high time and frequency resolution, and presenting
such information explicitly on the time-frequency plane. It offers better understanding
of the physics hidden in the data and serves as a superior tool for analysing system
output response signals, especially the nonlinear and non-stationary signal, which shows
it a promising tool for performing system identification and vibration-based damage
detection of civil engineering structures.
This chapter presents a comprehensive introduction about the fundamental concepts of
HHT. An intensive investigation on the superiorities and limitations of HHT method is
performed. In particular, two critical problems, i.e., end effect problem and ‘Mode
mixing’ problem are elaborated and effective solutions to overcome such limitations are
explored as well. Feasibility and applicability study of HHT method to analysing
various types of nonlinear and non-stationary signals are validated through processing
numerically simulated signals and the real measured test data. Finally, the HHT method
is demonstrated a highly efficient and adaptive method for analysing nonlinear and nonstationary data.
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3.2

HILBERT TRANSFORM AND ANALYTICAL SIGNAL

Traditional approaches to the investigation of signals include a spectral analysis based
on Fourier transform and a statistical analysis based on a distribution of probabilities
and/or other representations typical for random data. Hilbert transform (HT) analyses a
random signal in the form of a harmonic fluctuation with amplitude modulation and
phase modulation. This way of signal representation has been proved to be more
descriptive and convenient for structural vibration analysis [98].
3.2.1 Definition and formula
The HT of a real-valued function x(t) extended from −∞ to +∞ is a real-valued
function defined by
+∞
 0−ε x(u )

x(u )
H [ x(t )] = y (t ) = lim  ∫
du + ∫
du 
ε →0
π (t − u ) 
0 −ε
 −∞ π (t − u )

(3.1)

+∞

presuming that

∫ [ x(t )] dt < ∞ , Eq.
2

(3.1) can be written as

−∞

H [ x(t )] = y (t ) =

1

π

+∞

x(u )
du
t −u
−∞

P∫

(3.2)

where P indicates Cauchy principal values. This transform exists for all functions of
class LP. Thus, y (t ) is the HT of the initial process x(t ) . A description of HT with the
emphasis on its mathematical formality can be found in Ref [99]. Essentially, Eq. (3.2)
defines HT as the convolution of x(t ) with

1
. It therefore emphasises the local
t

properties of x(t ) , even if it is a global transform. Physically, the HT can be interpreted
as a natural

π
2

phase shifter, which results in a transformation of x(t ) through a system

that leaves the magnitude unchanged, but changes the phase of all frequency
components by

π
2

. Accordingly, y (t ) forms the complex conjugate of x(t ) , and the

analytical signal can be defined as
z ( t ) = x ( t ) + iy ( t )
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The advantage of this representation lies in that it uniquely determines time-varying
variables, i.e., the instantaneous parameters with amplitude
a (t ) =

x (t )

2

+ y (t ) 2

(3.4)

 y (t ) 

 x (t ) 

(3.5)

and phase

θ (t ) = arctan 

Finally, the analytical signal can be rewritten as
z (t ) = a (t )e

(3.6)

iθ ( t )

In this expression, the polar coordinate further clarifies the local nature of the signal. It
is the best local fit of an amplitude and phase varying trigonometric function to x(t ) .
The HT forms the basis of the definition of an analytical signal.
A sine wave and its HT(cosine wave) are given in Figure 3-1 for illustration. A phase
shift of

π
2

is clear. Since the signal only involves a single frequency wave, the IA

obtained from Eq. (3.4) is constant and the IP obtained from Eq. (3.5) is a straight line as
shown in Figure 3-2.
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Figure 3-1 Hilbert transform of a sin wave
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Figure 3-2 Instantaneous amplitude and phase of a sine wave

3.2.2 The instantaneous frequency
Given the IP obtained above, the IF is defined as the rate of frequency change

ω=

dθ
1 dθ
and f =
dt
2π dt

(3.7)

However, there is still considerable controversy about the concept of IF. The main
difficulty in accepting the idea of IF arises from the definition of ‘global’ frequency in
the traditional Fourier analysis, in which the frequency is defined for the sine or cosine
function spanning the whole data length with constant value. As an extension of this
definition, the IF also have to relate to either a sine or a cosine function. Thus, at least
one full oscillation of a sine or a cosine wave is needed to define the local frequency
value. However, such definition would not make sense for non-stationary data for which
the frequency changes from time to time. As a result, there is an apparent paradox in
associating the words ‘instantaneous’ and ‘frequency’. Cohen [100] discussed the four
paradoxes in blind application of the concept of IF to any analytic function. The
definition in Eq. (3.7) implies that the IF is a single value function of time, namely, at
any given time, there is only one frequency value. This leads Cohen [100] to introduce
the term, ‘monocomponent function’. Finally, one reasonable and meaningful definition
of the IF could be the representation of the frequency of the signal at one time, without
any information about the signal at other times. The intuitive appreciation for the
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concept of IF can be gained through the following analysis of a chirp signal.
A linear chirp modulation signal is defined as y (t ) = sin(2π (5 + 10t )t ) with frequency
varying linearly with time. A plot of a linear chirp with its IF obtained according to Eq.
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(3.7) is given in Figure 3-3 .
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Figure 3-3 Instantaneous amplitude and frequency of chirp signal
As one can see, the IF definition captures the time variation of the frequency accurately.
However, no such time varying characteristics of the frequency can be obtained if the
chirp signal is represented in Fourier spectrum as shown in Figure 3-4. Although some
components with different frequency values are shown in the Fourier spectrum, the
indications still not true to the original signal. Meanwhile, the limitation of traditional
Fourier spectrum’s application to the analysis of signals with time-varying features is
therefore emphasised.
As described above, the notion of the IF implicitly assumes that, at each time instant,
there exists a single frequency component. Thus, if this assumption is violated, which is
the case for most multi-component signals, the results obtained using IF is meaningless.
In order to obtain meaningful IF, restrictive conditions have to be imposed on the data
as discussed by Boashash [101], i.e., the frequency of the signal must be positive. In
order to promote the IF can be used elsewhere, a new method needs to be introduced to
decompose any signal into a superimposition of components with well defined IF. This
method will have to locally eliminate riding waves and asymmetries (defined by the
envelope of extrema) in order to obtain a series of monocomponent contributions. Later
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on, a method called ‘the empirical mode decomposition’ (EMD) was proposed by
Huang et al. [68, 69] to realize the above described signal decomposition.
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Figure 3-4 FFT spectrum of a chirp signal

3.3

EMPIRICAL MODE DECOMPOSITION

EMD has been proven to be quite versatile in a broad range of applications for
extracting information from data generated in noisy nonlinear and non-stationary
process as an adaptive time-frequency data analysis method.
The basic idea of the EMD is to decompose the original signal into a sum of elemental
components, termed intrinsic mode functions (IMFs). To be amenable to the Hilbert
transform, each IMF must satisfy two properties:
(1) in the whole data set, the number of extrema and zero-crossings must be
equal or differs at most by one;
(2) at any point, the mean value of the envelope defined by the local maxima
and the envelope defined by the local minima should be zero.
It follows that an IMF is a monochromatic signal, the amplitude and frequency of which
can be modulated, unlike harmonic functions. Moreover, the signal can be reconstructed
as a linear superposition of its IMFs. In general, most data are not naturally IMFs and
the HT can not provide full description of the frequency content if the data involves
more than one oscillatory mode at a given time.
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Therefore, Huang introduced EMD method which is intuitive, direct, a posteriori and
adaptive method for obtaining IMFs. The decomposition is based on the following
assumptions:
(1) the signal has at least two extrema, one maximum and one minimum;
(2) the characteristic time scale is defined by the time lapse between the extrema;
(3) if the data were totally devoid of extrema but contained only inflection points,
then it can be differentiated once or more times to reveal the extrema.
Given a signal x(t), the EMD algorithm seeks for its characteristic time scales, which are
defined by the time lapse between successive extrema [68]. The EMD process can be
achieved through the following steps:
(1) detect the positions and amplitudes of all local maxima and minima in the input
signal. These are marked by circle marker and star marker respectively in Figure 3-5(b);
(2) create the upper envelope and the lower envelope by spline interpolation of the local
maxima and the local minima, respectively, denoted emax (t ) and emin (t ) . These are
shown by solid line above and under the original signal in Figure 3-5(c);
(3) for each time instant, calculate the mean of the upper envelope and the lower
envelope.
m1 =

emax (t ) + emin (t )
2

(3.8)

This signal is referred to as the envelope mean as is shown with dotted line in Figure 35(c);
(4) subtract the envelope mean signal from the input signal
h1 (t ) = x(t ) − m1

(3.9)

This is one time of sifting. The next step is to check if h1 (t ) is an IMF or not. In the
classical EMD work of Huang, the sifting stops when the difference between two
consecutive siftings is smaller than a selected threshold SD, defined as
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2
h

1( k −1) (t ) − h1k (t )


SD = ∑

h 21( k −1) (t )
t =0 


T

(3.10)

However, based on such EMD implementation, sifting iterations apply to the full length
signal, and they are pursued as long as there exists a local zone where the mean of the
envelopes is not considered as sufficiently small, which turns out to result in overiterating on the whole signal for the sake of a better local approximation. It has the
drawback of contaminating other parts of the signal, in particular in uniformizing the
amplitude and in over-decomposing it by spreading out its components over adjacent
modes.
Therefore, in this study, the stopping criteria devoid of the above problems proposed by
Rilling et al. [102] are employed. The criteria are based on two thresholds κ1 and κ 2 ,
aimed at guaranteeing globally small fluctuations while taking into account the local
large

excursions.

This

is

achieved

by

introducing

the

mode

amplitude

a (t ) = (emax (t ) − emin (t )) / 2 , and the valuation function ο (t)=|m(t)/a(t)| . The sifting is

iterated until o(t ) < κ1 for some prescribed fraction (1 − α ) of the total duration, while
o(t ) < κ 2 for the remaining fraction. One can typically set α ≈ 0.05 , κ1 ≈ 0.05 and
κ 2 ≈ 10κ1 as the default values.

(5) if h1 (t ) is not an IMF, repeat the process from step (1) with the resulting signal from
step (4). In the second sifting process, h1 (t ) is therefore treated as the data, then
h11 (t ) = h1 (t ) − m 11

(3.11)

This sifting procedure can be repeated k times, until h1k (t ) is an IMF, that is
h1k (t ) = h1( k −1) (t ) − m 1k

(3.12)

when the stop criterion is met, the IMF is defined as c1 .
(6) after the IMF c1 is found, the residue r1 as the result of subtracting this IMF from
the input signal r1 = x(t ) − c1 is taken as the input signal, and starting over from step (1).
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Step (1) to (6) can be repeated n times until the residue does not contain any extrema
points. The EMD process is thus completed. The signal can be expressed as the sum of
IMFs and the last residue
n

x(t ) = ∑ ci + rn

(3.13)

i =1

In which, rn is the last residue which is either a constant or monotonic function.
The EMD results of the signal shown in Figure 3-5(a) are given in Figure 3-5(d). The
EMD sifting process serves two purposes: to eliminate riding waves and to make the
wave-profiles more symmetric in smoothing uneven amplitudes. While the first
condition is absolutely necessary for separating the intrinsic modes and for defining a
meaningful IF, the second condition is also necessary in case the neighbouring wave
amplitudes have too large a disparity. It can also be explained that EMD works by
picking out the highest frequency oscillation that remains in the signal. Thus, locally,
each IMF contains lower frequency components than the one extracted just before. The
set of IMFs obtained is unique and specific for the particular time series since it is based
on and derived from the local characteristics of these data. To clarify the decomposition
process, the flow chart of EMD is summarized in Figure 3-6.
Sophisticated studies have been devoted to analyzing the essential shortcomings of the
classical EMD and its restrictions in comparison with other decomposition methods,
one of the first limitations of the method found was a rather low frequency resolution,
i.e., the EMD can resolve only distant spectral components differing by more octave
[103]. Another inherent problem exists in EMD process is ‘Mode mixing’ which is
defined as any IMF consisting of oscillations of dramatically disparate scales, mostly
caused by the intermittency of the driving mechanisms. When mode mixing occurs, an
IMF can cease to have physical meaning by itself, suggesting falsely that there may be
different physical process presented in a mode. Even though the final time-frequency
projection could rectify the mixed mode to some degree, the alias at each transition
from one scale to another would irrecoverably damage the clean separation of scales.
Therefore, mode mixing is also the main reason that the EMD algorithm is unstable: any
small perturbation may result in a new set of IMFs as reported by Gledhill [104].
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Figure 3-5 EMD sifting process

60

School of Civil and Resource Engineering
The University of Western Australia

x (t )

r = x (t ), n = 1

x (t )

x (t )

emax (t )

emax (t )

x (t ) = h

m = (emax (t ) + emin (t )) / 2

h = x (t ) − m

x (t ) = r

n = n + 1, c( n ) = h, r = r − c( n )

Figure 3-6 Flow chart of the EMD

3.4

END EFFECT OF HHT

The end effect problem inherent with HHT method comes from both the HT and the
EMD analysis.
3.4.1 End effect of Hilbert transform
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The end effect, or the Gibbs phenomenon, appears in a digital filtering or discrete
Fourier transform due to an incomplete data periodicity, when the waveform has not
reached a full cycle within its period of the analysis. The end effect problem exists for
any digital analysis method. Traditionally, signal windows with tapered ends were used
to alleviate these effects during the spectral analysis. In practice, however, the end effect
of the HT is relatively easy to fix [105]. We can also pad a signal using a segment of the
signal itself in order to make the signal quasi periodic [68]. After the construction of an
artificially padded data, we will compute the digital HT with minimized end effect [106].
At least we can simply increase the initial data length to make the end effect negligibly
small. In the present study, the HT is improved by pre-appending a minimum of 1.5
periods of the first and the last minimum-maximum period to the data.
3.4.2 End effect of EMD
The EMD process is accomplished through a series of sifting. However, in each time of
sifting, large swing appears in the ending area while generating the upper and lower
envelope with spline fitting because the extrema beyond ending point is unknown,
which is defined as “end effect” of EMD as shown in Figure 3- 7. For the IMFs of high
frequencies, time scales are small, likewise, the time difference between extrema is
small. Therefore, the end effect is confined within a small area near each end. In
contrast, for the low frequency IMFs, the time scales as well as the time difference
between extrema are large, which results in an inward pollution of the signal. With the
repetitive sifting, such pollution keeps propagating inward into the signal. Especially,
for those short signals, the end effect has a severe influence on the quality of IMFs or
even result in a total loss of physical meaning.
The solution to the end effect problem of EMD can be explored from two aspects: one is
to employ a higher order interpolation function for spline fit, which is capable of
restraining the end diffusion to some extent but not as good as spline function in terms
of interpolation, therefore, this type of methods are seldom used; the other type is to
extend the original signal at both ends. Huang et al. [68] proposed to add two
characteristics waves at the beginning and at the end of the signal to smooth it at the
edges, which has been put in patent. Many other people also tried to solve the abovementioned problem using various methods. Deng proposed a signal extension method
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based on ANN and provided very good results for curbing end effect, especially some
short time signals [107]. However, the training process of neural network was quite time
consuming and therefore badly influenced the time efficiency of EMD as thousands of
sifting was involved in the whole decomposition process. Apart from that, other mainly
used methods including traditional AR model method for time-series prediction [108],
time-variant AR model method for time-series prediction [109], polynomial curve
fitting method and mirror method all provide satisfactory data extension results for
overcoming end effect.
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Figure 3- 7 End effect due to no data extension in spline fitting of the envelope

However, there are some problems still unsolved. For example, the extension results
from the above methods vary from case to case and are very hard to reach uniformity
even by employing the same method, such problems are more obvious in the processing
of those long-term and non stationary signals. A certain extent of error is inevitable in
using each method. Therefore, a simpler and faster method should be the top choice on
the premise of accuracy.
The mirror method proposed by Rilling et al. [102] is employed in the present study.
The mirror method is to add extrema by mirror symmetry with respect to the extrema
that are closest to the edges. For the time series x(t ) as shown in Figure 3-8, the
procedure that the mirror method works is shown below:
(1) find the maximum closest to the left edge of time series; thus we obtain Max(1).
Then, find the minimum closest to Max(1); thus we obtain Min(1) as shown in
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Figure 3-8;
(2) find the maximum closest to the right edge of time series; thus we obtain Min(N).
Then, find the extremum closest to Min(N); thus we obtain Max(N) as shown in
Figure 3-8;
(3) for the left edge of time series, add minimum by mirror symmetry with respect to
the maximum closest to the left edge; thus we obtain Min(0) as shown in Figure 3-9;
(4) for the right edge of time series, add maximum by mirror symmetry with respect
to the minimum closest to the right edge; thus we obtain Max(N+1) (shown in Figure
3-9). The newly obtained Min(0) and Max(N+1) are then taken for the construction
of the upper and lower envelopes along with initial extrema as shown in Figure 3-9.
This dada extending procedure is integrated and performed in each time of EMD sifting
to avoid very large error generated by spline fitting at the ending areas.

Figure 3-8 Find the boundary extrema

Figure 3-9 Illustration of mirror method
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3.5

HILBERT SPECTRAL ANALYSIS

Having obtained all the IMFs of time series x(t ) , HT is applied to each IMF and the HT
of the ith IMF, ci (t ) , is represented as
cɶi (t ) =

1

π∫

+∞

−∞

ci (τ )
dτ
t −τ

(3.17)

The corresponding analytical signal can be defined as
zi (t ) = ci (t ) + jcɶi (t )

(3.18)

Ai (t ) = c 2i (t ) + c i2(t )

(3.19)

 ci (t ) 

 ci (t ) 

(3.20)

With the definition of the IA

the IP

θi (t ) = arctan 
and the IF

ωi (t ) =

dθ i ( t )
dt

(3.21)

The following expressions can be obtained
n

x(t ) = ∑ c j (t ) + rn (t )
j =1

 n

= Re  ∑ Ai (t )e jθi (t )  + rn (t )
 i =1


(3.22)

j ωi ( t ) 
 n
= Re  ∑ Ai (t )e ∫  + rn (t )
 i =1

in which, Re[⋅] means to get the real part.

The Fourier transform expression of the same time series is presented as
 n
 i =1

x(t ) = Re  ∑ Ai e

jθ i


 + r0


(3.23)

Therefore, by comparing Eq. (3.22) with Eq. (3.23), it can be concluded that the HHT
analytical expression is a generalized expression of traditional Fourier expansion. In Eq.
(3.22), the representation of IMFs, Ai (t ) and ωi (t ) , are all functions of time, which not
65

only improves the efficiency of the expansion, but also breaks through the traditional
Fourier theory that the amplitude and frequency have to be time invariant. Therefore,
the expansion is enabled to accommodate nonlinear and non-stationary data.
Based on Eq. (3.22), this time-frequency distribution of the amplitude is designated as
the Hilbert amplitude spectrum H (ω , t ) , or simply the Hilbert spectrum. The squared
values of the amplitude can be substituted to produce the Hilbert energy spectrum as
well.
With the Hilbert spectrum defined above, the Hilbert marginal spectrum can also be
defined as
T

h( w) = ∫ H ( w, t ) dt

(3.24)

0

The Hilbert marginal spectrum offers a measure of the total amplitude (or energy)
contribution from each frequency value. It represents the cumulated amplitude over the
entire data span in a probabilistic sense, in other words, it is the generalized Fourier
spectrum. In Hilbert marginal spectrum, the amplitude corresponding to a certain
frequency only indicates the occurrence probability of such frequency component in the
entire signal along the whole time span is bigger. However, in Fourier spectrum, the
amplitude corresponding to a certain frequency means that there are sine or cosine
waves of such frequency in the entire signal. Therefore, Hilbert marginal spectrum has
different meaning from that of the Fourier spectrum.
From the above discussion, it is clear that the HHT provides a multi-scale
decomposition of the signal in terms of oscillatory functions (the IMFs), each evolving
at a different characteristic time scale. As will be discussed later, the dominant IMFs
have a clear physical meaning, in terms of the vibration modes of the considered
dynamical system. Also, HHT presents the instantaneous vibration information of each
vibration modes intuitively on the time-frequency plane. The capability of HHT method
in terms of signal processing will be intensively studied in the following section.

3.6

SIGNAL ANALYSIS AND COMPARISON

3.6.1 Simulated signals
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3.6.1.1 Signals with frequency modulation and amplitude modulation
At first, a linear frequency-modulated signal with a decaying amplitude modulation is
simulated as
x(t ) = e−0.2t sin(8π t + 0.3π t 2 )

(3.25)

The signal time history is given in Figure 3-10. According to Eq. (3.21), the IF of this
signal should be
f (t ) =

1 d (8π t + 0.3π t 2 )
= 4 + 0.3tHz
2π
dt

(3.26)

Since this signal is a monotonic signal, HT can be directly implemented with no need to
conduct EMD. Then, the obtained Hilbert spectrum is presented in Figure 3-11. It is
found that the Hilbert spectrum is a general representation of the amplitude distribution
on the time-frequency plane, the time varying feature of the IF is highlighted and clearly
indicated with very high time resolution and frequency resolution. However, it should
also be noted that the IF is not an ideal line as expressed in Eq. (3.26) but has slight
fluctuation around the theoretical value and the fluctuation is more obvious at the
ending areas of the signal. This phenomenon can be attributed to the frequency
modulation caused by amplitude modulation and the error involved in differentiation
calculation. In addition, the FFT spectrum of the signal is also given in Figure 3-12, in
which the indicated frequency information is quite different from the true information
contained in the original signal. As a result, the superiority of HT in extracting and
describing frequency-modulated and amplitude-modulated signal is highlighted.
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Figure 3-10 A linear frequency-modulated signal
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Figure 3-11 Hilbert spectrum of the signal in Figure 3-10
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Figure 3-12 FFT spectrum
Different from the above signal which is actually an IMF itself, a more complex signal
simulated as
x(t ) = sin(8π t + 0.5sin(3π t )) + 2e −0.3t sin(4π t )

(3.27)

is analysed in the following. The time-history and FFT spectrum of this signal are given
in Figure 3-13. As is shown in the FFT spectrum, although the main frequency
components can be well detected in the spectrum, no information about the timevarying features of the frequency-modulated component is provided.
HHT method is employed to analyse this signal. Since this signal does not meet the
requirements for IMF, EMD sifting is firstly implemented to decompose the signal. By
employing EMD, a series of IMFs and the residue are obtained as presented in Figure 314. As shown, the first IMF c1 (t ) corresponds to the sine wave component in the
original signal, c2 (t ) corresponds to the amplitude decaying component in the signal
and two pseudo components are generated at the mean time. The amplitude of those two
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pseudo components is quite small compared with the original signal and the first two
IMFs. Theoretically, the residue should be a straight line for indicating the trend of the
original signal, however, there might be also certain extent of fluctuation in the residue
due to the influence of end effect.
(a)
4

x(t))

2
0
-2
-4

0

1

2

3

4
Time(s)

5

6

7

(b)
Amplitude

1.5
1
0.5
0

0

2

4

6

8
10
12
Frequency (Hz)

14

16

18

20

Figure 3-13 A signal with amplitude modulation and frequency modulation:
(a) time history; (b) FFT spectrum
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Figure 3-14 IMFs obtained through EMD
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Then, the HT of each IMF is conducted and the obtained Hilbert spectrum is presented
in Figure 3-15. In the Hilbert spectrum, two frequency components are indicated clearly.
One is the component which frequency fluctuates around 4Hz with an amplitude of
±0.75Hz , meanwhile, the IA is constant by referring to the colour bar beside, if neglect

the ending areas which are influenced by the end effect. The other component is the one
which frequency is constant along the time span. Therefore, all the components
contained in the original signal are well decomposed and clearly indicated. The
superiorities of the Hilbert spectrum to FFT spectrum in terms of identifying and
presenting the time-varying characteristics of a signal is also validated.

Figure 3-15 Hilbert spectrum of the signal in Figure 3-13
3.6.1.2 Acceleration response signal of a simply supported beam
In order to verify the applicability of HHT method in the system identification of civil
engineering structures, a FE model of a simply supported beam, as shown in Figure 316, is established with MATLAB, and its vibration response under random excitation

f (t ) (Figure 3-17) acting on the 1/4 span is obtained using Newmark- β method. In this
study, the acceleration response of the beam is sampled for analysis. Altogether, except
for the two supports, acceleration responses of 9 points, at every 4m along the beam, are
sampled at a sampling frequency of 100Hz for 50s.
The properties of the beam are: EI=1.274916×1011Nm2, linear weight ρA=12,00kg/m,

span length L=40m, and damping ratio ζ =0. 02. Theoretical values of the first three
natural frequencies of the beam are 3.2Hz, 12.8Hz and 28.8 Hz.
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Figure 3-16 Simply supported beam subjected to a random excitation f(t)
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Figure 3-17 Random excitation
Firstly, the acceleration response signal at 4m point from the left support is analysed.
The time history and FFT spectrum of the signal are given in Figure 3-18. As shown,
the second mode and the third mode vibration are the dominant components of the beam
vibration response, while the first mode vibration is comparatively negligible. Based on
the HHT method, the Hilbert spectrum is obtained as given in Figure 3-19, the two
dominant components are well indicated in both the time and the frequency domain,
while the first mode vibration components is not clearly indicated due to its very small
amplitude. In addition, the energy or amplitude distribution of each component on the
time-frequency plane is also clearly indicated with reference to the side colour bar.
Therefore, the applicability of HHT method as output-only structural system
identification tool is emphasised.
Similarly, the acceleration response at 16m point shown in Figure 3-20(a) is analysed.
The first three natural modes dominate the beam vibration at this location are indicated
in Figure 3-20(b). The Hilbert spectrum obtained using HHT method is given in Figure
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3-21, in which all the three components are identified and the time varying
characteristic of energy distribution on each component is indicated with different
colours. Based on which, the beam vibration status along the time span can be well
explained.
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Figure 3-18 Acceleration response at 4m point: (a) time-history (b) FFT spectrum

Figure 3-19 Hilbert spectrum of the signal in Figure 3-18
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Figure 3-20 Acceleration response at 16m point: (a) time-history (b) FFT spectrum

Figure 3-21 Hilbert spectrum of the signal in Figure 3-20
3.6.2 Real measured signals
The processing and analysis of the real measured vibration signal play a critical role in
the condition monitoring of structures. It is also one of the great difficulties exist in the
application of vibration-based SHM technique. As is known, civil structures, such as
bridges, high-rise buildings, pipelines etc., all are subjected to complex operational and
environment loadings, which results in the real measured structural responses are
usually nonlinear, non-stationary and polluted with high level of noise. Effective and
accurate analysis of such signals has been a quite challenging problem. To investigate
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the applicability of HHT method to the analysis of real measured structural response
signals, the real measured acceleration data of the IRVINE bridge column tests
accomplished by University of California [110] is analysed as an example.
3.6.2.1 Test description
The dynamic test data of Column 2 with 36-in-dia (91-cm-diameter) is analysed in this
section. The column is 136 in. (345 cm) in length. It was cast on top of 56-in-square
(142-cm-square) concrete foundation that was 25-in-high (63.5-cm-high). The concrete
foundation was bolted to the 2-ft-thick (61-cm-thick) testing floor. The test structure
geometry is shown in Figure 3-22.

Figure 3-22 Accelerometer locations and coordinate system for modal testing (the
numbers at the intersection point of the direction arrows indicate accelerometers
mounted in the y direction) [110].
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In the dynamic tests, the excitation was provided by an APS electromagnetic shaker
mounted off-axis at the top of the structure. The shaker excitation location is indicated
in Figure 3-22. A 0~400 Hz uniform random signal was sent from a source module in
the data acquisition system to the shaker and the same level of excitation was used in all
tests.
Forty accelerometers were mounted on the structure as shown in Figure 3-22. Each test
was sampled 2-s-long time-histories discretized with 2048 points. The column
acceleration responses sampled in sensor 4 and sensor 19 in x-direction, i.e., the
horizontal acceleration response at the bottom and the top of the column are analysed
for illustration.
3.6.2.2 Acceleration response analysis
At first, the acceleration time-history from sensor 4 and the corresponding FFT
spectrum are given in Figure 3-23. As shown in the FFT spectrum, the first two natural
modes around 15Hz and 105Hz dominate the column vibration at this location. It is also
noticeable that the real measured data is seriously polluted with noise. By employing
EMD, a total of 6 IMFs and a residue are obtained as shown in Figure 3-24 together
with the original acceleration signal. Based on which, the Hilbert spectrum is obtained
as presented in Figure 3-25. From the Hilbert spectrum, it can be noticed that two
vibration components, one around 15Hz and the other around 105Hz, subjected to
serious fluctuation are indicated in the Hilbert spectrum. However, it is obvious that
such information is far from being accurate and clear for describing the vibration of the
structure. Similarly, same analysis procedure is implemented to the acceleration signal
sampled at sensor 19 as shown in Figure 3-26. From the FFT spectrum, it can be told
that the column vibration at this point is dominated by the first natural mode while some
inevitable noise disturbances also exists. Nevertheless, as is shown in the Hilbert
spectrum presented in Figure 3-27, one component fluctuating around 15Hz is indicated,
while significant disturbance components are also generated and will cause errors in
further analysis. Therefore, it is found that the HHT method needs to be enhanced to be
more applicable to processing the real measured structure vibration response, in
particular for the signal subjected to serious noise contamination.
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Figure 3-23 Acceleration response at sensor 4: (a) time-history; (b) FFT spectrum
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Figure 3-24 EMD results of the signal in Figure 3-23
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Figure 3-25 Hilbert spectrum of the signal in Figure 3-23
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Figure 3-26 Acceleration response at sensor 19: (a) time-history; (b) FFT spectrum

Figure 3-27 Hilbert spectrum of the signal in Figure 3-26
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To sum up, HHT shows superiorities in terms of analyzing the signal with frequencymodulation and amplitude-modulation. It can be used as an advanced output-only
system identification method which is superior in extracting and describing the IF and
IA information contained in the structural response. However, it is also found
susceptible to noise disturbance leading to its less reliability in processing the real
measured structural dynamic response. Therefore, improvements to the HHT method
towards enhancing its robustness and applicability to the in-situ use of processing
dynamic response of civil engineering structures should be developed. More detailed
study on this aspect will be addressed in the following chapters of this thesis.

3.7

CONCLUSIONS

In this chapter, the theoretical background of HHT theory is reviewed. Central to the
HHT approach is the EMD sifting process to produce the IMFs that enable complicated
data to be reduced into such a structure that the IF are meaningful. The HT expansion in
terms of IMF basis has the form of a generalized Fourier analysis with variable
amplitudes and frequencies, which allows the creation of an energy-time-frequency
representation, the Hilbert spectrum, characterized with high time resolution and
frequency resolution. Two critical problems, i.e., the end-effect and the ‘mode mixing’
problem inherent with HHT method are discussed and measures of overcoming these
problems are introduced into the algorithm. Through numerical simulation, HHT
method is demonstrated capable of analyzing the signal with frequency-modulation and
amplitude-modulation, and efficient in processing structural dynamic response to extract
the instantaneous structural vibration status and present the time-frequency-amplitude
information explicitly on time-frequency plane. However, when HHT is applied to the
real measured acceleration response of a concrete bridge column under random
excitation, it is found susceptible to noise disturbance which leads to the method less
reliable for in-situ use. Therefore, improvements to the HHT method towards enhancing
its robustness and applicability to processing the real measured dynamic response of
civil engineering structures is necessary.
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CHAPTER 4
IMPROVED HHT METHOD FOR THE SYSTEM
IDENTIFICATION OF CIVIL ENGINEERING STRUCTURES

4.1

INTRODUCTION

In the previous chapter, the applicability and limitations of HHT method in terms of
processing nonlinear and non-stationary signals and the dynamic response of civil
engineering structures have been studied. It is demonstrated that the HHT method is
capable of analyzing the signal with frequency-modulation and amplitude-modulation,
and efficient in extracting and presenting the instantaneous structural vibration
information from structural dynamic response. However, HHT is found not accurate and
reliable enough in processing the real measured structural dynamic response due to its
susceptibility to noise interference and its inherent ‘mode mixing’ problem. Moreover,
the dynamic responses of many civil engineering structures are characterized with
closely spaced modes of longer periods, such as the large scale space structures,
pipeline structures etc., which increases the difficulty in performing output-only system
identification.
This chapter, based on the above considerations, develops an output-only vibrationbased system identification procedure using the HHT method. Then, with respect to the
certain characteristics of the vibration response of civil engineering structures, an
improved HHT method is proposed to be more effective, reliable and robust in the
applications to analysing the structural response data due to ambient excitations
(stationary random excitations or non-stationary random excitations) and subjected to
noise contamination. In addition, improvement approaches to overcoming the ‘mode
mixing’ problem inherent with HHT method is also developed to enhance its capability
of separating closely spaced natural modes. An adaptive energy-weighted frequency79

amplitude (AEWFA) method is proposed as a quick and reliable technique for
identifying the dominant structural vibration frequencies. Numerical studies and
dynamic tests of scaled steel-concrete composite model are performed to verify the
improved HHT method.

4.2

STRUCUTRAL SYSTEM IDENTIFICATION BASED ON HHT METHOD

4.2.1 Motion equation of MDOF system
The motion equation of a n-DOF structural system can be expressed as
MXɺɺ (t ) + CXɺ (t ) + KX (t ) = F (t )

(4.1)

in which X (t ) = [ x1 , x2 ,⋯ xn ]T is the n-displacement vector, Xɺ (t ) is the n-velocity
vector and Xɺɺ (t ) is the n-acceleration vector; F (t ) is the n-excitation vector; M, C and
K are n × n mass, damping and stiffness matrices, respectively.
Under the assumption of the existence of normal modes, the structural displacement and
acceleration response can be decomposed into n real modes as [111]
n

n

X (t ) = ∑ Φ j q j (t ) ; Xɺɺ (t ) = ∑ Φ j qɺɺj (t )
j =1

(4.2)

j =1

where Φ j is the jth modal vector, representing the jth mode shape, and q j (t ) is the jth
generalized modal coordinate. Substituting Eq. (4.2) into Eq. (4.1) and using the
orthogonal properties of mode shapes, the above motion equation can be decoupled into
n modes
qɺɺj + 2ζ jω j qɺ j + ω 2j q j = ΦTj F (t ) / m j

(4.3)

in which ω j is the jth modal frequency, ζ j is the jth modal damping ratio and m j is the
jth modal mass.
If F (t ) is an impact load applied to the kth DOF, i.e., f k (t ) = F0δ (t ) and f j (t ) = 0 for
all j ≠ k , where f j (t ) is the jth element of F(t). The acceleration response of the jth
generalized modal coordinate can be expressed as
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qɺɺj (t ) =

F0φkjω j
mj 1− ζ

2
j

e

−ζ j ω j t

π

cos(ωdj t + ϕ j + )
2

(4.4)

where φkj is the kth element of the jth modal vector Φ j , ωdj = ω j (1 − ζ j2 )1/2 is the jth
damped modal frequency, and

ϕ j = tan −1  2ζ j 1 − ζ j2 / (1 − 2ζ j2 ) 


(4.5)



is the phase lag of the jth mode.
The impulse acceleration response of the structure at the pth (p=1, …, n) DOF ɺɺ
x p (t ) is
given by
n

n

j =1

j =1

ɺɺ
x p (t ) = ∑ φ pj qɺɺj (t ) = ∑ ɺɺ
x pj (t )

(4.6)

where
−ζ ω t
ɺɺ
x pj (t ) = φ pj qɺɺj (t ) = B pk , j e j j cos(ωdj t + ϕ j +

B pk , j =

π
2

+ ϕ pk , j )

F0 φ pj φkj ω j
m j 1 − ζ j2

(4.7)
(4.8)

In Eq. (4.6), ϕ pk , j is the phase difference between the pth element and the kth element
in the jth mode shape. With the assumption of normal modes, all the mode shapes are
real and therefore ϕ pk , j is either ±2mπ or ± (2m + 1)π , in which m is an integer, i.e.,

φ pj φkj > 0 when ϕ pj , k = ±2mπ

(4.9)

φ pj φkj < 0 when ϕ pj ,k = ± (2m + 1)π
4.2.2 EMD of structural response
By employing EMD, the structural acceleration response ɺɺ
x p (t ) can be decomposed into
a series of IMFs that will conduce to well-behaved HT. Based on the EMD procedures
described in Chapter 3, the original signal ɺɺ
x p (t ) can be decomposed as
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m

ɺɺ
x p (t ) = ∑ c pj (t ) + rp (t )
j =1

(4.10)

n

≈ ∑ ɺɺ
x pj (t ) +
j =1

m

∑c

j = n +1

pj

(t ) + rp (t )

in which, c pj (t ) for j=1,…,m are the IMFs of the acceleration response ɺɺ
x p (t ) , and rp (t )
is the residue which is the mean trend (or a constant) of the signal. This process will
enable us not only to obtain n real structural modal responses ɺɺ
x pj (t ) ( j = 1, ⋯ , n) but
also many other IMFs, i.e., the pseudo modal components c pj (t ) ( j = n + 1, ⋯ , m) as

given by Eq. (4.10).

4.2.3 Hilbert transform of structural response
According to Bedrosian’s theorem, the HT of the structural modal response, i.e., one
IMF obtained through EMD, as given in Eq. (4.7) can be obtained as

π
−ζ ω t
ɺɺ
xɶ pj (t ) = B pk , j e j j sin(ωdj t + ϕ j + + ϕ pk , j )
2

(4.11)

The corresponding analytical signal Z pj (t ) is given by
Z pj (t ) = ɺɺ
x pj (t ) + ɺɺ
xɶ pj (t ) = Apj (t )e

iθ pj ( t )

(4.12)

in which the IA Apj (t ) and the IP θ pj (t ) are given by
Apj (t ) = 2 B pk , j e

−ζ j ω j t

,

θ pj (t ) = ωdj t + ϕ j +

π
2

+ ϕ pk , j

(4.13)

From Eq. (4.13), it can be obtained that
ln Apj (t ) = −ζ jω j t + ln 2 B pk , j

(4.14)

dθ pj (t ) / dt = ωdj

(4.15)

From Eq. (4.11) to Eq. (4.15), it is observed that, in the IF of each IMF, there is only a
single frequency ω

j

at time t. The HT of the IMFs obtained through

therefore be expressed as
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n

Z p (t ) = ∑ Apj (t , ω j )e ∫

i ω j ( t ) dt

(4.16)

j =1

in which Apj (t , ω j ) is the amplitude of the jth IMF at time t with frequency ω j . Thus,
the amplitude distribution of the structural acceleration response ɺɺ
x p (t ) over the timefrequency plane, denoted by A(t , ω ; ɺɺ
x p (t )) , is obtained via performing HT on all IMFs
as
n

A(t , ω; ɺɺ
x p (t )) = ∑ A j (t , ω j )

(4.17)

j =1

A(t , ω ; ɺɺ
x p (t )) is the Hilbert spectrum of ɺɺ
x p (t ) . Based on which, the marginal spectrum,

denoted as h(ω , x ) , is obtained as
∞

h(ω , x) = ∫ A(t , ω; ɺɺ
x p )dt

(4.18)

0

which is actually the decomposition of x(t ) in the frequency domain. The Hilbert
marginal spectrum does not have the requirement of stationarity and linearity as that of
the Fourier spectrum [68].
4.2.4 Modal parameter identification
In terms of the identification of natural frequency ω j and damping ratio ζ j , just one
measurement signal, say ɺɺ
x p (t ) , contains all the modal information ω

j

and ζ j

(j=1,2,…n) is sufficient.
For small ζ j , according to Eq. (4.14) and Eq. (4.15), ωdj can be obtained from the slope
of the phase angle θ pj (t ) - t plot, whereas −ζ jω j can be estimated from the slope of the
decaying amplitude ln Apj (t ) - t plot. For the general case which ζ j is not small, the
solution becomes more complicated as both θ pj (t ) and ln Apj (t ) are not linear function
of time. However, it has been mentioned by Huang et al. [68] that the amplitude
variation Apj (t ) introduces an instantaneous frequency modulation, which is referred to
as intra-wave modulation. It has been indicated that the amplitude variation could cause
a frequency fluctuation around the mean value of the carrier frequency, but not a change
of its mean value [68]. Therefore, a linear least-square fit procedures proposed by Yang
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et al. [112] is employed in this study to estimate the mean values of the natural
frequencies and damping ratios for the general case.
Specifically, the identification can be accomplished through the following steps:
(1) fit the plot of the phase angle θ pj (t ) vs time t by a straight line using the linear
least-square method. This straight line is referred to as the average least-square
straight line for the phase angle. Then, the slope of the straight line is ω dj ;
(2) fit the plot of the decaying amplitude ln Apj (t ) vs time t using a straight line
based on the linear least-square method. This straight line is referred to as the
average least-square straight line for the decaying amplitude. Then, −ζ jω j is
estimated from the slope of the straight line;
(3) with ω dj and −ζ jω j estimated from Steps (1) and (2) above, ω j and ζ j can be
computed according to the relationship ωdj = ω j 1 − ζ j2 ;
It has also been demonstrated by Yang et al. [112] that ω dj can be identified by
following step (1) without any problem. However, significant oscillation of ln Apj (t )
around the least-square line may occur when ζ j is large ( ζ j >10%). For which, EMD is
recommended to be implemented to ln Apj (t ) first, the thus obtained residue is the mean
trend of ln Apj (t ) , which is then used for least-square fit to get −ζ jω j [112].

4.3

IMPROVEMENTS TO HHT METHOD

4.3.1 Noise melioration approach
In civil engineering structures, the real measured structural response is inevitably
polluted with noise. As a result, the primary requirement for an effective system
identification method is the ability to extract the real structural vibration response from
noise contaminated signals and to provide robust identification results [3].
The real measured structural acceleration vector can be expressed as
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(4.19)

Xɺɺ (t ) = Xɺɺ (t ) + W (t )

in which, Xɺɺ (t ) = [ ɺɺ
x1 (t ), ɺɺ
x2 (t ),..., ɺɺ
xn (t )]T denotes the noise contaminated acceleration
signal

vector,

Xɺɺ (t )

denotes

the

real

structural

response

vector

and

W (t ) = [ w1 (t ), w2 (t ),..., wn (t )]T is a white noise vector. Accordingly, the measured

acceleration response at the pth DOF is given by

ɺɺ
x p (t ) = ɺɺ
x p (t ) + wp (t )

(4.20)

The white noise vector is simulated by a band-limited Gaussian white-noise process
with zero mean in the present study.
The cross correlation function of the above real measured acceleration signal can be
expressed as
Rji (ɺɺxj (t), ɺɺxi (t +τ )) = E ɺɺ
xj (t)ɺɺxi (t +τ )
= E (ɺɺxj (t) + wj (t))(ɺɺ
xi (t +τ ) + wi (t +τ ))

(4.21)

= E ɺɺ
xj (t)ɺɺxi (t +τ ) + E ɺɺxj (t)wi (t +τ ) + E ɺɺxi (t +τ )wj (t) + E wj (t)wi (t +τ )
Since white noise and the real structural response are independent of each other,
E  ɺɺ
x j (t ) wi (t + τ )  and E  ɺɺ
xi (t + τ ) w j (t )  are zero in the above expression. The cross-

correlation of white noise E  w j (t ) wi (t + τ )  is actually a δ function, which is given as

σ 2
E  w j (t ) wi (t + τ )  = 
0

(τ = 0)
(τ ≠ 0)

(4.22)

where σ 2 is the variance of the white noise.
By employing EMD, the cross-correlation of the above white noise can be easily
decomposed into residue and eliminated in further analysis. The noise contamination in
the real measured structural response can therefore be meliorated to a great extent in the
following analysis using HHT method.

4.3.2 EMD of structural ambient response
Besides the unavoidable noise pollution problem in the real measured structural
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response, the structural response under ambient excitations is usually very complicated
and difficult to deal with. Traditional output-only system identification methods utilize
the free vibration response, impact vibration response, the structural vibration response
under white noise excitations or even assume the structural response is approximately to
be one of those patterns for modal parameters identification. However, due to the fact
that most ambient excitations applied on civil structures are usually a combination of
stationary random excitations and non-stationary random excitations, which is far more
complicated than those three cases, a sacrifice of accuracy is inevitable under such
assumptions. In addition, to measure the structural free vibration response or impact
vibration response not only requires a break-off of the structure normal operation, but
also is limited by the size and accessibility of the structure of interest. Therefore, more
and more efforts are devoted to the investigation of system identification methods from
ambient vibration signals.
For a general civil structural system, the ambient excitations is usually assumed to be a
sum of stationary random excitations and non-stationary random excitations, i.e.,
f (t ) = u (t ) + v (t )

(4.23)

in which u (t ) denotes the stationary random excitation and v(t ) denotes the nonstationary random excitation. Then, the non-stationary random excitations v(t ) can be
further decomposed into a superposition of periodic excitations v1 (t ) and aperiodic
excitations v 2 (t ) . Therefore, the ambient excitation can be expressed as
f (t ) = u (t ) + v1 (t ) + v 2 (t )

(4.24)

For Eq. (4.24), if E[u 2 (t )] / E[v 2 (t )] >> 1 , the structural system can be dealt with as
excited by stationary random excitation. Otherwise, the system would be regarded as
excited by non-stationary random excitations and has to resort to those signal processing
methods capable of analysing non-stationary structural response signals for system
identification.
For a n-DOF system under the excitation of F (t ) , the structural response at the ith DOF
and the jth DOF are
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ɺɺ
x j (t ) = ɺɺ
xuj (t ) + ɺɺ
xvj1 (t ) + ɺɺ
xvj 2 (t )
xi (t ) = ɺɺ
xiu (t ) + ɺɺ
xiv1 (t ) + ɺɺ
xiv 2 (t ) ; ɺɺ

(4.25)

in which ɺɺ
x u (t ) is the structural response under stationary random excitations, ɺɺ
x v1 (t )
and ɺɺ
x v 2 (t ) are the structural responses under periodic and aperiodic excitations,
respectively.
The cross-correlation function of these two response signals is given by

R ji (t1 , t2 ) = E  ɺɺ
x j (t1 ) ɺɺ
xi (t2 ) 
= Ruji (t1 − t2 ) + R vji1 (t1 − t2 ) + rji (t1 , t2 )

(4.26)

in which
R uji (t1 − t2 ) = E  ɺɺ
x uj (t1 ) ɺɺ
xiu (t2 ) 

(4.27)

R vji1 (t1 − t2 ) = E  ɺɺ
x vj 1 (t1 ) ɺɺ
xiv1 (t2 ) 

(4.28)

rji (t1 , t2 ) = E  ɺɺ
x j (t1 ) ɺɺ
xi (t2 )  − E  ɺɺ
x uj (t1 ) ɺɺ
xiu (t2 )  − E  ɺɺ
x vj 1 (t1 ) ɺɺ
xiv1 (t2 ) 

(4.29)

In particular, Eq.(4.27) is the cross-correlation function of the structural response under
stationary random excitation, it can be expressed as [113]

φr Ai , j ,r

n

R uji (τ ) = ∑
r =1

mrωr 1 − ζ

2
r

exp(−ζ rωrτ ) sin( 1 − ζ r2 ωrτ + θ r )

(4.30)

where n is the DOF number of the structural system, Ai , j ,r is a coefficient associated
with i, j and r. mr , ζ r , ωr and φr are the modal mass, damping ratio, natural frequency,
and mode shape of the rth mode, respectively.
Eq. (4.28) gives the cross-correlation function of the structural response under periodic
excitation. Based on the characteristics of the input and output of a linear system,

R vji1 (τ ) of the output is also a periodic function and has the same frequencies with the
input v(t ) . It can be represented as
R vji1 (τ ) =

n+ k

∑B

h = n +1

ji

( h) exp( −ζ hωhτ ) sin( 1 − ζ h2 ωhτ + ϕ h )

(4.31)

in which ωh is the frequency exists in the periodic excitations, B ji ( h) and ϕ h are the
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amplitude and phase angle associated with h.
As obtained above, Eq. (4.30) and Eq. (4.31) are found to have similar expressions
which can be expressed in an unified format as
n+k

R ji (τ ) = ∑ C jir exp( −ζ r ωrτ ) sin( 1 − ζ r2 ωrτ + ϕ r )

(4.32)

r =1

in which C jir is the amplitude coefficient related to r, hence, Eq. (4.26) can be
represented as
n+k

R ji (τ ) = ∑ C jir exp( −ζ rωrτ ) sin( 1 − ζ r2 ωrτ + ϕ r ) + rji (t1 , t2 )

(4.33)

r =1

By employing EMD, it can be decomposed as the following
n+k

R ji (τ ) = ∑ X jir (τ ) + rji (t1 , t2 )

(4.34)

r =1

into a series of IMF and a residue. In which, the residue rji (t1 , t2 ) contains both the
structural response under aperiodic excitations without any modal information and the
noise influence which has been illustrated from Eq. (4.19) to Eq. (4.22).
Based on the identification method illustrated in section 4.2.4, all the natural
frequencies and damping ratios can be identified using any one of the signals measured
on the structure. Moreover, the above derivations can be greatly simplified by
calculating the auto-correlation function of a signal instead of its cross-correlation
function with a reference signal.
To sum up, with the cross-correlation function or the auto-correlation function of
structural response signals as a substitute of EMD process input, the response signals
under both stationary random excitations and non-stationary random excitations can be
well decomposed into a series of IMFs, in addition, the noise pollution to the structural
response can also be isolated and eliminated in further analysis. Then, by employing
the system identification procedure developed in section 4.2.4, the system
identification of civil engineering structures can be accomplished by merely analysing
the structural system output. In particular, in terms of the identification of the
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structural natural frequencies and damping ratios, only one response signal of the
structure is sufficient.
4.3.3 Band-pass filtering and real IMF selection principle
Ideally, the obtained IMFs should be the complete, adaptive and almost orthogonal
decomposition of the original signal, which would make the HHT an ideal tool for the
nonlinear and non-stationary signal analysis. However, there are still some limitations
inherent with this algorithm. One of the most crucial problems is the end-effect which
tends to result in some undesirable IMFs in the EMD process, especially in the lowfrequency components. In addition, for the signals with rather close frequency
components, the modal perturbation phenomenon would be too prominent to be
neglected, which usually results in a bad sifting of EMD. Such as covering more than
one modal frequency components in one IMF, producing pseudo-components and so
on. In addition, the dynamic responses of many civil engineering structures are usually
characterized with closely spaced modes of longer periods, such as the large scale
space structures, pipeline structures etc., which exacerbates the difficulty in mode
separation and modal identification. To solve such problems, a signal pre-processing
scheme based on the theory of FFT band pass filter is developed in the following.
Based on FFT, a rough understanding of the frequency information contained in the
structural response signal can be obtained. By picking the peak frequency values as the
centres of each sub-domain, f j 0 , the upper and lower boundary, f ju and f jl ( j=1,
2,...,m), are defined as (1 ± 5%) f j 0 . Then, the neighbouring sub-domains is determined
by taking the defined boundaries as starting points, with 10% of them as the frequency
range. Consequently, the dominant frequency band covered in Fourier spectrum will be
divided into m sub-domains as follows:
Ω j = { f f j ≤ f ≤ f j +1 }

j = 1, 2,⋯ , m

(4.35)

Taking the boundaries of each sub-domain as the sweep-starting and sweep-ending
frequency of a designed FFT band-pass filter, the original wide band signal is filtered
into a series of narrow-banded signals. As is known, the finer is the sub-domain the
better is the EMD sifting, but a compromise between computing efficiency and
accuracy should also be considered. Moreover, more sub-domains may generate more
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undesired IMFs, which may confuse the analysis and the system identification.
Therefore, the bandwidth of sub-domain can be variable according to the characteristics
of the structural vibration signal of concern and the requirement of accuracy.
Ideally, the real IMF holds exact frequency information contained in the original signal
and is almost an orthogonal representation of the signal, making it have relatively good
correlation with the original signal and vice versa. A selection criterion based on the
correlation coefficient, µi ( i = 1, 2, ⋯ , n ; n is the total number of IMFs), of each IMF
with the signal is introduced. To avoid eliminating some real IMFs with low amplitude,
all the IMFs and signal should be normalised first to get the correlation coefficients.
Then, a threshold ρ is defined as
ρ = max( µi ) / η (i=1, ... , n)

(4.36)

where η is a factor larger than 1.0, its value is usually decided empirically. The
criterion is that if µi ≥ ρ , then, the ith IMF is kept; otherwise, eliminated and added to
the residue [114]. In essence, the determination of η value depends on the required
level of correlation of the obtained IMFs with the original signal. It also depends on the
modes to be extracted in each case. The purpose of this selection is to guarantee that the
selected IMFs include all the modes to be extracted and have as less pseudocomponents as possible. In this study, preliminary sensitivity study is performed for the
determination of η value. It is found that η =10.0 is a conservative choice which
enables the selected IMFs include all the dominant vibration modes contained in the
signal, also, limits the selected pseudo modes to a small number, e.g. one or two in most
cases. Therefore, η =10.0 is utilised in all the analysis based on the improved HHT
method. It should be pointed out that η value can be more accurately defined through
performing preliminary sensitivity analysis on the dynamic response signals of a certain
structure.

4.3.4 Adaptive energy-weighted frequency-amplitude method
With the IMFs obtained as above described, a new method, adaptive energy-weighted
frequency-amplitude (AEWFA) method, is proposed for identifying the dominant
structural vibration frequencies, even if the modal perturbation phenomenon still exists
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in the IMFs .
Let ωi (t ) and Aj (t ) denote the IF and the IA of the jth IMF of ɺɺ
x p (t ) . To identify the
frequency components with high energy, a weighted average frequency ω j is defined as:
N

ωj =

∑ ω (t ).A (t )
k =1

j

2
j

k

k

(4.37)

N

∑ A (t )
k =1

2
j

k

in which j=1,…, n, n is the number of the finally selected IMFs of ɺɺ
x p (t ) , N is the
number of time sampling points and tk (k = 1, 2, …, N) are the sampling time points.
Once ω j is obtained, a weighted average amplitude A j is defined as
N

Aj =

∑A

2
j

k =1

(tk ). ω j (tk ) − ω j
(4.38)

N

∑ ω (t ) − ω
k =1

j

k

j

where the weight is chosen as the difference between the IF and the identified frequency.
Therefore, ω j and A j may be designated as the forward weight average and the
backward weight average, respectively, which makes the algorithm adaptive.
After finishing the analysis based on AEWFA method, a new frequency-amplitude
spectrum can be constructed by plotting the identified weighted amplitudes A j against
the identified average frequencies ω j . From which, the frequencies corresponding to
higher amplitude can be identified as the dominant vibration frequencies of the structure.
Numerical validation of this method will be provided in the following analysis.

4.4

NUMERICAL STUDY

4.4.1 Identification of a 3-DOF system with closely spaced natural modes
In this example, a damped free vibration response of a 3-DOF system with closely
spaced natural modes is simulated as
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3

x (t ) = ∑ Ai e −ζ ω t sin(ωdi t )
i

ni

(4.39)

i =1

in which Ai is the amplitude, ωni is the undamped circular frequency, ζ i is the damping
ratio and ωdi is the damped circular frequency computed by
ωdi = ωni 1 − ζ i 2 = 2π fi 1 − ζ i 2

(4.40)

It should be noted that, without losing generality and for simplicity, all the three modal
responses are assumed to have the same zero initial phase angle. It is assumed that
A1=3.0, A2=5.0, A3=4.0, f1=1.09, f2=1.15, f3=2.11 and ζ 1 = ζ 2 = ζ 3 = 0.01. With a
sampling frequency of 50 Hz, the first 20s of the simulated signal and its FFT spectrum
are shown in Figure 4-1. It is shown that the first two modal components cannot be
distinguished in the FFT spectrum due to the frequency resolution limitation inherent
with Fourier transform. Substantially longer time duration of the signal is required to
refine the frequency resolution for a possible modal separation in such a case. However,
this will result in a sacrifice of time resolution. It will inevitably increase the end-effect
error and thus affect the reliability of modal parameter identifications, especially the
identification of those parameters susceptible to time variation such as damping ratios.

Figure 4-1 Dynamic response of a 3-DOF system: (a) time-history; (b) FFT Spectrum
By employing the traditional HHT algorithm and taking the auto-correlation function of
the original signal as input, the obtained IMF components and their corresponding FFT
spectrums are given in Figure 4-2. It can be observed that the first IMF covers more
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than one frequency components, and some unwanted IMFs are also generated even if
the auto-correlation function is used as input. This demonstrates that the traditional
HHT method is not effective in separating closely spaced modes. Therefore, the
improved HHT method developed in the previous section is employed here.
Firstly, a series of band pass filtering is conducted. By picking the peak frequency
values from the corresponding FFT spectrum as the centres of each sub-domain, (1 ± 5%)
of each peak frequency can be obtained as the lower and upper boundary of each subdomain, the hence defined sub-domains are presented in Table 4-1. Taking the
boundaries of each sub-domain as the sweep-starting and sweep-ending frequency of a
designed FFT band-pass filter, the original wide band signal is filtered into a series of
narrow band sub-signals. Also, in order to eliminate the undesired IMFs, the IMFs
selection principle introduced in section 4.3.3 is performed in the following. The
obtained correlation coefficients of the IMFs with the original signal are presented in
Table 4-1.

(a)

(b)

Figure 4-2 EMD results of the signal’s auto-correlation function: (a) IMFs; (b) FFT
spectrums
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By applying the IMF selection procedure with η =10.0, the threshold can be determined
as ρ = max( µ i ) / η = 0.6005 / 10.0 = 0.06 . Then, only the IMFs with µi greater than ρ are
selected for further analysis. The energy-time-frequency distribution of the signal is
obtained and plotted in the Hilbert spectrum (Figure 4-3). It is shown that all the three
components are well separated. However, the fluctuation resulted from the end-effect in
EMD also exists even after the end effect melioration measure is implemented. To
guarantee the accuracy of modal parameter identification, only the time window of
1s~5s in each IMF, which is less affected and steadier, is used for modal parameter
identification. The IF and IA in the semi-logarithmic scale of each IMF and the
corresponding linear least-square fit straight line are shown in Figure 4-4 and Figure 4-5,
respectively. Finally, the identified natural frequencies and damping ratios are listed in
Table 4-2.
Table 4-1 Correlation coefficients of the IMFs with the signal
Sub-domain

Correlation coefficients ( µi )

(1.00Hz, 1.10Hz) 0.4624 0.0306 0.0021 0.0004 0.0108
(1.10Hz, 1.20Hz) 0.6005 0.0070 0.0073 0.0145 0.0074 0.0191
(2.00Hz, 2.20Hz) 0.3143 0.3436 0.0404 0.0471 0.0344 0.0169 0.0153 0.0119

Figure 4-3 Hilbert spectrum
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Figure 4-5 ln( A) and linear least-square fit
To investigate the robustness of the improved HHT algorithm, the noise effect is
considered in the analysis. Gaussian white noise with zero mean and a standard
deviation of 1 is added to the simulated dynamic response data. The noise contaminated
signal is simulated as follows:
xnoise = x + RMS ( x ) ⋅ N level ⋅ N unit

95

(4.41)

where xnoise denotes the signal with random noise of zero mean and unit standard
deviation, x stands for the response signal without noise, RMS(x) is the root-meansquare value of x, N level is the noise level and N unit is the randomly generated noise
vector with zero mean and unit standard deviation.
In this case, noise levels of 10%, 20% and 30% are considered, respectively. For
illustration, the dynamic response of the MDOF structure with 30% noise contamination
and its auto-correlation function are shown in Figure 4-6. It is obvious that the autocorrelation function vibrates in the same pattern as the noisy signal does, but the noise
disturbance is greatly reduced. Through analysing the auto-correlation function
following the same analysis procedure introduced above, the identified natural
frequencies and damping ratios at different noise levels are given in Table 4-2. The
results indicate that the identification of natural frequency is quite satisfactory even
when the signal is severely contaminated with noise. However, it should also be noted
that the damping ratio identification is less satisfactory, especially the first two close
modes, the identification accuracy can be improved if the gap between the close modes
is larger.
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Figure 4-6 Dynamic response of the 3-DOF system and its auto-correlation
function ( N level =30%)
The above example demonstrates that the improved HHT algorithm is capable of
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identifying the MDOF structure system with closely spaced modes. In this improved
algorithm, the robustness and accuracy of the traditional HHT method are greatly
improved by taking the auto-correlation function of the original signal as a substitute of
input. Moreover, its capability of identifying the closely spaced modes is also boosted
by band pass filtering the signal into narrow banded sub-signals together with properly
selecting the IMFs.
Table 4-2 The identified natural frequencies and damping ratios
Natural frequency (Hz)

Damping ratio (%)

Identified results
Noise level (%)

True
Mode value

Identified results
Noise level (%)

True

0

10

20

30

value

0

10

20

30

1

1.09

1.09

1.09

1.09

1.09

1

1.02

1.03

1.03

1.07

2

1.15

1.15

1.15

1.15

1.16

1

1.03

1.03

1.04

1.05

3

2.11

2.11

2.11

2.11

2.11

1

1.01

1.01

1.01

1.02

4.4.2 Identification of a four-storey frame structure
As has been proved in the previous case, the improved HHT method provides very
satisfactory system identification results from the free vibration response of a MDOF
system. In order to further explore the applicability and effectiveness of this method, its
application to analysing the structural response under ambient excitations is performed
in this case.
A four-storey shear-type frame model as shown in Figure 4-7 is simplified into a 4-DOF
mass-spring-damper model with the following properties. The mass, stiffness of each
storey unit are m1 = m2 = m3 = m4 = 1000kg , k1 = 1200kN/m , k2 = k3 = k4 = 1000kN/m
and damping ratio ζ =0.01 . The ambient excitations (Figure 4-8) acting on the frame is
simulated with a series of random force applied horizontally to each floor, as indicated
in Figure 4-7. The dynamic response of the frame model under ambient excitations is
gained by utilizing Newmark- β method. The acceleration time history of the fourth
x4 (t ) without noise is shown in Figure 4-9. The contribution of all the four natural
floor ɺɺ
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modes to the frame vibration at this location can be told from the FFT spectrum.
However, it is obvious that there is a certain extent of interference in the FFT spectrum,
which is inevitable in the structural acceleration response excited by random loading.
As a result, the analysis of ambient vibration response is more challenging than that of
the free vibration response.

Figure 4-7 Four-storey frame model
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Figure 4-8 Random loading acting on each floor
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Figure 4-9 Acceleration response of the fourth floor ɺɺ
(b) FFT spectrum
Based on the improved HHT method, the time series and FFT spectrum of the autox4 (t ) are obtained as given in Figure 4-10. It is indicated that
correlation function of ɺɺ
the vibration pattern of the ambient vibration response is highlighted in its autocorrelation function and the random interference is reduced to a great extent. By taking
the thus obtained auto-correlation function as analysis input, a series of band pass
filtering with sub-domain boundaries presented in Table 4-3 is firstly performed. Then,
EMD sifting is implemented to the obtained narrow band sub-signals. With all the
gained IMFs, the correlation coefficient of each normalized IMF with the corresponding
EMD input is calculated, which values are given in Table 4-3. Accordingly, the
threshold value is calculated as ρ = max( µi ) / η = 0.7571 / 10 = 0.0757 , and all the IMFs
which correlation coefficients are larger than the threshold are selected for further
system identification analysis. By employing Hilbert spectral analysis, the Hilbert
spectrum based on the selected IMFs is obtained as given in Figure 4-11. In which, the
four vibration components are clearly identified and the time varying amplitude
distribution on both the time and frequency plane is indicated. Based on the natural
frequency and damping ratio identification procedures developed in section 4.2.4, the
obtained plots of the phase angle θ j (t ) and ln A j (t ) as a function of time are presented
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in Figure 4-12 with red dotted line. Linear least-square fit procedure is implemented to
fit the phase angle θ j (t ) -t curve and amplitudes ln A j (t ) -t curve as denoted with solid
straight lines. Finally, the identified natural frequencies and damping ratios are

Acceleration (m/s 2)

identified and presented in Table 4-4.
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Figure 4-10 Auto-correlation function of ɺɺ
x4 (t ) : (a) time history (b) FFT spectrum
Table 4-3 Correlation coefficients of the IMF
Correlation coefficients ( µi )

Sub-domain
(1.70Hz, 1.96Hz)

0.184

0.0146

(4.80Hz, 5.40Hz) 0.7571 0.0023
(5.40Hz, 6.00Hz) 0.2846 0.1453

0.303

0.0105 0.0052

(6.80Hz, 8.60Hz) 0.1314 0.0143
(9.60 Hz, 9.8Hz)

0.449

0.0226 0.0069

Similar to the above example, noise effect is also considered in this case to study the
robustness of the improved HHT method. Noise levels of 10%, 20% and 30% are
considered according to Eq. (4.14) and the identified natural frequency values and
damping ratio values are presented in Table 4-4. It is observed that the identified
frequency values agree well with the theoretical values, even when high level of noise is
added. However, the identified damping ratio is less satisfactory as it varies with the
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time span selected for linear fitting. It is noted that just one measurement rich in
vibration information is sufficient for identifying all the natural frequencies and
damping ratios. As a result, the applicability of the improved HHT method to the system
identifications of civil engineering structures under ambient excitations is validated.

Figure 4-11 Hilbert spectrum
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Figure 4-12 Time-dependent amplitude and phase angle of modal response: (a)
ln A j (t ) − t ; (b) θ j (t ) − t
Table 4-4 The true and identified values of natural frequency and damping ratio
Natural frequency (Hz)

Mode

Damping ratio (%)

Identified results

Identified results

Noise level (%)

Noise level (%)

True value

0

10

20

30

True value

0

10

20

30

1

1.81

1.8

1.79

1.81

1.82

1

1.1

1.22

1.3

1.37

2

5.03

5.19

5.19

5.2

5.23

1

1.09 1.12 1.22 1.27

3

7.54

7.85

7.84

7.86

7.86

1

1.07 1.11 1.32 1.39

4

9.36

9.5

9.52

9.52

9.54

1

1.06 1.09 1.14 1.26

4.4.3 Natural frequency identification based on AEWFA algorithm
In order to validate the proposed AEWFA method for natural frequency identification,
the acceleration response of a simply supported single-span concrete beam is simulated
and analysed in this section.
The FE model of the simple beam is built up using ANSYS. The model properties are:
span length L= 40 m, cross-section area A=1.1124 m2, inertia moment I=0.349 m4,
density ρ = 2500 kg/m3, Young’s modulus E=30GPa and Poisson’s ratio is 0.3. The
bridge is divided into 100 beam elements with an equal length of 0.4 m as shown in
Figure 4-13. Acceleration response of the beam under the random loading shown in
Figure 4-14 is sampled at a sampling frequency of 100Hz.
Different damage cases are designed to study the applicability and the efficiency of this
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algorithm. The damage to the intact bridge structure is simulated by diversely reducing
the stiffness of various elements to certain extents, namely, multiplying certain
reduction factors to the Young’s modulus of the elements. In damage case 1, the
stiffness of element 40 is assumed reduced by 30%, which is simulated by multiplying a
deduction factor 0.7 to the Young’s modulus of this element; in damage case 2, the
Young’s Modulus of element 20, 50 and 80 is multiplied by a reduction factor of 0.5,
respectively. In addition, different noise levels are also considered in each case to study
the robustness of this method.

Random loading (N)

Figure 4-13 Single-span simple beam
400
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-100
-200
-300
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9 10 11 12 13 14 15
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Figure 4-14 Random loading applied on the beam
A typical analysing procedure for damage case 1 is introduced here as an example. The
bridge acceleration response collected at node 31 (12m from the left support) as shown
in Figure 4-15 is utilized for analysis. Firstly, FFT spectrum is obtained as shown in
Figure 4-16, in which, no other clear frequency components are indicated except for the
first natural frequency component. Since this bridge does not have close modes, a series
of sub-domains with a bandwidth of 5Hz are continuously defined starting from 1Hz
and ending at 31Hz to cover the whole frequency range which is of ineligible
contribution to the acceleration signal. After filtering the original wide band signal into
a series of narrow band sub-signals, EMD is applied to each sub-signal. With all the
obtained IMFs, the weighted aerage frequency ω j and weighted average amplitude A j
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corresponding to each IMF are obtained according to Eq.(4.37) and Eq.(4.38),
respectively, based on which, a plot of the weighted amplitude against the weighted
frequency, i.e., the weighted amplitude-frequency spectrum is gained as shown in
Figure 4-17. By sorting the weighted frequencies in a descending order of their
weighted amplitude, the major frequencies are identified and presented in Table 4-5. In
addition, the noise effect at various noise levels, i.e., 10%, 20% and 30% are considered,
and the corresponding identification results are listed in Table 4-5.
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Figure 4-15 Acceleration signal of node31
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Figure 4-16 Fourier spectrum of the signal shown in

Figure 4-15
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It is observed from Table 4-5 that all the identified natural frequencies agree well with
104

School of Civil and Resource Engineering
The University of Western Australia

those gained through FE analysis even when high level of noise is considered. Similarly,
the acceleration response at the same location in damage case 2 is analysed and the
identified frequencies are presented in Table 4-6, based on which, the same conclusions
as those gained from damage case 1 can be reached.
Table 4-5 The identified natural frequencies for damage case 1
1st natural frequency(Hz)
Noise level (%)

FEM

AEBFA ARE (%) FEM
1.91

0.5

1.92

1.0

20

1.92

1.0

30

1.94

2.0

0
10

1.90

3rd natural frequency(Hz)
Noise level (%)

FEM

1.1

17.14

0.94

20

17.19

1.2

30

17.22

1.4

10

16.98

7.58

AEBFA ARE (%)
7.66

1.1

7.63

0.66

7.67

1.2

7.70

1.6

4th natural frequency(Hz)

AEBFA ARE (%) FEM
17.17

0

2nd natural frequency(Hz)

21.59

AEBFA ARE (%)
21.99

1.9

21.86

1.3

22.01

1.9

22.07

2.2

Table 4-6 The identified natural frequencies for damage case 2
1st natural frequency(Hz)
Noise level (%)

FEM

AEBFA ARE (%) FEM
1.96

4.8

1.89

1.1

20

1.88

0.5

30

1.92

2.7

0
10

1.87

3rd natural frequency(Hz)
Noise level(%)

FEM

0.5

16.68

0.8

20

16.70

1.0

30

16.78

1.5

10

16.54

7.46
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AEBFA ARE (%)
7.42

0.54

7.51

0.67

7.56

1.3

7.62

2.1

4th natural frequency(Hz)

AEBFA ARE (%) FEM
16.62

0

2nd natural frequency(Hz)

21.33

AEBFA ARE (%)
21.69

1.7

21.71

1.8

21.76

2.0

21.72

1.9

Therefore, the effectiveness and robustness of the proposed AEWFA method for
identifying the structural vibration frequencies are demonstrated. As this method simply
requires one response signal, it can be suggested as a highly quick, reliable and simple
method for identifying structural vibration frequencies under ambient excitation.

4.5

EXPERIMENTAL VERIFICATION

To explore the practical applicability of the improved HHT algorithm to civil
engineering structures, a scaled steel-concrete composite beam model is designed and
fabricated in laboratory. Dynamic test of the composite beam under impact load is
performed to measure the structural acceleration response for modal parameter
identification.
4.5.1 Test design and fabrication
The composite beam was constructed in-situ in the Concrete Laboratory at the School of
Civil and Resource Engineering, The University of Western Australia (UWA).
The steel-concrete composite beam was designed in accordance with AS2327.1 [115]
which comprised of a 200UB22.5 steel member and a 100mm deep and 1000mm wide
40MPa concrete slab. A 6 meter span was selected to fit within the allocated laboratory
space and is large enough to test several damage cases, the model was rested on two
steel trestles, which acted as simple supports and were fixed strongly to the floor. The
longitudinal and transverse slab reinforcement was provided by a 100mm×100mm thick
mesh sheeting and the concrete was cast in-situ as shown in Figure 4-18.
The connection between the steel and concrete members was designed and constructed
using two types of shear connectors. Firstly, the headed studs shown in Figure 4-19(a)
were installed by welding eight 20mm high strength structural bolts in the middle
section of the composite beam. Secondly, the removable bolts shown in Figure 4-19(b)
were constructed by punching holes in the steel beam and covering the holes with
80mm long nuts at a spacing of 300mm. The connection was then completed by
threading 20mm bolts into the encased nuts. Six removable shear connectors were
installed to both ends of the composite structure (see Figure 4-20). After the concrete
was poured, the nuts were permanently fixed and provided anchorage for the shear
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connectors allowing the bolts to be threaded out of the encased nuts, hence developing
the ability to simulate damage. The removable shear connectors were installed in pairs,
one 12mm either side of the web of the I-beam. A schematic illustration of the
composite beam and its shear connector distribution are given in Figure 4-20.

(a)

(b)

Figure 4-18 (a) Form work and reinforcing; (b) cast concrete slab

80mm Encased Nut

(a)

20mm Removable Bolt

(b)

Figure 4-19 Shear connector: (a) Headed Stud; (b) Removable Connector
Linkage number:
Concrete slab
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Figure 4-20 Schematic illustration of the composite beam skeleton and
shear connector distribution
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4.5.2 Experimental apparatus and test procedure
An impact hammer was used in the dynamic test of the composite beam to determine
the system’s response to impacts of varying amplitude and duration. To measure the
vibration response of the whole model, a set of nine piezoelectric accelerometers were
used. A 16-channel data acquisition software package developed on LabView platform
was used in the experiment to acquire the beam acceleration signals measured using
accelerometers and transferred through amplifiers to the computer system. An integral
experimental set up is given in Figure 4-21.
(d)

(a)
(b)

(c)

.

(a) Hammer

(b) Piezoelectric accelerometers

(c) Amplifier

(d) Data acquisition system

Figure 4-21 Experimental Instruments
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Figure 4-22 Sensor set and locations
Damage was introduced into the system by removing a certain number of shear
connectors at different locations. In total, six damage cases were analysed in this study
ranging from an undamaged case to having as many as six removable shear connectors
removed. The detailed damage scenarios are given in Table 4-7. For each case, the
dynamic tests were conducted by exciting the beam using the impact hammer and the
resulting vibrations were measured using nine accelerometers. The response of the
composite structure at 36 locations were obtained. Limited by the available
accelerometers and the channel number, each whole test was accomplished by
combining four sets, details about the sensor distributions are indicated in Figure 4-22.
Specifically, the four sets are: Set 1 (locations 1-9), Set 2 (locations 10-18), Set 3
(locations 19-27) on the slab and Set 4 (locations 28-36) on the beam. Three impact
tests were performed in each set to average the data. In this study, the response data
recorded in sensor 16 is analysed for identifying natural frequencies and damping ratios
4.5.3 Results and discussions
Taking the intact case 1 for example, the recorded acceleration signal in sensor 16
(Figure 4-23) and its corresponding auto-correlation function (Figure 4-24) are
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presented. It is obvious that the noise contamination would be reduced if take the autocorrelation function as a substitute of input. At first, classic HHT algorithm is employed
in sifting the auto-correlation function of the acceleration data in sensor 16, and the
result is presented in Figure 4-25. It is noticeable that not all the frequency components
are satisfactorily separated, the first IMF contains several frequency components and
some unwanted pseudo-components are generated, which all will leads to inaccurate
identification and hence unreliable interpretation of the structural status. On the other
hand, the improved HHT method developed in this study is utilized, the therefore
obtained Hilbert spectrum is given in Figure 4-26. From the Hilbert spectrum, it is
observed that the first three natural modes are clearly separated and indicated, the
energy distribution of the signal in both time and frequency domain is also indicated
explicitly. The obtained IF plot is given in Figure 4-27. Although some pseudocomponents are unavoidable, they can be easily picked out and excluded in the
subsequent signal interpretation by employing the IMFs selection principle. Meanwhile,
during the modal parameter identification process, the problem of unsteady modulation
of the IF can also be solved by employing the linear least-square fit along the time
period.

Figure 4-23 Acceleration signal recorded in sensor 16: (a) time-history; (b) FFT
spectrum
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Figure 4-24 Auto-correlation function of the signal recorded in sensor 16: (a) time-
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Figure 4-25 EMD results of the auto-correlation function in Figure 4-24: (a) IMFs; (b)
FFT spectrums
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Figure 4-27 Instantaneous frequency
Similar modal parameter identification procedure introduced above is applied to
identifying the vibration properties of the damaged structure. The first three modes
corresponding to each damaged case are extracted and the identified natural frequencies
and damping ratios are presented in Table 4-7. By comparing the identified natural
frequencies of each damaged case with those of the intact case, it can be found that
natural frequencies decrease with structural damage occurrence. This is consistent with
the vibration-based damage detection theory that the natural frequencies decrease with
the reduction of stiffness in structure. The identified natural frequency can be used for
further damage detection.
It needs to be pointed out that, in the fabrication of the test model, the concrete was cast
in-situ and had eight fixed bolts in mid span region to reinforce the connection, which
produced very strong connectivity between the concrete slab and the steel girder. As a
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result, the removal of shear connector only introduced minor structural damage.
However, by employing the proposed improved HHT algorithm, the reduction of the
natural frequency is successfully tracked.
Table 4-7 Identified modal parameters

Case No.

Frequency(Hz)

Damping ratio (%)

Mode

Mode

Damage status
1

4.6

2

3

1

2

3

1

intact

10.59 33.22 53.54

0.62

0.75

1.19

2

remove link 1

10.58 33.19 53.51

1.35

0.8

1.54

3

remove link 4

10.54

32.7 53.48

1.15

0.88

1.01

4

remove link 1&4

10.52 32.63 53.43

1.39

0.88

0.57

5

remove link 1 & 2& 4&5

10.49

32.6 53.43

0.83

3.45

0.48

6

remove link 1～6

10.47 32.52 53.38

0.85

4.19

0.48

CONCLUSIONS

In this chapter, an improved HHT method is proposed towards enhancing the accuracy,
feasibility and robustness of HHT method in analysing nonlinear, non-stationary and
noise polluted structural dynamic response. Specifically, by taking the cross-correlation
function or auto-correlation function of the structural response signal as a substitute of
analysis object, the noise effect is greatly reduced and the structural response excited by
both stationary random excitations and non-stationary random excitations is well
decomposed into ‘mono components’ suitable for performing HT analysis; by importing
the band-pass filtering technique and the real IMF selection principle, the capability of
HHT method for identifying closely spaced natural modes is reinforced. With the
proposed AEWFA method, a quick and reliable identification of structural vibration
frequencies is accomplished easily. Numerical studies including the free vibration
response of a MDOF system with close modes, ambient vibration of a four-storey frame
structure and ambient vibration of a simple beam validate the superiorities, effectiveness
and robustness of the improved HHT method as an output-only vibration-based system
identification tool. Then, the applicability of the this method to real use is verified with
impact tests of a scaled steel-concrete composite beam model. Together with the good
113

time efficiency and variance sensitivity, the improved HHT method serves better as an
output only system identification tool and is highly recommendable for in-situ use in the
field of civil engineering.
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CHAPTER 5
IDENTIFICATION OF LINEAR TIME-VARYING STRUCTURAL
SYSTEM USING THE IMPROVED HHT METHOD

5.1 INTRODUCTION
Civil engineering structures are time-varying systems as they tend to accumulate damage
under both service load and environmental excitations. The identification of such timevarying system is essential for real time SHM of civil engineering structures. However,
most of the current system identification techniques and damage detection methods are
developed by assuming the system is linear time invariant (LTI) system. As a result, the
development of linear time-varying (LTV) system identification techniques lags far behind
the real application needs, especially in the field of civil engineering.
This chapter attempts to study the feasibility and effectiveness of the improved HHT
method in LTV system identification. First, the present developments of LTV system
identification in various engineering field are reviewed. Then, theoretical derivation of
LTV structural system identification based on the improved HHT method is developed.
Finally, intensive numerical study including the identification of LTV system of abruptly
varying, linearly varying and exponentially varying features under various loading
conditions are performed. The research work in this chapter aims to promote the realization
of online SHM of civil engineering structure.

5.2 REVIEW OF LTV SYSTEM IDENTIFICATION DEVELOPMENT
LTI systems are appropriate to model systems that have stationary properties. However, for
systems having non-stationary properties with amplitude and frequency modulations, LTV
systems are more accurate [68]. The identification of LTV systems has received wide
115

spread attention in the last two decades. The research in this direction is pioneered in
electrical engineering and control engineering. In which, early attempts in LTV system
identification simply extended the identification techniques of LTI systems to short length
outputs of slowly varying (quasi stationary) systems [116]. Till now, various techniques for
the identification of LTV systems have been developed by either using single input and
output sequence or multiple inputs and outputs sequences [117-119].
The studies of LTV systems have been intensively carried out in mechanical engineering.
The forced responses of a slowly varying system were investigated by Amaratunga et al.
[120]. A time-limited varying pattern was studied and several methods of such variation
were investigated in Ref [121]. Liu [122] developed an algorithm to identify the discrete
transition matrices of arbitrarily time-varying systems using an ensemble of response
sequences. A systematic study of LTV mechanical systems was conducted in Ref [123].
In civil engineering, identification of LTV system is attracting more and more attentions in
recent years as most real structures exhibit non-stationary behaviour with time varying
properties over their service life. Structural systems accumulate damage under both service
load and environmental excitations as a result of the inevitable material aging, fatigue, and
deterioration etc., or sudden damage caused by accident or natural disaster. In such cases,
most civil structural systems are time-varying systems and, therefore, a LTV model may
better capture the transition in the operation mode of the system or could be used to assess
the condition of the structure or diagnose its failure [124, 125]. Obviously, the time domain
system identification methods are superior to the frequency domain method in terms of
identifying the instantaneous vibration properties of LTV system. The time-frequency
domain methods work by decomposing signals into multi-scales (frequency resolution) and
performing analysis in each scale separately, as a result, even very slight vibration
frequency change and its occurrence time can be exactly detected. WT method and the
HHT method are the most popularly used time-frequency methods in recent years.
WT method for identification problem has been addressed by many authors because it
utilizes adjustable window location and size to decompose signals and thus can obtain
more time dependent information. The common trend has been to interpret the WT as a
windowing technique characterized with flexible time-frequency window. The variation of
a system is deduced from the WT of the structural response. Ruzzene et al. [126] employed
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wavelet analysis of the free response of a system to estimate the natural frequencies and
viscous damping ratios. Kijewski et al. [127] discussed the challenges and special
processing concerns of applying wavelet method to the analysis of civil engineering
structures. It was concluded that civil structural systems are different from mechanical
systems which are characterized by higher frequency and broader-band signals, these
systems may possess longer period motions and thus require finer frequency resolutions. A
wavelet-based identification approach for the nonlinear structural dynamic system is
proposed by Ghanem and Romeo [123]. Wei and Billings [128] investigated the
identification of linear and nonlinear time-varying systems utilizing a new wavelet model.
Basu et al. [129] developed a wavelet-based method for the online identification of the
variation of stiffness in structural systems.
As has been introduced in Chapter 4, HT also has the ability to decompose the signal in
time-frequency domain to capture time dependent information such as the IF and the IA.
Feldman [121] demonstrated the capability of HT in identification of time-varying and
nonlinear system from the free vibration response or forced vibration response of SDOF
systems. Then, HHT method was proposed and has received considerable attention in
various fields. Its resolution to structural system identification has also been the main
interest of research in civil engineering. Yang et al. [130,131] proposed methods for the
HHT-based identification method of MDOF linear systems using measured free vibration
time histories, for the case when normal modes are assumed to exist and the case when
complex modes are present, respectively. With this method, the natural frequencies and
damping ratios can be easily identified with the structural response measured at any DOF,
moreover, the mass, damping and stiffness matrices of the structure can also be determined
if the response at all DOF is available. Lin et al. [132] presented the application of HHT to
the phase II ASCE benchmark building for the complete identification of stiffness and
damping coefficients, furthermore, performed the damage assessment of the benchmark
building, which represents a possible damage detection technique for linear structures.
Since the HHT method is exempt of the restriction of Heisenberg Uncertainty Principle,
namely, it can have high frequency resolution and high time resolution at the same time,
this method is also studied for solving some tough problems within the field of system
identification. For example, Ghen and Xu [133] demonstrated the HHT method is superior
to the FFT method in the identification of modal damping ratios of the structure with
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closely spaced modes of vibration. Shi and Law [134,135] investigated the applicability of
HHT method for LTV system identification from free vibration response and forced
vibration response. In particular, three types of time varying systems, i.e., smoothly
varying, periodically varying, and abruptly varying systems of 2DOF and 4DOF are
numerically studied.
In the previous chapter, the improved HHT method is proposed for the system
identification of civil engineering structures and has been proved superior to traditional
HHT method in performing system identifications from the structural response under
stationary random excitations and non-stationary random excitations, separating closely
spaced natural modes and analysing the real measured noisy signals. However, the whole
study is developed based on the assumption of LTI system. This chapter will focus on
studying the applicability of the proposed improved HHT method to the identification of
time-varying civil structural systems through theoretical derivation and numerical
simulation. Section 5.3 develops the improved HHT method’s solution to the
identification of LTV systems under both stationary random excitations and non-stationary
random excitations. In order to demonstrate the validity, efficiency and robustness of the
identification algorithm, section 5.4 presents extensive numerical examples of identifying
abruptly varying and smoothly varying systems from structural free vibration responses or
structural forced vibration responses under harmonic excitation, seismic excitation and
ambient excitation. Conclusions are given in the last section.

5.3 LTV SYSTEM IDENTIFICATION BASED ON THE IMPROVED HHT METHOD
5.3.1 Motion equation of a LTV system
The motion equation of a MDOF LTV system can be expressed as
M (t ) Xɺɺ (t ) + C (t ) Xɺ (t ) + K (t ) X (t ) = F (t )

(5.1)

or alternatively as
M (t ) Xɺɺ (t ) + C (t ) Xɺ (t ) + K (t ) X (t ) = Rf (t )

(5.2)

where X (t ) = [ x1 , x2 , ⋯ xn ]T is the n-displacement vector, Xɺ (t ) is the n-velocity vector and
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Xɺɺ (t ) is the n-acceleration vector; M(t), C(t) and K(t) are the

n× n time varying mass,

damping and stiffness matrices, respectively; F(t) is the excitation vector, R is the
influencing vector for forces at different DOFs and f(t) is a force function.
For a time varying system, if the elements Klj (l , j = 1,2,⋯, n) in the stiffness matrix have
discontinuities at a finite number of points, it is possible to divide the time into several
segments with indices arranged as t0 < t 1 < ... < t n such that Klj (l , j = 1,2,⋯, n) are
continuous function in time interval [ ti −1 , ti ]. Furthermore, it is assumed that the variations
of all K lj (t ) are slower than the fundamental (lowest) frequency of the system [136]. It
subsequently follows that by assuming a variation of x (t ) with slowly varying amplitude

{φ (t )}i

k

and slowly varying frequency ω ki (t ) at the kth mode, in [ ti −1 , ti ], the displacement

and the derivatives can be represented by [123]
n

X (t ) = ∑ {φ (t )}i eiωki ( t ) t
k

k =1
n

k
Xɺ (t ) ≈ ∑ iωki (t ) {φ (t )}i eiωki ( t ) t

(5.3)

k =1
n

k
Xɺɺ (t ) ≈ ∑ −ωki2 (t ) {φ (t )}i eiωki ( t ) t
k =1

Substitution of Eq. (5.3) into the homogeneous free vibration Eq. (5.2) leads to the timevarying

eigenvalue

{φ (t )}i (k = 1, 2,⋯, n) .
k

problem

with

eigenvalues

ωki2 (t )

and

eigenvectors

If the system in Eq. (5.1) is assumed to be classically damped,

expressing X (t ) in terms of modal responses q k ( t )
X (t ) = [φ (t )]i {qk (t )} [ ti −1 , ti ]

substituting

it

into

Eq.

(5.2)

and

pre-multiplying

(5.4)
both

side

by

[φ (t )]iT = [{φ (t )}1i {φ (t )}i2 ...{φ (t )}in ] , leads to the following modal uncoupled time varying

equations
qɺɺk (t ) + 2ζ k (t )ωk (t )qɺk (t ) + ωk2 (t )qk (t ) = [φ ]Ti F (t ) / mk = f k (t ) ( k = 1, 2, ⋯ , n ) [ ti −1 , ti ]
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(5.5)

In Eq. (5.5), in time interval [ ti −1 , ti ], ζ k (t ) is the time varying modal damping ratio, ωk (t )
is the time varying natural frequency in the kth mode. For simplicity, mode shape [φ ]Ti and
modal mass mk are assumed not time varying.
If F (t ) is an impact load applied to the pth DOF, i.e., f p (t ) = F0δ (t ) and f k (t ) = 0 for all
p ≠ k . The damped free vibration of each mode in generalized modal co-ordinate, in the

time interval [ ti −1 , ti ], can be obtained as
qɺɺk (t ) =

F0φ pk ω k (t )
mk 1 − ζ (t )
2
k

e −ζ k ( t )ωk ( t ) t cos(ω dk (t )t + ϕ k (t ) +

π
2

)

(5.6)

where φ pk (t ) is the pth element of the kth modal vector Φ k (t ) , ωdk (t ) = ωk (t )(1 − ζ k2 (t ))1/2 is
the kth time-varying damped modal frequency, and

ϕ k (t ) = tan −1  2ζ k (t ) 1 − ζ k2 (t ) / (1 − 2ζ k2 (t )) 




(5.7)

is the time varying phase lag of the kth mode.
Therefore, in the same time interval [ ti −1 , ti ], the impulse acceleration response ɺɺ
x j (t ) of
the structure at the jth DOF is given by
n

n

k =1

k =1

ɺɺ
x j (t ) = ∑φ jk qɺɺk (t ) = ∑ ɺɺ
x jk (t )
ɺɺ
x jk (t ) = φ jk qɺɺk (t ) = Bk , jp e −ζ k ( t )ωk ( t ) t cos(ωdk (t )t + ϕ k +

Bk , jp =

F0 φ pk φ jk ωk (t )
mk 1 − ζ k2 (t )

(5.8)

π
2

+ ϕ k , pj (t ))

(5.9)

(5.10)

In Eq. (5.9), ϕk , pj is the phase difference between the pth element and the jth element in the
kth mode shape. Based on the above assumption, it can be assumed that normal modes
exist in time interval [ ti −1 , ti ], all the mode shapes are real and therefore ϕk , pj is either

±2mπ or ± (2 m + 1)π , in which m is an integer, i.e.
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φ pk φ jk > 0 when ϕk , pj = ±2mπ φ pk φ jk < 0 when ϕ k , pj = ± (2m + 1)π

(5.11)

It needs to be pointed that the above derivation is developed based on linear system theory.
However, civil engineering structures are actually MDOF systems characterised with high
nonlinearity, moreover, the fluctuations in the members of a structure due to environmental
effects can be arbitrary, which all greatly increased the difficulty of identifying timevarying civil engineering system. Therefore, the LTV system identification method
developed in this chapter is only a solution to the simplified real problem stated above. It is
a global detection method. This method is feasible in terms of identifying general change
of structural properties caused by damage, but may not be accurate enough to identify the
arbitrary fluctuation in each member of the structure.
5.3.2 Identification technique based on the improved HHT method
Similar to the noise melioration effect of the improved HHT method introduced in Chapter
4, the noise pollution and the real structural response in the measured dynamic response of
a LTV system are also independent of each other. Therefore, the derivations presented in
section 4.3.1 are applicable to LTV system response as well. That is, for a LTV structural
system, according to Eq. (4.19) to Eq. (4.22), the real measured structural acceleration
vector can be expressed as

Xɺɺ (t ) = Xɺɺ (t ) + W (t )

(5.12)

in which the acceleration response at a DOF j is given by

ɺɺ
x j (t ) = ɺɺ
x j (t ) + w j (t )

(5.13)

and the cross-correlation function of the such response are

Rji (ɺɺ
xj (t), ɺɺ
xi (t +τ )) = E ɺɺxj (t)ɺɺxi (t +τ )
= E ɺɺ
xj (t)ɺɺxi (t +τ ) + E wj (t)wi (t +τ )

(5.14)

Therefore, by employing EMD, the noise can be easily decomposed into residue and
eliminated in further analysis.
Also, according to the derivation from Eq. (4.23) to Eq. (4.29), the auto-correlation
function of a structural response under ambient excitations can be given by
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R j (τ ) = E  ɺɺ
x j (t ) ɺɺ
x j (t + τ ) 
= Ruj (τ ) + Rvj 1 (τ ) + rj (τ )

(5.15)

in which R uj (τ ) is the auto-correlation function of the structural response under stationary
random excitation, R vj1 (τ ) is the auto-correlation function of the structural response under
periodic excitation and rj (τ ) is the residue which includes both the structural response
under aperiodic excitations without any modal information and the noise influence as
above introduced.
Based on Eq. (5.9), in time interval [ ti −1 , ti ], the auto-correlation function of a time-varying
system’s acceleration response under stationary random excitation is obtained as
R uj (τ ) = E  ɺɺ
x uj (t ) ɺɺ
x uj (t + τ ) 
n

φr A j , r

r =1

mr ω r ( t ) 1 − ζ ( t )

=∑

2
r

exp( −ζ r (t )ω r (t )τ ) sin( 1 − ζ r2 (t )ω r (t )τ + θ r )

(5.16)

in which n is the number of DOF of the structural system, A j ,r is a coefficient associated
with j and r, mr , φ r are the modal mass and mode shape, ζ r (t ) and ωr (t ) are the time
varying natural frequency and damping ratio of the rth mode.
In addition, according to the linear system theory, the output of a linear system under
periodic excitation is also a periodic function having the same frequencies with input v (t ) .
Therefore, the auto-correlation function of the structural response under periodic excitation,

R vj1 (τ ) , is represented as
R vj 1 (τ ) = E  ɺɺ
x vj 1 (t ) ɺɺ
x vj 1 (t + τ ) 
=

n+k

∑

h = n +1

B j ( h ) exp( −ζ h (t )ω h (t )τ ) sin( 1 − ζ h2 (t )ω h (t )τ + ϕ h )

(5.17)

in which ω h is the frequencies of the periodic excitations, B j (h) and ϕ h are the amplitude
and phase angle associated with h.
Similarly, in time interval [ ti −1 , ti ], Eq. (5.16) and Eq. (5.17) can be represented in a
uniformed format as
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n+ k

R j (τ ) = ∑ C j ,r (t ) exp( −ζ r (t )ωr (t )τ ) sin( 1 − ζ r2 (t )ωr (t )τ + ϕ r )

(5.18)

r =1

in which C j ,r is the amplitude coefficient related to r and j.
The residue component is expressed as

rj (τ ) = R j (τ ) − Ruj (τ ) − Rvj 1 (τ )

(5.19)

Based on the improved HHT method, in this time interval [ ti −1 , ti ], the auto-correlation of
the acceleration response of a LTV system can be decomposed into a series of IMF and a
residue as follows
n+k

R j (τ ) = ∑ cm (τ ) + r (τ )
r =1

n+k

= ∑ C j ,r (t ) exp(−ζ r (t )ωr (t )τ ) sin( 1 − ζ r2 (t )ωr (t )τ + ϕr ) + rj (τ )

(5.20)

r =1

where the residue rj (τ ) contains both the structural response under aperiodic excitations
without any modal information and the noise influence .
By applying HT to the IMFs decomposed from Eq. (5.22), the corresponding analytical
signal Z (t ) of each IMF can be obtained as
iθ (τ )
Z (τ ) = C j , r (τ ) + Cɶ j , r (τ ) = A j , r (τ )e j ,r

(5.21)

in which the IA Aj , r (t ) and the IP θ j ,r (t ) are given by
A j , r (τ ) = 2C j ,r (t )e −ζ r (t )ωr (t )τ and θ j , r (τ ) = 1 − ζ r2 (t )ωr (t )τ + ϕ r +

π
2

(5.22)

As described above, the time varying modal frequency and damping ratio is assumed to be
a continuous function of time in the time interval [ ti −1 , ti ], therefore, it can be obtained that
ln A j , r (τ ) = − ζ r ( t )ω r (t )τ + ln

2C j ,r (t )

dθ j ,r (τ ) / dτ = 1 − ζ r2 (t )ωr (t )
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(5.23)
(5.24)

The gradients of the ln A j ,r (τ ) − τ plot and θ j , r (τ ) − τ plot are respectively −ζ r (t )ω r (t ) and

1 − ζ r2 (t )ωr (t ) . Based on which, ζ r (t ) and ω r (t ) can be finally calculated. With the
obtained IF in each time interval, the time varying frequency along the whole time span
can be determined by combining the identified IF of all time intervals.

5.4 NUMERICAL STUDY
To verify the feasibility and effectiveness of the proposed improved HHT method for the
identification of LTV systems, extensive numerical study is performed and presented in the
following. One set of examples are the system identification of LTV systems from free
vibration response of structures, and the other set of examples are based on the forced
vibration response of structures under various loading conditions. The identification of
system of abrupt time-variation and smooth time-variation are all considered.
5.4.1 Identification via structural free vibration response
5.4.1.1 Free vibration response of an abruptly varying SDOF system
In this case, the free vibration response of a SDOF system with a sudden damage
occurrence is simulated and studied. The response signal is assumed as：
y (t ) = Ae−ζωnt cos(ωd t + ϕ )

ωd = 1 − ζ 2 ωn ,

ωn = 2π f

(5.25)

in which f is the natural frequency, ω n is the undamped circular frequency, ζ is the
damping ratio and ωd is the damped circular frequency. In this case, without loss of
generality, A = 5 , ϕ = 0 , f = 1.16Hz and ζ = 0.05 are assumed for the undamaged state.
Then, it is assumed that a sudden damage occurs at 10s instant causing a 10% decrease in
the stiffness, which has a square root relationship with the natural frequency. As a result,
the natural frequency changes abruptly from 1.16Hz to 1.10Hz at 10s. The simulated signal
and its FFT spectrum are given in Figure 5-1.
In this case, a noise level of 10% is considered. The corresponding signal time history and
FFT spectrum are also given in Figure 5-1. As shown in the FFT spectrum, only a rough
dominant frequency band is represented because the FFT method cannot separate very
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close frequency components, let alone the indication about the frequency shift occurrence.
Then, traditional HHT method is used to analyse the time series with 10% noise
contamination with the obtained Hilbert spectrums given in Figure 5-2(a). As shown, there
is a big spike at 10s in the Hilbert spectrum indicating the occurrence of sudden frequency
change at this instant. However, it should also be noticed that noise pollution causes
serious IF fluctuation along the time period and brings in much disturbance which makes
the identification less reliable, especially for the time segment after frequency change.
Using the improved HHT method presented in Chapter 4 to analyse the noisy signal, the
obtained Hilbert spectrum is given in Figure 5-2(b). As shown, the IF fluctuation and the
disturbance components caused by noise contamination is greatly meliorated, meanwhile,
the time-frequency information contained in the signal is exactly identified and presented
in the Hilbert spectrum, i.e., the decaying trend of the signal’s vibration amplitude is
indicated with different colours and the sudden frequency decrease time instant is clearly
identified. The identified IF is given in Figure 5-3, in which, the time instant when damage
occurs is clearly spotted. By taking the spotted instant as a demarcation point, the signal
segments before and after the damage are processed separately and the identified
frequencies are 1.16Hz and 1.10Hz, while the identified damping ratio are 5.09% and
5.15%, respectively, which agree well with the true values.
(a)
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5
0% noise
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(b)
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Figure 5-1 SDOF dynamic response with frequency shift: (a) time history; (b) FFT
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(b)

(a)

Figure 5-2 Hilbert spectrum obtained using: (a) traditional HHT method;
(b) the improved HHT method (signal in Figure 5-1, Nlevel = 10% )
Instantanesou frequency (Hz)
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True value before shift
True value after shift
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10
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Figure 5-3 Instantaneous frequency obtained using the improved HHT method
(signal in Figure 5-1, Nlevel = 10% )
This example demonstrates that the improved HHT method is superior to the traditional
HHT method in processing the noise contaminated signals and identifying the system with
sudden damage occurrence. This method is sensitive to damage occurrence in a system. It
not only detects the exact time instant when damage happens but also identifies the
corresponding modal parameters before and after the damage with good accuracy, even if
only minor damage occurs. By virtue of the Hilbert spectrum, the time varying feature of
the system vibration frequency and amplitude are explicitly presented.
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5.4.1.2 Free vibration response of a smoothly varying SDOF system
Besides sudden damage, structures inevitably suffer gradual or cumulative damage. In this
example, free vibration response of a SDOF system subjected to exponential attenuation of
natural frequency is simulated and studied with the improved HHT method. Similar to the
above case, the response signal is simulated as

y(t ) = Ae−ζωnt cos(ωd t + ϕ )
= 5e−0.02ωnt cos(ωd t + π / 4)

ωd = 1 − ζ 2 ωn ,

(5.26)

ωn = 2π f

where A= 5 , ζ = 0.05 and f = 5 × (0.5 + e −0.2 t ) . The simulated signal and its FFT spectrum
are given in Figure 5-4. As shown, although the increase of vibration period is noticeable
in the signal time history and all the vibration frequency components are covered in the
FFT spectrum, it is still not possible to clearly describe the time varying feature of the
process. Similarly, noise level of 10% is considered in this case.
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Figure 5-4 Free vibration of a SDOF system with gradual frequency reduction: (a) time
history; (b) FFT spectrum
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The noise contaminated signals are firstly processed using the traditional HHT method and
the obtained Hilbert spectrum is given in Figure 5-5(a). It can be seen from the Hilbert
spectrum that the traditional HHT method is able to roughly identify this exponentially
decaying process, whereas, the description is not precise enough. On the one hand, the
identified IF is subjected to serious fluctuation which aggravates with the amplitude
attenuation, this can be attributed to the fact that the amplitude modulation and frequency
modulation characteristics contained in a signal interacts with each other during EMD
sifting process, therefore, for the case with small amplitude that is easily shadowed by
noise, the identification of IF becomes less reliable. The above described fluctuation
phenomenon tend to become more prominent when noise contamination increases because
EMD process is very susceptible to noise. In contrast, the Hilbert spectrum of the noisy
signal obtained with the improved HHT method is given in Figure 5-5(b). As shown, the
description of this time-varying process is well improved as compared with Figure 5-5(a)
and it clearly indicates that the vibration frequency of the signal decays exponentially
across the time span while the vibration amplitude also exhibits obvious decrease with time
by comparing with the reference colour bar. In addition, as shown, the identified IF agrees
very well with the theoretical value as presented in Figure 5-6. Therefore, this example
again verifies that the improved HHT method is superior to the traditional HHT method
and offers very accurate identification of the gradually time varying properties of a
dynamic system.

(b)

(a)

Figure 5-5 Hilbert spectrum obtained using: (a) traditional HHT method; (b) the improved
HHT method (signal in Figure 5-4, Nlevel = 10% )
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Figure 5-6 Instantaneous frequency obtained using the improved HHT
method (signal in Figure 5-4, Nlevel = 10% )
5.4.1.3 Free vibration response of an abruptly varying 3-DOF system
In this example, the applicability of the improved HHT method is further extended to
analyse the free vibration response of a 3-DOF system with abrupt frequency reduction.
The response signal is simulated as
3

y (t ) = ∑ Ai e −ζ iωni t cos(ωdi t + ϕi )
i =1

(5.27)

ωni = 2π f i
ωdi = 1 − ζ i 2 ωni

in which A1 = 5 , A2 = 10 and A3 = 20 , the corresponding natural frequencies are
f1 = 5Hz , f 2 = 10Hz and f 3 = 30Hz , the damping ratios are ζ 1 = ζ 2 = ζ 3 = 0.03 . A sudden

20% frequency reduction of all modes is assumed to occur at 1s instant. The simulated
signal with 10% noise added and its FFT spectrum are given in Figure 5-7. Apparently,
although all the frequency components contained in the signal are indicated in the FFT
spectrum, it is still far from being accurate for describing the vibration process.
The noisy signal is analysed using both the traditional HHT method and the improved
HHT method, the obtained Hilbert spectrums are given in Figure 5-8. It is obvious that the
fluctuation phenomenon caused by noise is well weakened by using the improved HHT
method, especially in the segment after shift occurrence. In addition, by referring to the
colour bar, the amplitude distribution of each mode over the time-frequency plane can be
described. The identified IF corresponds to Figure 5-8(b) is presented in Figure 5-9. As
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shown, the abrupt jump in IF corresponding to each mode at 1s is tracked. The identified
frequencies before and after the abrupt change agree well with the real frequency values of
the same states. However, it is noticeable that the identified IF after the abrupt change
exhibits minor fluctuation around the true value and is not as steady as that before the
change occurs. This is because the abrupt modal property change results in relevant change
to the structural vibration pattern, which further causes disturbance to EMD sifting and
thus causes the unsmoothness of IF. Accordingly, the superiorities of the improved HHT
method in analysing and interpreting the time-varying MDOF system vibration are
demonstrated.
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Figure 5-7 Free vibration response of a 3-DOF system with abrupt frequency reduction: (a)
time history; (b) FFT spectrum
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(b)

(a)

Figure 5-8 Hilbert spectrum obtained using (a) traditional HHT method;

Instantanesou frequency (Hz)

(b) the improved HHT method (signal in Figure 5-7, Nlevel = 10% )
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Figure 5-9 Instantaneous frequency obtained using the improved
HHT method (signal in Figure 5-7, Nlevel = 10% )
5.4.1.4 Free vibration response of a gradually varying 3-DOF system
In this case, two types of smoothly varying 3-DOF systems’ free vibration response are
simulated and studied.
At first, dynamic response of a 3-DOF system with exponentially decaying modal
frequencies is considered. The vibration signal is simulated according to Eq. (5-27), and all
the parameters are the same as those employed in the previous case, except the natural
frequencies are

f1 = 5 × (1 + e −0.3t ) ,

f 2 = 10 × (1 + e −0.3t ) and
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f3 = 20 × (1 + e−0.3t ) . The

simulated signals without noise pollution and with 10% noise added and their
corresponding FFT spectrums are given in Figure 5-10.
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Figure 5-10 Free vibration response of a 3-DOF system with exponentially decaying
frequency modulation: (a) time history; (b) FFT spectrum
Again, both the traditional HHT method and the improved HHT method are used to
process the noise-contaminated structural response signals and the obtained Hilbert
spectrums are presented in Figure 5-11. Same as case 3, as shown in Figure 5-11(a), the
traditional HHT method is able to identify this smoothly varying process but the identified
IF fluctuates significantly, especially when the vibration amplitude becomes so small that
noise effect becomes more prominent. Using the improved HHT method, as shown in
Figure 5-11(b), the exponentially decaying trend of the frequency in each mode and the
damped vibration amplitude over time are better identified. In addition, according to Eq.
(5.24), theoretical values of the IF can be calculated as
dϕ1
= 5 × (1 + e−0.3t − 0.3t 2 e−0.3t )
dt
dϕ 2
f 2 (t ) =
= 10 × (1 + e−0.3t − 0.3t 2 e−0.3t )
dt
dϕ
f3 (t ) = 3 = 20 × (1 + e−0.3t − 0.3t 2 e−0.3t )
dt

f1 (t ) =
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Both the theoretical and the identified IF corresponding to Figure 5-11(b) are presented in
Figure 5-12. Good agreement between the identified value and the real value is observed.
However, the end-effect at the ending area is also noticeable in this case. Although the
identification results in this case are not as good as those of the previous cases, especially
the case that SDOF system subjected to the similar frequency modulation, the improved
HHT method still yields satisfactory identification results for interpreting the vibration of
this smoothly varying MDOF system.

(b)

(a)

Figure 5-11 Hilbert spectrum obtained using (a) traditional HHT method; (b) the improved
HHT method (signal in Figure 5-10, Nlevel = 10% )
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Figure 5-12 Instantaneous frequency obtained using the improved HHT method
(signal in Figure 5-10, Nlevel = 10% )
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To further demonstrate the proposed method, a 3-DOF system with the same parameters as
those in case 4 but linearly decaying natural frequencies is considered. A small decaying
rate of 0.05 is assumed here and the natural frequency variation is simulated
by f1 = 5 × (1 − 0.05t ) , f 2 = 10 × (1 − 0.05t ) and f 3 = 20 × (1 − 0.05t ) . The simulated signals as
well as their FFT spectrums are given in Figure 5-13. The Hilbert spectrums obtained
using the traditional HHT method and the improved HHT method are presented in Figure
5-14. Same conclusions about the superiorities of the improved HHT method as that made
through the above analysis can be reached. As shown in Figure 5-14(b), all time varying
modes is successfully captured and clearly indicated using the improved HHT method, the
linearly decaying frequency modulation is better identified and the end-effect problem in
this case is not so serious compared with the above case with exponentially decaying
frequencies. This can be attributed to the fact that the modulation level in this case is not as
pronounced as that in the previous case. This demonstrates the accuracy of the proposed
method in identifying the time-varying systems is the variation level dependent. The
proposed method yields better identification results of a slowly varying system than a
system that varies abruptly.
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Figure 5-13 Free vibration response of a 3-DOF system with linearly decaying frequency
modulation: (a) time history; (b) FFT spectrum
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(b)

(a)

Figure 5-14 Hilbert spectrum obtained using (a) traditional HHT method;
(b) improved HHT method (signal in Figure 5-13, Nlevel = 10% )

Instantanesou frequency (Hz)

25
Identified value
True value

20

15

10

5

0

0

0.5

1
Time (s)

1.5

2

Figure 5-15 Instantaneous frequency obtained using the improved HHT method
(signal in Figure 5-13, Nlevel = 10% )
The above examples demonstrate the feasibility, superiority and robustness of the
improved HHT method in the identification of LTV systems with abruptly varying,
linearly varying and exponentially varying vibration frequencies. The proposed method has
the capability of successfully tracking the time-varying structural vibration properties, such
as the occurrence time instant and the gradual variation process. In addition, it is also
demonstrated that the proposed method is an advanced tool for decomposing and
representing the time varying amplitude modulation over the time-frequency plane.
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Therefore, the improved HHT method is superior in dealing with the nonlinear and nonstationary signals and identifying LTV systems.
5.4.2 Identification via structural forced vibration response
Aiming at exploring the feasibility of the improved HHT method in the system
identification of civil structures with time varying properties, a four-storey frame structure
is simulated in the present section and its acceleration response under various loading
conditions is extracted and analysed utilizing the improved HHT method. Altogether, three
types of loading conditions are considered, namely, the harmonic excitation, the
earthquake excitation and the ambient excitation.
In this section, the FEM model of a shear-type frame structure as shown in Figure 5-16 is
built using ANSYS software. Each floor is simplified as a lumped mass, i.e., m1 = 160kg ,
m2 = m3 = m4 = 120kg . The column is modelled with I-shape steel beam as shown in

Figure 5-16, the section parameters are w1=w2=0.2m, H=0.5m, t1=t2=0.01m and t3=0.008m.
The column material properties are Young’s Modulus E=2.10E11, density ρ = 7850Kg/m3
and the Poisson’s ratio is 0.3. The natural frequencies of the first three modes in the
horizontal direction are 0.58Hz, 3.62Hz and 9.85Hz, respectively.

Figure 5-16 4-storey frame structure

Figure 5-17 Column section

5.4.2.1 Dynamic response under harmonic excitation
In this case, forced vibration of the frame structure under a harmonic excitation is
simulated for a duration of 20s. It is assumed that an abrupt damage occurs to the columns
on the ground floor at 10s instant resulting in a 20% stiffness reduction. The damage is
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simulated by multiplying the corresponding reduction factor to the Young’s modulus of the
damaged columns. To avoid resonance, harmonic force with a frequency of 6.37Hz is
applied horizontally on the top floor and the obtained acceleration response at the top floor
in the horizontal direction is extracted for analysis. In this case, a level of 20% noise
pollution is considered. The time histories and FFT spectrums of the acceleration response
with or without noise pollution are given in Figure 5-18. From the FFT spectrum, it can be
noticed that the excitation harmonic component dominates the structural response. As
shown, the frequency reductions of the second and the third modes is detected with two
close peaks corresponding to each mode, indicating damage occurrence during the
monitoring period. However, since the damage only causes minor decrease of the first
modal frequency, it is hardly detectable in the FFT spectrum due to the low frequency
resolution of FFT analysis.
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Figure 5-18 Acceleration response at the 4th floor: (a) time-history; (b) FFT spectrum
By employing traditional HHT method, the Hilbert spectrums of the signals given in
Figure 5-18 are calculated and presented in Figure 5-19. From Figure 5-19(a), it can be
noticed that, for the noise free response signal, the identification for both the harmonic
component and the natural modes are dissatisfactory as the identified instantaneous
characteristics are subjected to serious fluctuations and some pseudo components are
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generated. These fluctuations become even worse when the noise effect is considered as
shown in Figure 5-19(b). Moreover, the third mode with its modal frequency higher than
that of the harmonic excitation cannot be identified at all, even when the signal is noise
free. This can be attributed to the fact that the harmonic vibration component introduced
from excitations dominates the structural vibration response, which causes the relatively
small local extremas corresponding to the vibration modes cannot be captured during the
spline fitting. Therefore, large error is generated in EMD results.

(a) N level = 0

(b) N level = 20%

Figure 5-19 Hilbert spectrum obtained using traditional HHT method
The same response signal contaminated with 20% noise is analysed by the improved HHT
method. At first, a series of band pass filter is defined based on the frequency information
indicated in the FFT spectrum and applied to the signal. Then, the auto-correlation function
of the obtained narrow-band sub-signals is calculated and taken as a substitute of EMD
input. With the obtained several sets of IMFs, the correlation coefficient of each IMF with
its corresponding EMD input is calculated. Accordingly, the IMFs are reordered according
to their correlation coefficients in a descending order and, based on the IMF selection
principle introduced in section 4.3.3, the first four IMFs which have correlation
coefficients respectively 0.9407, 0.2876, 0.15923 and 0.0523 are selected for further
analysis. It is quite obvious that the correlation coefficient of the first IMF, i.e., the
harmonic component introduced by the excitation is way much higher than those of other
IMFs’. As a result, the first IMF can be easily identified as the component brought in by
the excitations so that it can be removed in further analysis. This conclusion is also
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validated by the Hilbert spectrum shown in Figure 5-20. In Figure 5-20(a), the harmonic
component with a constant frequency of 6.37Hz is easily distinguished because it has much
higher amplitude than other frequency components and it is the only component which IF
keeps constant across the time span while the other three IMFs shows an abrupt variation
at 10s instant. Also, the identification can be further improved by removing the identified
harmonic component and merely analysing the components corresponding to structural
vibration as shown in Figure 5-20(b) which provides a clearer indication of the abrupt shift
and the amplitude distribution of each mode.
The obtained IF with harmonic excitation component removed is given in Figure 5-21, in
which, the shift instant and the vibration frequency before and after the shift are all clearly
identified. According to the vibration-based damage detection theory that any damage to a
structural system will result in certain change of the structural properties that can be
identified through processing structural dynamic response signals, hence the damage to
structures can be detected from the change of the identified vibration properties, such as
the decrease of natural frequencies. This example demonstrates the feasibility of the
improved HHT method in identifying the LTV system under harmonic excitations, its
superiority over the traditional HHT method in terms of overcoming noise pollution and
distinguishing the frequency component brought in by the excitations from the real
structural vibration components is also illustrated.

excitation

(b) harmonic component removed

(a) harmonic component distinguished

Figure 5-20 Hilbert spectrum obtained using the improved HHT method ( N level = 20% )
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Figure 5-21Instantaneous frequency with harmonic component removed ( N level = 20% )
5.4.2.2 Dynamic response under earthquake excitation
Earthquake is one of the major natural disasters that cause civil structural damage. A
sudden damage or failure of a structure member during the earthquake might result in a
total collapse of the structure. As far as civil engineering structures are concerned, it has
been observed that a degradation of the stiffness of up to 70% can occur in either
reinforced concrete or steel frames during strong earthquakes. A sudden damage to the
ground floor column during the earthquake is simulated and studied in this case. In which,
the EI Centro 1940 earthquake wave in the north-south (NS) direction as shown in Figure
5-22 is employed as the horizontal earthquake excitation to the frame structure. The whole
simulation runs for a period of 53.46s. It is assumed that the sudden damage to the ground
floor column occurs at 20s instant, which results in a 20% stiffness reduction simulated by
multiplying a reduction factor of 0.8 to the column’s Young’s modulus. The acceleration
response at the top floor under both the damaged state and the intact state are obtained and
presented in Figure 5-23. As shown, compared with the intact state, the split of frequencies
in the FFT spectrum caused by damage is not as prominent as that of the previous case
with a harmonic excitation because the excitation input is a wide band process with the
excitation and hence the structural response at a wide frequency band, therefore making
identification of the frequency split more difficult. However, a common decrease of the
dominant frequencies in the damaged state is noticeable.
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Figure 5-22 Accelerogram of the EI Centro 1940 Earthquake wave in NS direction
To demonstrate the improved HHT method, a level of 20% noise is considered. Then, the
traditional HHT method is used to process the noise free acceleration signals and that with
20% noise added. The obtained Hilbert spectrums are given in Figure 5-24. As shown in
Figure 5-24(a), from the noise free acceleration signal, although the first two dominant
vibration components are detected, the corresponding IF fluctuates significantly over the
time period. As a result, the frequency decrease caused by damage is difficult to be
confidently identified. The frequency fluctuation becomes even worse when noise is added
as shown in Figure 5-24(b), which makes the reliable identification of frequency change
due to damage become more difficult. As can also be noticed in the figure, the third
vibration mode is almost overshadowed by noise and is hardly identifiable using traditional
HHT method.
To analyse the acceleration signal with 20% noise by the proposed improved HHT method,
the same procedure as above described is used. Based on the correlation coefficient of each
IMF with its corresponding EMD input and the IMF selection principle used above, the
first three IMFs are selected and the obtained Hilbert spectrum and IF are given in Figure
5-25, respectively. As shown in both figures, a sudden shift at 20s instant followed by a
decrease of the structural vibration frequency is clearly indicated in IMF1 and IMF2,
however, the identification of the third mode (IMF3) is not as reliable because its
contribution to the structural response is very small and is almost overshadowed by noise
pollution. This example demonstrates the reliability of the improved HHT method in
identifying the time-varying modal parameters of structures under seismic excitations. The
method can be used to identify the structural damage and the instant of damage occurrence
during an earthquake shaking.
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Figure 5-23 Acceleration response at the top floor: (a) time-history; (b) FFT spectrum

(a) N level = 0

(b) N level = 20%

Figure 5-24 Hilbert spectrum obtained using traditional HHT method
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Figure 5-25 Results obtained using the improved HHT method: (a) Hilbert spectrum;
(b) IF ( Nlevel = 20% )
5.4.2.3 Dynamic response under ambient excitation
To further investigate the applicability of the improved HHT method for time-varying
structural system identification, acceleration response of the same structure under ambient
loading is simulated and studied in this case. The ambient loading is simulated as a series
of random forces applied to each floor. Same abrupt damage as that described in the
previous case is assumed at 10s instant. The obtained acceleration response at the top floor
with 20% noise added is presented in Figure 5-26. The acceleration response at the same
location of the structure without damage is also provided in this figure. It can be seen that
the sudden structural damage not only causes an increase in vibration amplitude, but also
results in a split of the natural frequency in each mode as shown in the FFT spectrum.
Similarly, both the traditional HHT method and improved HHT method are respectively
used to analyse the noise-contaminated acceleration response ( Nlevel = 20% ) of the damaged
structure. The calculated Hilbert spectrums are presented in Figure 5-27. As shown, the
shift at 10s instant cannot be confidently detected by the traditional HHT method because
of the serious IF fluctuation. In contrast, the damage instant is clearly indicated in the
Hilbert spectrum obtained using the improved HHT analysis as shown in Figure 5-27(b).
The IF in Figure 5-27(b) is extracted and presented in Figure 5-28. As shown, the damage
instant is detected and the identified vibration frequencies before and after the damage all
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agree well with the theoretical values. Therefore, the reliability of the improved HHT
method for identifying time-varying system under ambient excitations is demonstrated.
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Figure 5-26 Acceleration signal at the top floor ( Nlevel = 20% ): (a) time-history; (b) FFT
spectrum
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Figure 5-27 Hilbert spectrum obtained using (a) traditional HHT method
(b) the improved HHT method ( Nlevel = 20% )
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Figure 5-28 Instantaneous frequency obtained using the improved HHT method
( Nlevel = 20% )
In summary, the effectiveness, feasibility and robustness of the improved HHT method in
identifying structural system with time-varying vibration features under various types of
excitations are demonstrated in the above examples. The improved HHT method
outperforms the direct FFT transform or the traditional HHT method in identifying the
parameters of time-varying systems from structural responses obtained with different
excitation sources and smeared with high level of noises. The proposed method can be
used to identify structural conditions.

5.5 CONCLUSIONS
Civil engineering structural systems are in fact LTV systems as they tend to accumulate
damage under both service load and environmental excitations. Developments in LTV
system identification of the predominant engineering fields are reviewed. Identification
technique of the LTV system under both stationary and nonstationary random excitations
based on the improved HHT method is developed. Extensive numerical studies including
the identification of LTV system from the structural free vibration response signals and the
forced vibration response signals under various types of loading conditions, i.e., harmonic
excitations, seismic excitations and random excitations, are performed. In particular, the
systems of abruptly varying, linearly varying and exponentially varying features are all
considered. It is proved that the improved HHT method is able to detect the exact time
instant when sudden damage occurs to a structure as well as to track the cumulative
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damaging process. This method can distinguish the frequency components introduced by
the excitations from the real structural modal frequency components. It also shows great
improvements in processing the structural response under complex loading conditions such
as the earthquake excitations. The improved HHT method also provides reliable
identification of time-varying systems under ambient excitations. It is proved an advanced
tool for LTV system identification as it is capable of tracking the time-varying features and
representing them explicitly on the time-frequency plane, which provides rich information
for describing structural vibration status. The research in this chapter promotes the
realization of online SHM of civil engineering structures.
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CHAPTER 6
MULTI-STAGE DAMAGE DETECTION SCHEME FOR
STRUCTURES UNDER AMBIENT EXCITATIONS

6.1 INTRODUCTION
Civil engineering structures are inevitably subjected to certain level of damage during their
service life. Structural damage identification method is decisive to the successful
application of SHM system to civil engineering structures. The research work in this
chapter is developed with an aim to propose a damage detection method that is able to
provide reliable level 1 to level 3 damage identification, and is simple and applicable to the
real time SHM of civil engineering structures under operational conditions.
In this chapter, a multi-stage damage detection scheme that comprises the detection of
damage occurrence, damage existence, damage location and the estimation of damage
severity is developed based on the improved HHT method. In this scheme, the improved
HHT method is used in analysing dynamic structural response, the obtained IF is used to
detect the damage occurrence time instant. The IP corresponding to the obtained first IMF
is employed to detect minor damage. A damage indicator is developed based on the
statistical analysis of Hilbert marginal spectrum to detect damage locations. The structural
dynamic response sampled at the detected damage location is continuously analysed for
estimating damage severity progress. Numerical study and experimental verification of a
shear-type frame structure model under ambient excitations are performed to verify the
feasibility and applicability of the proposed scheme to the real time SHM of in-service
structures.

6.2 VIBRATION-BASED STRUCTURAL DAMAGE DETECTION
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The motion equation of an intact structural system can be represented as:

M 0 Xɺɺ (t ) + C0 Xɺ (t ) + K0 X (t ) = F (t )

(6.1)

where [ M 0 ] , [C0 ] and [ K 0 ] are respectively the mass, damping and stiffness matrices of
the structural system in the intact state; F (t ) is the excitation vector; Xɺɺ (t ) , Xɺ (t ) and
X (t ) are respectively the structural acceleration, velocity and displacement vector. With
the assumption of the existence of normal modes, the MDOF system can be decoupled and
the modal parameters corresponding to each natural mode can be identified. The modal
parameters are the inherent characteristics of a structural system and are determined by the
physical properties of the system, therefore, they can be used or further explored for
structural damage detection [9].
Damages to a system will result in corresponding change to [ M 0 ] , [C0 ] and [ K 0 ] .
Generally, no change in the mass before and after damage occurrence is assumed.
Structural damage usually results in a decrease of structural stiffness together with an
increase of structural damping, which have inverse effect on the structural output, i.e., the
stiffness decrease tends to result in an increase of structural vibration amplitude while the
increased damping is likely to weaken the structural response. As a result, the issue of
structural damage identification turns out to be a coupled problem with the common
change of structural stiffness and damping. Such problem can be resolved by considering
the change of damping and stiffness separately, i.e., figuring out the change of damping
through static test or damping test first, then, identifying the stiffness change. As most
structural damage is caused by stiffness reduction and the structural damage identification
regardless of the damping change is also satisfactory, therefore, the influence of structural
damping change caused by damage on structural vibration frequency, which is usually
insignificant, is not considered in this study [137].
Accordingly, the stiffness [ K 0 ] is assumed changed to [ K d ] after the damage, then, the
stiffness change [ ∆K ] generated by structural damage can be expressed as

[ ∆K ] = [ K0 ] − [ Kd ]

148

(6.2)

School of Civil and Resource Engineering
The University of Western Australia

The stiffness reduction will lead to corresponding change of the structural natural
frequencies, as is given by

{∆ωi } = {ωi 0 } − {ωi d }

(6.3)

x(t )} ,
Such modal property change will inevitably cause change of structural response {ɺɺ

{ xɺ (t )}

and { x(t )} . Since the dynamic response of civil structures is usually nonlinear, non-

stationary and is subjected to noise contamination, to accurately identify structural modal
parameters or extract structural vibration pattern change from such signals is more
challenging than from the vibration response of the mechanical engineering structures.
Therefore, more sophistic damage detection approach needs to be developed.

6.3 MULTI-STAGE DAMAGE DETECTION BASED ON THE IMPROVED HHT
METHOD
Based on the above presented improved HHT method, a multi-stage damage detection
scheme includes 1) damage occurrence instant detection; 2) damage existence detection; 3)
damage localization; and 4) damage severity estimation is developed. Numerical studies on
a four-storey plane frame structure as shown in Figure 1 are performed to demonstrate the
feasibility and accuracy of the scheme in the damage detection of civil structures under
ambient excitations.
ANSYS software is employed to simulate the vibration response of the frame model under
random excitation F(t) applied at the top floor, as denoted in Figure 6-1. The time-history
of F(t) is presented in Figure 6-2. In specific, Beam4 element is utilized for modelling both
the column and the beam members. The cross-sectional area and moment of inertia of the
column members are respectively 0.16m2 and 2.13 × 10-3m4, and those of the beam
members are 0.125m2 and 2.6 × 10-3m4, respectively. For the sake of illustration, each
column is assigned with a number labelled as C1~C8 as shown in Figure 6-1. The Young’s
modulus is 3.0×104MPa, the mass density is 2500kg/m3. Rayleigh damping is assumed
and the damping ratio for the first two modes is taken as ζ = 0.01 . Several damage cases
are designed including damage of various severities in columns at different storeys as
presented in Table 6-1. In specific, the column damage is simulated by reducing the
stiffness of the columns to a certain extent, i.e., multiplying a certain deduction factor to
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the Young’s modulus of the corresponding column elements. The natural frequencies of
each case obtained using FEM modal analysis method are presented in Table 6-2, in which
the absolute relative error (ARE) between the natural frequencies of the damaged cases and
those of the intact state is also provided.
F(t)
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Floor 4 C4

4m
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Floor 3 C3

4m
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Figure 6-1 FE model of the frame structure
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Figure 6-2 Random excitation
Table 6-1 Damage scenarios
Case No.

1

2

3

4

Damage location

C1

C1

C2

C3

Damage severity 10% 20% 20% 20%
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5

6

7

C1&C5 C2&C6 C3&C7
20%

20%

20%
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Table 6-2 Natural frequencies (Hz)
Case No.
Mode Intact
1

2

3

1

2

3

4

5

6

7

2.50

2.48

2.47

2.48

2.49

2.43

2.46

2.48

ARE

(0.58%)

(1.23%)

(0.78%)

(0.43%)

(2.61%)

(1.63%)

(0.90%)

8.18

8.13

8.07

8.15

8.11

7.96

8.12

8.03

ARE

(0.61%)

(1.29%)

(0.36%)

(0.86%)

(2.71%)

(0.72%)

(1.78%)

15.32

15.22

15.12

15.18

15.23

14.91

15.02

15.14

(0.93%)

(0.57%)

(2.67%)

(1.92%)

(1.16%)

22.45

22.41

22.45

22.11

22.03

ARE
4

(0.66%) (1.33%)

22.81

22.72

22.62

ARE

(0.40%)

(0.82%)

(1.58%) (1.75%) (1. 57%) （3.07%） (3.41%)

6.3.1 Damage time instant detection
At first, a method of detecting the damage occurrence time instants and the changes of
structural modal parameters before and after the damage is developed based on the
improved HHT method. The basic procedure of this method is to (1) identify the time
instant td when damage occurs; (2) separate the measured data into two segments using td
as the dividing point; and (3) identify the natural frequencies and damping ratios from the
two segments, respectively. The implementation of this method only needs one
measurement of the structural dynamic response.
As mentioned above, structural damage usually results in a decrease of structural stiffness
leading to corresponding reduction of structural natural frequencies. Considering that the
HHT method is capable of processing nonlinear and non-stationary signals with high time
resolution and frequency resolution, and the obtained IF indicates the vibration frequency
of the structure at any time instant, the sudden damage occurs to a structure is detectable
through the sudden reduction of IF.
In this case, the four-storey frame structure is assumed subjected to a sudden damage
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which results in a 20% stiffness decrease of column C1 occurring at time instant td = 5s .
The structural acceleration response in x-direction under the horizontal random excitation
F(t) is simulated for analysis. The simulation is accomplished through two steps: (1) to
simulate the acceleration response data corresponding to the intact state up to the time
instant t d first; then, (2) the end conditions for the displacement vector x(td ) and the
velocity vector xɺ (td ) are used as the initial conditions for the simulation of the second
segment of response, in which, the stiffness of column C1 is reduced by 20% (case 2) and
the structural vibration is simulated up to 10 sec. Since one acceleration signal is enough
for the natural frequency identification, the top floor acceleration response ɺɺ
x4 (t ) is
analysed. Noise levels of 10% and 20% are respectively considered in this case. The time
history and FFT spectrums of ɺɺ
x4 (t ) without or with noise contamination are presented in
Figure 6-3. As is shown in Figure 6-3(b), the second mode is the most dominant vibration
x4 (t ) and there is an obvious split of this mode. Although such frequency split is
mode in ɺɺ
a possible indication of structural damage, more advanced signal processing method is
required to determine the damage occurrence. Therefore, the improved HHT method is
used for signal processing.
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Figure 6-3 Acceleration response ɺɺ
x4 (t ) ( N level = 0%, 10% and 20% ): (a) time-history;

(b)

FFT spectrum
x4 (t ) with 10% noise pollution is given below for illustration. Since the
The analysis of ɺɺ
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natural modes of this structure in the horizontal direction are well separated from each
other, a series of band-pass filters with boundaries (1.5Hz, 4Hz), (6Hz, 10Hz), (13Hz,
18Hz) and (21Hz, 25Hz) are implemented to decompose the original wide band signal into
four narrow-band sub-signals as shown in Figure 6-4. Then, the auto-correlation function
of each narrow-banded sub-signal is obtained and subjected to EMD process. All the
obtained IMFs are subjected to the real IMF selection principle introduced in section 2.2.2
and the first three selected IMFs are given in Figure 6-5.
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Figure 6-4 Narrow banded sub-signals generated through band-pass filter
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Figure 6-5 The first three IMFs
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Then, Hilbert analysis of the IMFs is performed with the obtained IF presented in Figure 66(a). Since the natural frequency change of mode 1 caused by damage is very small and is
hardly detectable, IMF3 corresponding to mode 1 is not considered in the following
analysis. As shown, there are a number of spikes in the IF of IMF1 and IMF2. However,
only the spikes at 5s instant are consistent, as denoted with an arrow, and the IF after 5s
instant decreases to a lower level. According to the vibration-based damage detection
theory that structural damage results in changes to the modal parameters of all modes
simultaneously, it can be concluded that damage occurs to the structure at 5s instant.
Similarly, same signal with 20% noise contamination is analysed and the obtained IF is
given in Figure 6-6(b), in which the damage occurrence is also well detected as denoted
with an arrow. By utilizing the identified damage time instant as a dividing point, the IF is
separated into two segments corresponding to the states before and after the damage
occurrence, then, the natural frequencies of various states are identified, i.e., the natural
frequency of the second mode (IMF1) changes from 8.19Hz to 8.08Hz and the natural
frequency of the third mode (IMF2) changes from 15.33Hz to 15.10Hz, which agrees well
with the modal analysis results presented in Table 6-2. As a result, the improved HHT
method is demonstrated feasible and robust in detecting damage occurrence instant.
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Figure 6-6 IF of the selected IMFs: (a) N level = 10% ; (b) N level = 20%
6.3.2 Damage existence detection using IP
Considering that IF is obtained through the differentiation of IP and suffers certain extent
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of fluctuation which is probably greater than the change caused by minor damage, the
focus in this section is to study the feasibility of IP for small structural damage
identification.
An IP can be a natural physical variable to describe the dynamics of a system [138]. When
this description is applied to a structural system, the phase is interpreted as a generalized
angle associated with the time evolution of the measured structural response data, such as
the acceleration, strain or displacement. The basic idea of detecting damage by using the IP
is that damage in a structure will alter the speed at which energy traverses through the
structure. As a result, the IP will be altered compared to those of an undamaged state [138].
In this section, case 1 and case 2 listed in Table 6-1 are analysed. As is presented in Table
6-2, the maximum ARE of natural frequencies caused by damage is only 0.66% in case 1
and 1.33% in case 2, i.e., the damages in these two cases only introduces minor change to
natural frequencies. Considering that an average of 2% or 3% uncertainties tends to be
involved in the identifications of natural frequency using different modal analysis methods,
and the uncertainties is even greater for the identification of mode shape and damping
ratios. Such uncertanties will inevitably cause error while using the damage detection
methods based on the identification of modal parameters. Therefore, this section focuses
on developing the damage identification method that is sensitive to minor damage but with
no need for modal parameter identification.

x4 (t ) , in the
The horizontal acceleration time history at the top floor of the frame model, ɺɺ
intact state, case 1 and case 2 are analysed using the improved HHT method. The timehistory and FFT spectrums of the signals are given in Figure 6-7. First of all, ɺɺ
x4 (t ) in the
intact state is analysed using the improved HHT method. Based on the frequency
information indicated in the FFT spectrum (Figure 6-7(b)), the sub-domains for FFT bandpass filter are defined as (1.5Hz, 4Hz), (6Hz, 10Hz), (13Hz, 18Hz) and (21Hz, 25Hz),
respectively. Therefore, four narrow-banded sub-signals are extracted from the original
signal. Auto-correlation function of each sub-signal is calculated and subjected to EMD
decomposition. The obtained IMFs are reordered according to their correlation coefficients
and those with higher correlation coefficient values are selected according to the IMF
selection principle introduced in section 4.3.3. The IP and IF of the first four IMFs are
obtained as shown in Figure 6-8. It is indicated that IP-t plot is quit stable along the time
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period, while IF is subjected to fluctuations with occasional spikes. The unsteadiness of IF
is because it is obtained through the differentiation of IP against time, so the oscillation of
IP is amplified, especially when a high sampling frequency is utilized. Therefore, to be
more reliable, IP is used for the damage detection.
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Figure 6-7 Acceleration response ɺɺ
x4 (t ) of the intact state, case 1 and case 2:
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Figure 6-8 Instantaneous characteristics of ɺɺ
x4 (t ) in the intact state: (a) IP; (b) IF
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Similarly, ɺɺ
x4 (t ) in case 1 and case 2 is analysed following the same procedure. Since the
first IMF obtained using the improved HHT method corresponds to the most dominant
mode of the structure vibration and is also the most reliable one, the IP of the first IMF in
each state under the noise levels of 10% and 20% are obtained, respectively, as shown in
Figure 6-9, in which a partial enlarged detail plot is also given for clearer indication. As is
indicated, the slope of the IP plots corresponding to the damaged states is lower than that
of the intact state and the IP slope in case 2 is even lower than that in case 1, i.e., the IP
slope decreases with the damage severity, which agrees with the vibration-based damage
detection theory. Such damage identification results remain unchanged even when the
noise contamination increased to 20%, as shown in Figure 9(b). Besides, the slope of IP
plot stays almost the same along the period except the ending area influenced by end-effect.
As a result, it can be concluded that the IP obtained using the improved HHT method is
sensitive to minor structural damage, robust to noise pollution and able to provide reliable
damage identification.
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Figure 6-9 IP of the first IMF of ɺɺ
x4 (t ) in the intact state, case 1 and case 2:
(a) N level = 10% ; (b) N level = 20%

6.3.3 Damage localization based on Hilbert marginal spectrum
Having detected the existence of structural damage, the next step of damage identification
goes to locate the damage. A damage indicator based on Hilbert marginal spectrum for
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damage localization is developed in this part.
To demonstrate the Hilbert marginal spectrum for damage detection, a characteristic value
corresponding to a certain frequency domain ( f1 , f 2 ) in Hilbert marginal spectrum is firstly
defined as
f2

P = ∫ h( f )df
f1

(6.4)

which denotes the integral occurrence possibility of the structural vibration within this
frequency range.
Then, the relative change of the characteristic value corresponding to this frequency
domain is defined as
RP =

Pd − Pu
Pu

(6.5)

in which Pu is the characteristic value corresponding to a frequency range ( f1 , f 2 ) of the
Hilbert marginal spectrum calculated from the structural response measured at a certain
location of the structure in the intact state, while Pd is the characteristic value
corresponding to the same frequency range of the marginal spectrum obtained from the
structural response at the same location in a potential damaged state. The meaning behind
this definition is actually a measure of the relative Hilbert marginal spectrum change, in
essence, it is the structural dynamic property change caused by damage.
A local damage causes change to local physical parameters, such as stiffness, mass,
damping etc, which further results in change of structural dynamic response both globally
and locally. As a result, the Hilbert Marginal spectrums of all the structural dynamic
response measurements change spontaneously, among which, the change of the Hilbert
spectrum obtained from the structural dynamic response in or close to the damaged area is
more significant. Accordingly, the above defined RP obtained from the signals sampled in
the sensors near or in the damaged area should be greater than that corresponding to the
other sensors. In order to identify the location where damage exists, a threshold needs to be
established for distinguishing the sensors with distinctive RP values among those
corresponding to all the sensors distributed over the entire structure. Damage is located at
the locations where RP values are larger than the threshold values.
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In the present study, once the RP values corresponding to all the sensors distributed over
the entire structure are obtained, the threshold is defined as the upper bound of 95% onesided confidence, which is expressed as

µ=x+

σ
n

t(1−α ) ( n − 1)

(6.6)

where x and σ are the mean and standard deviation of the RP values from all sensors, n
is the total number of sensors, α = 0.05 in this study. Therefore, the sensors which
corresponding RP values are above this threshold are more likely located at the damaged
area. For clearer indication, a damage indicator (DI) is defined as
 Rp − µ
DI = 
0

when R p ≥ µ
when R p < µ

(6.7)

For the sake of illustration, case 2, case 3 and case 4 which are designed with the same
extent of column damage at different floors are analyzed first. The sensors distributed on
the structure are denoted with S1~S4 in Figure 6-1. In each case, the horizontal
acceleration response at each floor is sampled in these four sensors for analysis. Following
the same analysis procedure of the improved HHT method illustrated in the previous
sections, in each case, the Hilbert marginal spectrum corresponding to the acceleration
response data measured in S1 to S4 are obtained as given in Figure 6-10. As shown, the
marginal spectrums of the acceleration response at a certain location exhibit similar pattern
in either the intact state or the damaged state, i.e., the contribution proportion of each
frequency sub-domain which corresponds to different vibration modes to the entire
marginal spectrum stays almost the same, even if the damage severity increases. However,
compared with the intact state, it can be noticed that, at a certain location, the marginal
spectrum of the acceleration response in a damaged state shifts towards the direction of
lower frequency together with change of amplitude values at the same time, and this
phenomenon is more obvious in the most dominant frequency sub-domain. Therefore, the
most dominant frequency sub-domain of the Hilbert marginal spectrum obtained from the
acceleration response measured in a sensor is used for calculating the characteristic value
P and then RP . Since 4 sensors are installed on the frame model in this study,
t0.95 ( n − 1) = t 0.95 (3) = 2.3534 obtained from the statistical table is used in the threshold

calculation. Finally, from Eq. (6.7), the DI values corresponding to each sensor in case 2,
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case 3 and case 4 are obtained as shown in Figure 6-11. In which, the sensor which DI is
over zero is detected and denoted with arrows as shown in the figure. As for the shear type
frame structure under ambient excitations, the horizontal structural vibration response
increases with height, therefore, in this study, the designed column damage within a floor
tends to cause more obvious change in the vibration response at the top of the column than
that at the bottom of the column, in other words, the DI of the sensor close to the top of a
damaged column is larger. Accordingly, the column with its top closer to the sensor with a
large DI is identified as the damaged floor. As a result, Floor l in case 2, Floor 2 in case 3
and Floor 3 in case 4 are detected as the damaged floor, which coincides with the real
damage locations in each case. In this case, the detected sensor number agrees with the
damaged floor number. Therefore, the capability of the proposed DI for damage
localization is demonstrated. Furthermore, noise effect at a level of 10% and 20% is
studied, respectively, and the obtained DI values are presented in Figure 6-11 as well. The
results demonstrate that the above developed DI is robust to noise contamination, which is
mainly attributed to two reasons: (1) the noise melioration effect by taking the autocorrelation function of the original structural response as analysis input; and (2) Hilbert
marginal spectrum is developed based on Hilbert spectrum which is able to rectify noise
disturbance.
Similarly, case 5, case 6 and case 7 which have 20% stiffness reduction of two columns
within different floors are analyzed following the same procedure. The obtained Hilbert
marginal spectrum and the DI values are given in Figure 6-12 and Figure 6-13,
respectively. From Figure 6-13, in case 5, sensor 1 is detected and Floor 1 is located as the
floor with column damage; similarly, sensor 2 is identified and Floor 2 is identified as the
damaged floor in case 6; and in case 7, sensor 3 identifies Floor 3 is the damaged floor.
The identification results remain the same when 10% and 20% noise are considered. Again
the effectiveness and robustness of the DI proposed based on Hilbert marginal spectrum
for detecting damage locations in a structure is demonstrated.
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Figure 6-10 Hilbert marginal spectrum (case 2, case 3 and case 4)
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Figure 6-11 DI value: (a) case 2; (b) case 3; (c) case 4
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6.3.4 Damage severity estimation
Once the damage location in a structure is identified, the monitoring and estimation of
damage severity progress with time becomes the major concern. In consideration of the
dynamic response monitored at the identified damage location is relatively more sensitive
to local damage evolution, it is therefore further analysed for damage severity assessment.
In order to realize the real time structural condition assessment, sensitivity to damage
severity and capability of indicating instantaneous damage information are the main
concerns for choosing damage identification variables. As is demonstrated in section 6.3.2,
IP is sensitive to minor structural damage and offers stable damage indication along the
monitoring period. Moreover, as mentioned above, the first IMF obtained using the
improved HHT method is the most reliable and stable one, therefore, IP of the first IMF is
employed as the variable for monitoring damage severity.
A level of 20% noise contamination is considered in this section. In case 2 and case 5, the
ground floor has been detected as the damaged floor as the acceleration response sampled
in sensor 1 has distinctive DI value, which also indicates that the acceleration response
sampled at the location in or near the damaged area is more sensitive to local damage.
Therefore, the acceleration response recorded in sensor 1 in these two cases together with
the intact state are analysed using the improved HHT method. The obtained first IMF of
each case corresponds to the second natural mode of vibration, and the corresponding IP
are given in Figure 6-14. As shown, the slope of the IP-t plots in case 2 and case 5 is lower
than that in the intact state, and the slope in case 5 is even lower, i.e., the IP slope
decreases if damage exists and aggravates. Similarly, Floor 2 in case 3 and case 6 is
identified as the damaged floor. Therefore the horizontal acceleration response monitored
in sensor 2 in these cases and the intact state is analysed. The obtained first IMFs all
correspond to the second mode of vibration. The corresponding IP are calculated as shown
in Figure 6-15. In which, a partial enlarged detail plot is provided for clear indication. As
shown, the slope of the IP plot in case 6 which has more serious damage is found lower
than that in case 3 which has less damage, and all lower than the slope in the intact state.
Likewise, in case 4 and case 7, Floor 3 is decided as the floor where column damage exists,
the acceleration response sampled in sensor 3 in each case and the intact state is analysed
in the same way as illustrated above. The obtained first IMFs correspond to the third mode
of vibration, and the corresponding IP is calculated as presented in Figure 6-16. As shown,
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same conclusions as that reached from Figure 6-14 and Figure 6-15 can be made, i.e., the
slope of the IP plot in a damaged state is lower than that in the intact state and it becomes
even lower with the damage severity.
Therefore, it is demonstrated that once the damage in a structure is located, the IP of the
first IMF obtained from the vibration response sampled at or close to the damage location
provides clear and reliable indication of the damage severity, i.e., the slope of the IP-t plot
reduces when damage exists and decreases with the progress of damage. It is also very
sensitive to minor structural damage.
600
inact
case 2
case 5

Instantaneous phase

500
400
300
200
100
0

0

2

4
6
Time (s)

8

10

Figure 6-14 IP of the first IMF: case 2 and case 5 ( N level = 20% )
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Figure 6-15 IP of the first IMF : case 3 and case 6 ( N level = 20% )
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Figure 6-16 IP of the first IMF: case 4 and case 7 ( N level = 20% )
Based on the above analysis, it can be summarized that the multi-stage damage detection
scheme developed based on the improved HHT method is able to accomplish multi levels
of damage identification objectives within one flow by itself. Specifically, at first, it makes
use of the IF to detect the damage occurrence time instant, which is further used as the split
point to divide the structural acceleration response into different segments corresponding
to various damage states. Then, considering the first IMF generated from the improved
HHT analysis method is most reliable, its IP is used to determine the damage existence,
which is also demonstrated sensitive to minor damage. Subsequently, a damage indicator
based on Hilbert marginal spectrum is developed to locate the damage in a structure in the
damaged state. After the damage location is identified, the structural acceleration response
sampled in or close to the damaged area is further analysed and the obtained IP of the first
IMF is used for estimating the damage severity. With the above steps, the objectives of
detecting damage existence at an early stage, locating the damaged area in a structure and
estimating the damage severity continuously are realized.
Compared with the traditional modal parameter-based damage detection methods, the
advantages of this damage identification scheme is evident. Above all, this scheme fulfils
the multi-level damage detection functions continuously and requires no complex signal
pre-processing or intermediate intervention. The analysis procedure is simple , time
efficient and has very good robustness to noise contamination. The variables obtained
using the improved HHT method are all function of time. All these factors contribute to its
feasibility and applicability to the real time health monitoring of in-service structures.
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6.4 EXPERIMENTAL VERIFICATION
In order to verify the real applicability of the multi-stage damage detection scheme
presented in this chapter, the test data of a three-storey frame model obtained in laboratory
by the Engineering Institute (EI) at Los Alamos National Laboratory (LANL) [139] is
analysed here.
6.4.1 Test description
The three-storey building structure shown in Figure 6-17(a) was used as a damage
detection test-bed structure. The structure was composed of aluminium columns and plates
assembled using bolted joints, which slided on rails that allow movement in the x-direction
only. At each floor, four aluminium columns (17.7 × 2.5 × 0.6 cm) were connected to the
top and bottom aluminium plates (30.5 × 30.5 × 2.5 cm) forming a four-DOF system.
Additionally, a center column was suspended from the top floor. This column was used as
a source of damage that induces nonlinear behaviour when it contacted a bumper mounted
on the next floor, as shown in Figure 6-17(b). The position of the bumper could be adjusted
to vary the extent of impacting that occurs during a particular excitation level. However,
the scenarios with such nonlinear damages are not considered in this study.

(a) Three-story building structure and shaker

(b) The adjustable bumper and the
suspended column

Figure 6-17 Test model setup [139]
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6.4.2 Data acquisition
The schematic diagram of the test model and the detailed dimensions are presented in
Figure 6-18. An electrodynamic shaker was employed to generate lateral excitation to the
base floor along the center line of the structure. The structure and shaker were mounted
together on an aluminium base plate (76.2 × 30.5 × 2.5 cm), and the entire system rested
on rigid foam. The foam was intended to minimize extraneous sources of unmeasured
excitation introduced through the base of the system.

(b) side view

(a) vertical view

(d) added mass

(c) plan view

Figure 6-18 Schematic diagram and dimensions of the test structure (all in cm) [139]

A load cell was attached at the end of a stinger to measure the input force from the shaker
to the structure. Four accelerometers were attached at the center line of each floor on the
167

opposite side from the excitation source to measure the system’s response in x-direction.
The location and characteristics of the five sensor channels (Channels 1~Channel 5) used
in these tests can be found in Figure 6-18. Since the damage detection method developed in
this research is an output only method, only the signals recorded in Channels 2~ Channel 5
are used.
The sensor signals were discretized with 8,192 data points sampled at 3.125 ms intervals
corresponding to a sampling frequency of 320 Hz. These sampling parameters yielded time
histories of 25.6s in duration. A band-limited random excitation in the range of 20~150 Hz
is chosen to excite the structure, also to avoid the rigid body modes of the structure that are
below 20 Hz.
6.4.3 Measured data
A total of 9 scenarios including the intact state as presented in Table 6-3 are studied. The
detailed state conditions are provided in Table 6-3. For example, the state condition
labelled “state4” is described as “87.5% stiffness reduction in column 1BD” which means
there is an 87.5% stiffness reduction in the column located between the base and the first
floor at the intersection of plane B and D as defined in Figure 6-18.
The structural state conditions and acceleration data used in the present study can be
classified into two main groups. The first group is the baseline condition. The baseline
condition is the reference structural state and is labelled as state1 in Table 6-3. The bumper
and the suspended column were included in the baseline condition, but the spacing
between the bumper and the column was maintained in such a way that there were no
impacts during the excitation. The second group includes the states when the mass and
column stiffness are changed. Tests were performed with different mass and stiffness
conditions (state2~state9) to simulate the operational and environmental condition changes.
The mass change, m, consisted of 1.2 kg (approximately 19% of the total mass of each
floor) being added to the first floor and to the base as shown in Figure 6-18(d). The
stiffness change was introduced by reducing one or more columns’ stiffness by 87.5%.
This process was done by replacing the corresponding column with another one with half
the cross-section thickness in the direction of shaking. For each state condition, ten tests
were performed in order to take into account the variability in the data.
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Table 6-3 Damage states
State

Condition description

state1

Undamaged Baseline condition

state2

Undamaged Mass = 1.2 kg at the base

state3

Undamaged Mass = 1.2 kg on the 1st floor

state4

87.5% stiffness reduction in column 1BD

state5

87.5% stiffness reduction in column 1AD and 1BD

state6

87.5% stiffness reduction in column 2BD

state7

87.5% stiffness reduction in column 2AD and 2BD

state8

Undamaged 87.5% stiffness reduction in column 3BD

state9

87.5% stiffness reduction in column 3AD and 3BD

6.4.4 Results and discussions
Since the first mode is a rigid body mode, it is not considered in the following analysis for
convenience. The next three natural modes of the baseline condition identified from the
experimental data using RFPF are presented in Figure 6-19 for reference.
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Figure 6-19 Mode shapes and natural frequencies of the baseline condition
Taking the acceleration response data measured at the top floor of the baseline state for
example, its time history and FFT spectrum are presented in Figure 6-20. At first, both the
traditional HHT method and the improved HHT method are used to analyse this signal
with the obtained Hilbert spectrums shown in Figure 6-21, respectively. As shown, the
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traditional HHT cannot identify the third mode. Moreover, the other two identified modes
are subjected to serious fluctuations along the time period. In contrast, the improved HHT
method is able to identify all the three modes. The fluctuation in each mode is also
significantly decreased. Therefore, the improved HHT method is demonstrated to be more
applicable to analyzing the real measured structural vibration response so it is used in the

A c c eleration (m /s 2 )

following structural damage detection analysis.

(a)
2
0
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Figure 6-20 Acceleration response data in Channel 5 of the baseline condition:
(a) time-history; (b) FFT spectrum

(a)

(b)

Figure 6-21 Hilbert spectrum obtained using: (a) traditional HHT method;
(b) the improved HHT method
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Based on the modal parameter identification scheme of the improved HHT method
presented in section 4.2.4, the natural frequencies of the frame model in various states are
identified through analyzing the acceleration response data in Channel 5 in different states
as listed in Table 6-4, which serves as a reference for the following analysis.
Table 6-4 Identified natural frequencies
Natural frequencies (Hz)
Damage state

1

2

3

4

5

6

7

8

9

2nd mode

30.68 30.44 30.30 30.55 30.10 30.22 28.37 30.32 29.64

3rd mode

54.22 53.63 53.58 51.51 46.96 54.01 54.07 50.78 47.43

4th mode

70.81 71.12 68.62 69.99 68.97 66.58 61.85 69.97 68.68

6.4.4.1 Damage existence detection
As is illustrated in section 6.3.2, the first IMF obtained using the improved HHT method
corresponds to the dominant vibration mode of a structural response and is also the most
reliable one for monitoring the structural conditions. Following the same analysis
procedure used in section 6.3.2, the acceleration data recorded in channel 5 of the first
three states are analysed first. The first IMF identified from each data corresponds to the
second natural mode. Figure 6-22 gives the IF and IP of the obtained IMFs, respectively.
As a matter of fact, in this test, adding mass at different locations of the baseline structure
only causes minor change of the natural frequencies. As shown in Figure 6-22(a), the small
change is very hard to be confidently identified from the IF which is subjected to
significant fluctuation. However, from the IP plot given in Figure 6-22(b), it is indicated
that the slope of the IP-t plot in state2 and state3 is lower than that in the baseline condition,
which agrees with the fact that adding mass to a structure tends to result in a decrease in
natural frequencies. However, it is also noticeable that the difference between the IP plot in
state2 and state3 is rather small, so a partial enlarged detail plot is provided for clear
illustration, from which, it can be found that the change caused by adding mass at the base
is slightly more than that at the first floor. Therefore, the capability of IP for minor damage
identification is demonstrated.
Similarly, the IP of the first IMF obtained through the acceleration response collected in
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channel 5 in state1, state3, state4 and state5 are presented in Figure 6-23. The first IMFs in
these states all correspond to the second vibration mode. As shown, the slope of the IP plot
in each state is indicated as state1>state3>state4>state5, accordingly, the damage severity
in these three states can be estimated as state5>state4>state3> state1, which agrees with the
real situation. Again, these observations demonstrate that the slope of IP decreases when
damage occurs and the reduction level increases with the damage severity.
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Figure 6-22 Instantaneous characteristics of the first IMF: (a) IF; (b) IP (state1~state3)
9000
state1
state3
state4
state5

Ins tantaneous phase

8000
7000
6000
5000
4000
3000
2000
1000
0

0

5

10
15
Time (s)

20

25

Figure 6-23 IP of the first IMF (state1, state3, state4 and state5)
6.4.4.2 Damage location detection
The damage localization scheme illustrated in the above numerical study is employed here.
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At first, state1, state2 and state3 are analysed. From the FFT spectrum shown in Figure 620(b), the frequency sub-domain (20Hz, 40Hz), (40Hz, 65Hz) and (65Hz, 80Hz) are
defined for band pass filtering the original signal into three sub-signals. Then following the
analysis procedure illustrated in section 6.3.3, in each state, the Hilbert marginal spectrums
of the acceleration responses sampled in Channel 2 to Channel 5 are calculated as
presented in Figure 6-24. As shown, Hilbert marginal spectrum of the acceleration
response recorded at a certain location exhibits similar vibration pattern under different
damaged conditions. In specific, in each state, the most dominant vibration mode of the
acceleration response signal in Channel 2 to Channel 5 is mode 2, mode 3, mode 3 and
mode 2 of the structure, respectively. Then, following the same analysis procedure
described in section 6.3.3, in each state, from the Hilbert marginal spectrum, the frequency
sub-domain corresponding to the dominant modes are respectively defined as (40Hz, 65Hz)
for mode 2 and (65Hz, 80Hz) for mode 3. From the acceleration measurement in each
channel in a certain state, state1 to state3, the characteristic value P corresponding to the
most dominant vibration mode within the defined frequency range is calculated according
to Eq. (6.4), respectively. Then, by using state1 as the baseline condition, the RP in state2
and state3 corresponding to each channel is obtained. Since four acceleration
measurements are used in each state, t0.95 ( n − 1) = t 0.95 (3) = 2.3534 is used for calculating
the threshold value. Finally, the DI values at each channel of state2 and state3 are derived
from Eq. (6.6), and presented in Figure 25. Similarly, the channel with distinctive DI value
is detected and denoted with arrow in the figure. Accordingly, the base in state2 and the
first floor in state3 are identified as the location where damage exists, which coincides with
the real positions where local change exists.
Similarly, the structural acceleration measurements in state4 and state5 which have
damages of different severities to the columns between the base and the 1st floor are
analysed, and the obtained marginal spectrum is shown in Figure 6-26. From the marginal
spectrum, it can be noticed that, in state4 and state5, the dominant mode in each channel is
mode 2 at channel 2, mode 3 at channel 3 and channel 4, and mode 2 in channel 5. Same
frequency domain as defined above is used for DI calculation. With the above obtained
reference characteristic values of state1, the DI values of state4 and state5 are calculated
and presented in Figure 6-27. The channels with DI values larger than zero are identified
and denoted with arrow. Based on the same theoretical analysis illustrated in section 6.3.3,
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the columns between channel 3 and channel 2 in these two states are identified as the
potential damage location, which agrees with the real situation as described in Table 6-3.
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Figure 6-24 Hilbert marginal spectrum (state1, state2 and state3)
state2
state3

0.01
DI

DI

0.06
0.04

0.005
0.02

0

0

2

3
4
Channel No.

5

2

(a)

3

4
5
Channel No.

(b)

Figure 6-25 DI values of: (a) state2 (b) state 3

174

School of Civil and Resource Engineering
The University of Western Australia

channel 2
3
2
1
0

state1

0

20

40

0

20

40

0

0

state4

state5

60

80

100

60

80

100

20

40 channel 5 60

80

100

20

40
60
Frequency (Hz)

80

100

channel 3

Marginal spectrum

20
10
0

channel 4

20
10
0
4
2
0

Figure 6-26 Hilbert marginal spectrum (state1, state4 and state5)
state5

state4
DI

DI

0.06

0.04
0.03
0.02
0.01
0

0.04
0.02
0
2

2

3

4
Channel No.

5

3

4
5
Channel No.

(b)

(a)
Figure 6-27 DI values: (a) state4; (b) state5

Thereafter, state6 and state7 which have 87.5% stiffness reduction respectively to one
column and two columns within the second storey are analysed following the same
procedure. The obtained Hilbert marginal spectrum is presented in Figure 6-28. Different
from the previous cases, the frequency range for mode 3 is defined as (55Hz, 75Hz). The
calculated DI values are presented in Figure 6-29. Likewise, channel 4 in these two states
is identified and the damage is located within the second storey, which is also the real
damaged storey.
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At last, state8 having 87.5% stiffness reduction of one column at the top floor and state9
having 87.5% stiffness reduction of two columns at the top floor are analysed, the gained
Hilbert marginal spectrum and the DI values are shown in Figure 6-30 and Figure 6-31,
respectively. As is shown in Figure 6-31, channel 5 has a prominent DI value that leads to
the determination of damage in the top floor columns. These observations demonstrate the
experimental verifications of the damage localization method developed based on Hilbert
marginal spectrum.
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6.4.4.3 Damage severity estimation
With the potential damage locations identified, the following task for damage identification
would be estimating the damage severities. Based on the illustrations presented in section
6.3.4, the acceleration measurements in the above detected channels are analysed for
assessing the damage extent. For example, the acceleration signals sampled in channel 3, in
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state4 and state5, are analyzed using the improved HHT method. The obtained first IMF
corresponds to mode 2, and its corresponding IP and IF are presented in Figure 6-32. As
shown, the slope of IP-t plot corresponding to both damaged states is lower than that of the
intact state, and it is even lower for state5 which has more serious damage. Meanwhile, IF
of these two states is also generally lower than that of the intact state, and the IF in state5 is
lower than that of the state4. Therefore, the damage in state5 can be concluded as more
serious than that in state4. As a result, the severity of the damage within this floor is
qualitatively estimated. Similarly, the acceleration data in Channel 4 in state1, state6 and
state7 are analysed with the obtained IP and IF presented in Figure 6-33. It can be
concluded that the damage in state7 is more serious than that in state6. In state8 and state9,
the acceleration response monitored at channel 5 is analyzed. From the obtained IP and IF
presented in Figure 6-34, state9 is estimated having more serious damage than state8.
These results are consistent with the real damage severities. Therefore the proposed
method can qualitatively identify the damage severity. It needs to be mentioned that, the IP
and IF used for estimating damage severity are all functions of time, as a result, they are
able to provide instantaneous damage indication and are therefore applicable to the real
time condition assessment of structures under operating conditions.
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6.5 CONCLUSIONS
A multi-stage damage detection scheme that comprises the detection of damage occurrence,
damage existence, damage location and the estimation of damage severity is developed
based on the improved HHT method proposed in this thesis. In specific, through analysing
structural dynamic response time series using the improved HHT method, the obtained IF
is demonstrated capable of detecting the damage occurrence time instant, the IP
179

corresponding to the first IMF is sensitive to minor damage and is able to provide reliable
damage indication. The damage indicator defined based on Hilbert marginal spectrum is
proved effective in locating the damaged area in a structure. Furthermore, once the damage
location is detected, the damage severity progress can be better estimated through
analysing the structural dynamic response monitored at the same location. The approach is
proved sensitive to structural damage and robust to noise contamination through both
numerical study and experimental verification. The proposed multi-stage damage detection
scheme accomplishes all the above detection functions automatically in one flow. The
analysis procedure is simple, time efficient and easy to implement with no need of
intermediate intervention, and the obtained variables are all functions of time, all these
advantages makes it is suitable for real time SHM of in-service structures.
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CHAPTER 7
CORRELATION-BASED ARMA MODEL METHOD FOR
STRUCTURAL SYSTEM IDENTIFICATION

7.1 INTRODUCTION
Modelling of time histories is common in many disciplines and has been used to study
various phenomena in many areas from the statistical analysis of economics data to the
system identification and damage detection of engineering structures. So far, extensive
literature can be found on this subject. An outstanding contribution is provided by Box et
al. [140], while for the researchers and engineers working on the vibration of engineering
structures, the book given by Pandit and Wu [141] and the book by Ljung [142] are
perhaps more useful as these publications focuses more on the system identification using
time series analysis method. A common feature of those works has been the use of the socalled auto-regressive moving average (ARMA) models for time series modelling. The
reason is the ability of these models to provide accurate estimate of modal parameters of a
structural system based on discretely sampled system output.
With the purpose of developing reliable and robust output-only civil structural system
identification technique, in this chapter, the link between the ARMA model and the
mathematical description of civil engineering structures is presented and the critical issues
involved in it are addressed in section 7.2. Accordingly, in section 7.3, a correlation-based
ARMA model method is developed as an output-only system identification tool. Then, the
applicability and improvements of the correlation-based ARMA model method in terms of
identifying civil engineering structural systems under various loading conditions is
intensively discussed through numerical simulation and experimental verification, which
are given in section 7.4 and section 7.5, respectively. Section 7.6 summarises the main
achievements of this chapter.
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7.2 ARMA MODEL PROBLEM
Time series analysis based on ARMA model is a very useful and powerful method used in
application such as prediction and control. In recent years, along with the further
theoretical development of this method, its application to the system identification and
damage detection of engineering structures within the field of mechanical engineering and
civil engineering is becoming more and more popular [143-146].
7.2.1 ARMA model
A general ARMA model which is commonly used in time series analysis is based on the
assumption that a signal can be modeled as the output of a system which is driven by
Gaussian white noise input. In such a model the present output is a linear combination of
past outputs and present and past inputs.
Generally, we assume the time series of the stochastic signal is collected with the same
sampling interval h, and the system’s input and output at time t is denoted by u (t ) and
y (t ) , respectively. The most basic relationship between the input and output is the linear

difference equation:
a0 y (t ) + a1 y (t − 1) + ⋯ + a p y (t − p ) = b0u (t ) + b1u (t − 1) + ⋯ + bq u (t − q)

(7.1)

in which u (t − q ) is used as the abbreviation of u (t − q ⋅ h) to make the notations easier.
We have chosen to represent the system in discrete time, primarily because the observed
data are always collected by sampling. It is thus more straightforward to relate observed
data to discrete time models. In fact, Eq. (7.1) represents an ARMA model with p-order
autoregressive (AR) model and q-order moving average (MA) model. In which
a0 , a1 , ⋯ , a p are the AR model coefficients and b0 , b1 , ⋯ , bq are the MA model coefficients.
It is usually assumed that a0 = b0 = 1 .
A parametric and useful way to see Eq. (7.1) is to view it as a way of determining the next
output value given previous observations:
y (t ) = − a1 y (t − 1) − ⋯ − a p y (t − p ) + u (t ) + b1u (t − 1) + ⋯ + bq u (t − q)
For more compact notation we introduce the vectors:

182

(7.2)

School of Civil and Resource Engineering
The University of Western Australia

θ = [1 a1 ⋯ a p 1 b1 ⋯bq ]T

(7.3)

ϕ (t ) = [− y (t − 1) ⋯ − y (t − p ) u (t ) ⋯ u (t − q)]T

(7.4)

With these, Eq. (7.2) can be written as
y (t ) = ϕ (t )T θ

(7.5)

Accordingly, it can be found that the calculation of y (t ) in Eq. (7.2) depends on the
parameters in θ so it can also be written as

yˆ (t θ ) = ϕ T (t )θ

(7.6)

Usually, for a given system, the value of the parameters in θ is unknown. Only the inputs
and outputs over a time interval 1 ≤ t ≤ N are reordered:
Z N = {u (1), y (1), ⋯ , u ( N ), y ( N )}

(7.7)

An obvious approach is then to select θ in Eq. (7.3) through Eq. (7.5) so as to fit the
calculated values yˆ (t θ ) as well as possible to the measured outputs. Least squares is
perhaps the most commonly used estimation method [94], i.e.,

min VN (θ , Z N )

(7.8)

θ

where
1
VN (θ , Z ) =
N
N

2

N

1
( y ( N ) − yˆ (t θ )) =
∑
N
t =1

2

N

∑ ( y( N ) − ϕ

T

(t )θ )

(7.9)

t =1

By denoting the value of θ that minimizes Eq. (7.9) by θˆN :

θˆN = arg min VN (θ , Z N )

(7.10)

θ

(“ arg min ” means minimizing the argument, i.e., that values of θ which minimized VN . )
Since VN is quadratic in θ , we can find the minimum value easily by setting the derivative
to zero:

0=

d
2
VN (θ , Z N ) =
dθ
N

N

∑ ϕ (t )( y (t ) − ϕ
t =1
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T

(t )θ )

(7.11)

which gives
N

N

t =1

t =1

∑ ϕ (t )y (t ) = ∑ ϕ (t )ϕ T (t )θ

(7.12)

or

N

θˆ =  ∑ ϕ (t )ϕ T (t ) 
 t =1


−1 N

∑ ϕ (t )y (t )

(7.13)

t =1

Once the vector ϕ (t ) are defined, the solution can easily be found.
There are also two special cases of Eq. (7.2) which are useful: the AR model and the MA
model.
In Eq. (7.2), when the model coefficient bi = 0 (i = 1, ⋯ , q ) , the ARMA model turns into a

p-order AR model:
p

y (t ) = ∑ ai y (t − i ) + u (t )

(7.14)

i =1

In contrast, in Eq. (7.2), when the model coefficient ai = 0 (i = 1,⋯ , p ) , the ARMA model
turns into a q-order MA model:
q

y (t ) = ∑ bi u (t − i )

(7.15)

i=0

By introducing Z-transform, Eq. (7.2) can also be expressed as

A( z )Y ( z ) = B ( z )U ( z )

(7.16)

where
p

A( z ) = ∑ Ai z − i
i =0

(7.17)

q

B( z ) = ∑ B j z − j
j =0

And z −1 is the unit delay operator.
Therefore, the ARMA(p, q) model can be written as
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Y (z) =

B( z )
U ( z ) = H ( z )U ( z )
A( z )

(7.18)

As a matter of fact, it describes a system which transfer function is H ( z ) .
By introducing factorization, we can get
p

A( z ) = (1 − λ1 z )(1 − λ2 z ) ⋯ (1 − λn z ) = ∏ (1 − λi z )
i =1
q

(7.19)

B ( z ) = (1 − η1 z )(1 − η2 z ) ⋯ (1 − ηm z ) = ∏ (1 − η j z )
j =1

in which λi and η j are the eigenvalues of the AR model and MA model, respectively.
Meanwhile, λi is the poles of the transfer function, which represent the natural
characteristics of the system; and η j is the zeros of the transfer function, which describes
the relationship between the system and the outside environment. Therefore, the ARMA
model is also termed as pole-zero model, the AR model is the all-pole model and the MA
model is the all-zero model [147]. This chapter focuses on developing the output-only
system identification method that is applicable to analysing structural dynamic response
under ambient excitations, therefore, the effect of the extraneous environment on the
system output is out of the scope of this study.

7.2.2 Model order selection criteria
The derivation in the previous section is based on the assumption that the model order p
and q in ARMA model is known beforehand, however, the exact model order of a time
series is not automatically known in the application of ARMA method. While employing
the ARMA model method for system identification, the first step is to select the order of
computing model [94]. In the evaluation of the modal parameters with an exact-order
model, it is not possible to obtain all the modes if the measurement is corrupted with noise
[148]. To obtain all the modes with acceptable accuracy, a higher- order ARMA model is
required. However, it does not mean that the higher the model order is, the better the
algorithm accuracy will be. For the over modelling cases, the ARMA models with orders
greater than that is needed to model the modes of the systems are used to fit the data, more
pseudo modes than necessary will be inevitably generated. In order to reject those spurious
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modes, a principle of selecting real modes needs to be defined and employed as well.
Consequently, the workload will be increased and the time efficiency will be decreased as
well. Therefore, defining appropriate model order to build a parsimonious ARMA model is
a critical issue for the ARMA model based methods. Such considerations have led to the
development of various types of model order selection criteria.
7.2.2.1 Identification by visual inspection of ACF and PACF
A classical method of model order selection as described by Box and Jenkins [140] is to
judge the appropriate model structure and order from the appearance of the plotted
autocorrelation function (ACF) and partial autocorrelation function (PACF). The ACF at
lag k measures the correlation of the series with itself lagged k steps. The PACF at lag k is
the autocorrelation at lag k after first removing autocorrelation with a AR(k-1) model. If
the AR(k-1) model effectively whiten the time series, the PACF at lag k will be zero. The
identification of ARMA models from the ACF and PACF plots is difficult and requires
much experience for all but the simplest models [140]. Therefore, this method is hard to be
widely promoted.
7.2.2.2 Automated identification criteria
A different way of identifying ARMA model is by trial and error and use of a goodness-offit statistics. In this approach, a suite of candidate models are fit and goodness-of-fit
statistics are computed that penalizes appropriately for excessive complexity. Goodness of
fit might be expected to be measured by some functions of the variance of the model
residues: the fit improves as the residuals become smaller. Another factor that must be
considered, however, is the number of estimated parameters m = p + q because by
including enough parameters we can improve a model to fit any data set perfectly.
Measures of goodness of fit must therefore compensate for the artificial improvement in fit
that comes from increasing complexity of model structure. σ 2 is the variance of model
residues, N is the length of the time series, the equations for some commonly used order
selection criteria are given below:
The JEW criterion presented by Jenkins and Watts is expressed as [149]:
JEW = σ 2 *( N − m) / ( N − 2 * m − 1)

186

(7.20)

School of Civil and Resource Engineering
The University of Western Australia

The FPE (Final Prediction Error) criterion is given by [150]:
FPE =

1+ m / N 2
σ
1− m / N

(7.21)

The AIC (Akaike Information Criterion) is another widely used criterion which is given by
[151]:

  2m  
AIC = ln σ 2 1 +

N  
 

(7.22)

The BIC (Bayesian Akaike Information Criterion) proposed by Schwarz [151] is expressed
as:
BIC = N ln σ 2 + m ln N

(7.23)

Parzen also proposed the criterion autoregressive transfer function (CAT) [152] :

1
CAT = 
N


m

∑
j =1

N− j 1
−
σ 2j  σ m2

(7.24)

where σ m2 is the intermediate variance of morel residual for j=1 to j=m.
Thereafter, many new criteria were proposed, such as Marple’s Minimal Description
length Criterion (MDL) expressed as [153]:
  m +1 

MDL = σ 2 1 + 
 ln( N ) 
  N 


(7.25)

Schwartz's Bayesian Criterion (SBC) given by [154]:
SBC = N ln(σ 2 ) + m ln( N )

(7.26)

Phi criterion (PHI) introduced by Hannan in 1980 as [155]:
PHI = N ln(σ 2 ) + 2 ln(ln( N )) * m

(7.27)

In each of the above criterion, the value of model order m is finally decided when it gives
the minimum of the criterion. All the above criteria are designed to reduce the possibility
of underfit at the cost of overfit. In this study, the minimal order calculated through the
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above criteria is defined as the optimal AR model order.

7.3 CORRELATION-BASED ARMA MODEL METHOD FOR STRUCTURAL
SYSTEM IDENTIFICATION
As is illustrated in Chapter 4, the motion equation of a n-DOF structural system can be
expressed as:
MXɺɺ (t ) + CXɺ (t ) + KX (t ) = F (t )

(7.28)

in which X (t ) = [ x1 , x2 ,⋯ xn ]T is the n-displacement vector, Xɺ (t ) is the n-velocity vector
and Xɺɺ (t ) is the n-acceleration vector; F (t ) is the n-excitation vector; M, C and K are

n × n mass, damping and stiffness matrices, respectively.
ARMA model of (2n, 2n-1) order is usually used for structural system identification [94].
Therefore, by the application of the inverse z-transform, the system process expressed in
Eq. (7.28) can be described with an ARMA(2n, 2n-1) model as
x(k ) + a1 x(k − 1) + ⋯ a2 n x(k − 2n) = b1 f (k − 1) + b2 f (k − 2) + ⋯ b2 n f (k − 2n)

(7.29)

where x(k ) is the outputs generated by the driving load f (t ) , a1 ,⋯ a2 n are the AR
coefficients, b1 ,⋯ b2 n are the MA coefficients.
Considering that the sampled output is inevitably contaminated with noise, the real
structural response xɶk is assumed to be corrupted by some pseudo white noise wk
characterized by its variance v* = σ 2 , so that the actual measured signal can be expressed
as:
xɶk = xk + wk

(7.30)

E ( wi w j ) = σ 2δ ij

(7.31)

Inserting Eq. (7.30) into Eq. (7.29), it has
xɶ(k ) − w(k ) = −a1xɶ(k −1) − a1w(k −1) − a2 xɶ(k − 2) − a2 w(k − 2)⋯ − a2n xɶ(k − 2n) − w(k − 2n)
+b 1 f (k −1) + b 2 f (k − 2) + ⋯b 2n f (k − 2n)

By reorganizing the terms designating the real value and the experimental noise
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xɶ (k ) = −a1 xɶ (k − 1) − a2 xɶ (k − 2) − ⋯ a2 n xɶ (k − 2n) + b 1 f (k − 1) + ⋯b 2n f (k − 2n) + ξ (k )

(7.33)

ξ (k ) = w(k ) + a1w(k − 1) + ⋯ a2 n w(k − 2n)

(7.34)

It is obvious that the estimate of parameters will be biased due to the disturbance of noise,
which is denoted by ξ (k ) .
The auto-correlation function of the actual measurements xɶ (k ) is obtained as:
Rk = E[ xɶ (k ) xɶ (k + τ )] = E[( x(k ) + w(k ))( x(k + τ ) + w(k + τ ))]

(7.35)

Since the dynamic response and the white noise are independent of each other, Eq. (7.35)
can be simplified into
Rk = E[ x ( k ) x ( k + τ )] + E[ w( k ) w( k + τ )] = E[ x( k ) x( k + τ )] + σ 2δ k ( k +τ )

(7.36)

As a result, the noise pollution contained in the signal is reduced to a δ function which has
no influence on building up ARMA model from the auto-correlation function time series.
Alternatively, Eq. (7.29) can also be written as
2n

2n

k =0

k =1

∑ ak xt −k = ∑ bk ft −k

(7.37)

in which the structural response xt can be expressed as
∞

xt = ∑ hi ft −i

(7.38)

i =0

where hi is the impulse response function.
Accordingly, the auto-correlation of the structural response can be written as
∞

∞

Rτ = E ( xt xt +τ ) = ∑∑ hi hk E[ f t −i f t +τ − k ]

(7.39)

i =0 k =0

With the assumption that the system is excited by Gaussian white noise input, i.e.,

 σ 2 (k =τ +i)
E[ f t −i ft +τ − k ] = 
0 (k ≠ τ +i)

189

(7.40)

σ 2 is the variance of white noise.
The autocorrelation function expressed in Eq. (7.39) is given as
∞

Rτ = E ( xt xt +τ ) = σ 2 ∑ hi hi +τ

(7.41)

i =0

For a linear system, the impulse response function is the system output driven by an impact
signal δ t , this process can be described with an ARMA model as
2n

2n

k =0

k =1

∑ ak ht −k = ∑ bkδ t −k =bt

(7.42)

If take the auto-correlation of the structural response as a substitute of input for building up
ARMA model, from Eq. (7.41) and Eq. (7.42), we can get
2n

2n

∞

∞

2n

∞

k =0

k =0

i =0

i=0

k =0

i =0

∑ ak Rl −k = ∑ akσ 2 ∑ hi hi+l-k =σ 2 ∑ hi ∑ ak hi+l-k =σ 2 ∑ hibi+l

(7.43)

where l is the length of the time series.
From Eq. (7.29), it is shown that bk =0 when k >2n . Therefore, it is obvious that for the
time series with l >2n , Eq. (7.43) is
2n

∑a R
k =0

k

l −k

=0

(7.44)

Therefore, we can find that the ARMA model built by taking the autocorrelation function
of the structural response as a substitute of input is simplified into an AR model. As has
been introduced in section 7.2.1, the AR model represents the natural characteristics of a
system. On these grounds, it can be concluded that taking the auto-correlation function of
the structural response as a substitute for building up ARMA model can, on the one hand,
overcome the estimate bias caused by noise, and on the other hand, simplify the ARMA
model into AR model which is easier for identifying structural modal parameters.
According to Eq. (7.18), by introducing z transform, Eq. (7.29) can be expressed as

x (k ) =

B( z −1 )
f (k ) = H ( z ) f (k )
A( z −1 )
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2n

∑b z

−k

k

H ( z) =

k =1
2n

(7.46)

∑a z

−k

k

k =0

The stability condition of the model requires that the modulus of the solutions in A( z −1 ) is
lower than 1. H ( z ) is the transfer function of the ARMA model, on the modal base, it can
also be represented as follows
n

{ϕ p }{ϕ p }T

p =1

1 − z −1 z p

H ( z ) = ∑ (λ p × e p ×

+ λp × ep ×
∗

∗

{ϕ p*}{ϕ p*}T
1 − z −1 z p*

)

(7.47)

where λ p and {ϕ p } are the eigenvalues and eigenvectors of matrix [ A] , e p = ( z p − 1) / λ p
and the asterisk * designates the conjugate.
The solutions of the polynomial with AR coefficients represent the poles of the transfer
function, which can be obtained by calculating the roots of the denominator polynomial as
2n

∑a z
k =0

k

−k

= 1 + a1 z −1 + a2 z −2 + ⋯ a2 n z −2 n = 0

(7.48)

or expressed as follows

z 2 n + a1 z 2 n −1 + a2 z 2 n − 2 + ⋯ a2 n = 0

(7.49)

and the roots are expressed for p = 1, 2,⋯, 2n as

zp = e

λ pT

(7.50)

where T is the sampling period.
The rth eigenvalue is written as

λr = −ξrωr + jωr 1 − ξr 2
where j = −1 , ωr is the natural frequency and ξ r is the damping ratio.
Then, the natural frequency and the damping ratio can be obtained by
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(7.51)

Rr = ln zr = λ pT
wr =

ξr =

Rr

(7.52)
(7.53)

T

1
Im( Rr ) 2
1+ (
)
Re( RR )

(7.54)

On these grounds, the feasibility and improvements of taking the auto-correlation function
of structural response as a substitute of input for establishing ARMA model is proved
through theoretical derivation. The relationship between AR model coefficients and
structural modal parameters is also presented, which is in fact the theoretical basis of
performing structural system identification using this correlation-based ARMA model
method.

7.4 NUMERICAL STUDIES
To verify the validity and applicability of the above derived correlation-based ARMA
model method to the system identification of civil engineering structures, extensive
numerical study from many aspects, such as the identification of a MDOF system with
closely spaced natural modes, LTV system identification and system identification from
the forced structural response under various loading conditions is performed in this part.
7.4.1 Multi-sinusoidal wave
In this case, a multi-sinusoidal signal with ten frequency components which are very close
to each other is simulated to study the effectiveness of ARMA method in processing
complex signals.
The multi-sinusoidal signal is simulated by:
10

x(t ) = ∑ Ai sin(2π fi × t )

(7.55)

i =1

in which A i =[1.0, 1.2, 2, 2.5, 3, 3.5, 4, 4.5, 5, 5.5] and f i =[0.28Hz, 0.5 Hz, 0.7 Hz, 1.0 Hz,
1.4 Hz, 1.65 Hz,1.9 Hz, 2.25 Hz, 2.7 Hz, 3.25 Hz], respectively. The signal is simulated for
20s with a sampling frequency of 100Hz as shown in Figure 7-1. Noise effect is also
studied in this chapter with noise level of 10% and 20% considered, and the corresponding
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signals are presented in Figure 7-1 as well.
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Figure 7-1 Multi-sinusoidal signals at various noise levels
The automated ARMA model order selection criteria introduced in section 7.2.2.2 are
employed, in which, the minimal order calculated through those criteria is determined as
the optimal model order. Given the obtained model order, an ARMA model can be built
through modelling the signal based on the least-squares method introduced in section 7.2.1.
Taking x(t ) without noise contamination for example, a model order of 15 is firstly
decided, then, an ARMA(30, 29) model is built. As introduced above, the obtained ARMA
model is in fact a description of the system process. As shown in Eq. (7.1), once an ARMA
model corresponding to a certain system process is established, a system output response
can be predicted or fitted based on this model. Therefore, the difference between the fitted
signal and the real signal embodies the accuracy of the built ARMA model. In this case,
the fitted signal and the real signal are presented in Figure 7-2. It is clearly indicated that
the fitted signal agrees well with the real signal, in other words, the established ARMA
model is of satisfactory accuracy in terms of modelling the system process.
Then, an ARMA model of the same order is used to model x(t ) with 10% noise pollution.
The original signal and the signal fitted with the obtained ARMA(30, 29) model are shown
in Figure 7-3. As shown, the error between the fitted value and the real value is significant,
indicating that the ARMA model of the same order is far from being accurate for
modelling the process polluted with noise and a higher-order model is perhaps feasible in
processing noisy signals. After going through the automated model order selection criteria,
the calculated optimal model order for this noisy signal increases to 28. Similarly, after
building up an ARMA(56,55) model based on this noisy signal, the obtained fitted signal is
shown in Figure 7-4. As is indicated, for this multi-sinusoidal wave signal, the noisy signal
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can also be well fitted but at a much higher computing cost which may increase
dramatically with the extent of noise contamination.
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Figure 7-2 Multi-sinusoidal signal: the fitted and the real signal ( N level = 0% )
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Figure 7-3 Fitted multi-sinusoidal signal ( N level = 10% )
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Figure 7-4 Multi-sinusoidal signal fitted with higher-order ARMA model ( N level = 10% )
In contrast, the correlation-based ARMA model method presented in section 7.3 is utilized
in processing the noisy signals with a level of 10% and 20% noise added, respectively. The
auto-correlation function of the noisy signal is firstly calculated and used as a substitute of
analysis object. Taking the x(t ) with 10% noise added for example, the auto-correlation
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function of the noisy signal is presented in Figure 7-5. The optimal model order for it is 11.
Therefore, an ARMA(22, 21) model is established, based on which, the fitted autocorrelation time series is obtained as shown in Figure 7-5. It is clearly indicated that the
fitted time series agrees well with the corresponding real values, however, the computing
cost is greatly reduced as only a much smaller-order ARMA model is used. Then, the
ARMA model of the same order is also used for modelling the auto-correlation function of
the signal with 20% added, similarly, the fitted time series together with the real values are
presented in Figure 7-6 which also indicates good agreement between the fitted signal and
the real signal. Therefore, it can be concluded that traditional ARMA model method is
susceptible to noise contamination, while the correlation-based ARMA model method is
robust and more economical as only much smaller order is needed for modelling the same
system process even if noise exists, moreover, the model order does not increase much
with the noise contamination severity.
Then, according to the relationship between the ARMA model coefficients and the
structural modal parameters derived from Eq. (7.48) to Eq. (7.54), the modal parameters,
i.e., natural frequencies in this case, are identified as presented in Table 7-1, in which the
maximum absolute relative error (ARE) between the true frequency values and the
identified frequencies at various noise levels are also provided. The results demonstrate
that the correlation-based ARMA model method allows to identify the frequency
components contained in a multi-sinusoidal signal with good accuracy and robustness.
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Figure 7-5 Auto-correlation function of the multi-sinusoidal signal ( N level = 10% )
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Figure 7-6 Auto-correlation function of the multi-sinusoidal signal ( N level = 20% )
Table 7-1 Natural frequencies of the multi-sinusoidal wave (Hz)
Identified value ( N level )

1

0.28

0.28

0.28

0.28

Maximum
ARE (%)
0.00

2

0.50

0.50

0.50

0.49

2.00

3

0.70

0.70

0.70

0.70

0.00

4

1.00

1.00

1.01

0.99

1.00

5

1.40

1.40

1.39

1.40

0.71

6

1.65

1.65

1.64

1.65

0.61

7

1.90

1.90

1.90

1.89

0.53

8

2.25

2.25

2.25

2.25

0.00

9

2.70

2.70

2.68

2.68

0.74

10

3.25

3.25

3.25

3.26

0.31

Mode True value

0%

10%

20%

7.4.2 Structural free-vibration response
7.4.2.1 Free-vibration response of a closely spaced 3-DOF system
With a purpose of verifying the reliability of the correlation-based ARMA method in
identifying structural system with closely spaced natural modes, the free-vibration
response of 3-DOF system with closely spaced natural modes, simulated in section 4.4.1, is
analysed here. The natural frequencies and damping ratios of the three modes are
respectively f1=1.15, f2=1.09, f3=2.11 and ζ 1 = ζ 2 = ζ 3 =0.01. The simulated signal and its
FFT spectrum have been given in Figure 4-1.
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At first, the signal without noise contamination is subjected to the model order selection
criteria, and the obtained optimal order is 3, then, an ARMA(6, 5) model is built based on
this signal. Given the built ARMA model, the fitted signal and the original signal are
presented in Figure 7-7. As shown, the fitted signal matches well with the real value.
However, when noise effect is considered, such as 10% noise is added, a very high-order
ARMA model is built from the noisy signal, the signal fitted based on this model and the
real signal are given in Figure 7-8. As shown, the fitting error is obvious in the segment
where noise contamination is significant, therefore, it is emphasized that again the ARMA
model method is applicable to modelling the noisy system process even if very high order
model is employed. Then, the correlation-based ARMA model method is employed. An
ARMA(6,5) model is built from the auto-correlation function time series of the same signal
and the finally fitted auto-correlation function together with the corresponding real value
are given in Figure 7-9 which shows good agreement between them. Same phenomenon is
found in analysing the signal with 20% noise added in the same way. Therefore, the
accuracy of the ARMA model is demonstrated.
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Figure 7-7 The signal fitted using ARMA model method ( N level = 0% )
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Figure 7-8 The signal fitted using ARMA model method ( N level = 10% )
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Figure 7-9 The signal fitted using correlation-based ARMA model method ( N level = 10% )
Thereafter, the modal parameters of the first three modes identified using this correlationbased ARMA model method from the signal under various noise levels are listed in Table
7-2. As is indicated, the natural frequencies are well identified and the maximum ARE
among all the identified natural frequency values is only 1%. However, similar to most of
the output-only system identification methods, the damping ratio values are only
reasonably identified while the generated ARE is up to 7%. Therefore, the feasibility and
robustness of the correlation-based ARMA model algorithm in terms of identifying closely
spaced natural modes, in particular with the identification of natural frequencies, is
demonstrated.
Table 7-2 Natural frequency and damping ratio
Natural frequency (Hz)

Damping ratio (%)

Identified value
Noise level (%)
0
10
20

Identified value

Mode

True
value

Max
ARE (%)

True
value

1

1.09

1.09

1.09

1.08

1.00

2

1.15

1.15

1.16

1.15

3

2.11

2.11

2.11

2.11

Noise level (%)
0

10

20

Max
ARE (%)

1

1.00

1.04

1.03

4.00

0.87

1

1.00

1.05

1.07

7.00

0.00

1

1.00

1.02

1.05

5.00

7.4.2.2 Free vibration response of a 4DOF spring damping system
In this case, the free-vibration response of the four-storey shear-type frame model
introduced in section 4.4.2 is analysed. The horizontal acceleration response sampled at the
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first floor ɺɺ
x1 (t ) at various noise levels (0%, 10% and 20%) and the corresponding FFT
spectrum are presented in Figure 7-10. The natural frequencies of the first four modes in
the horizontal direction obtained from FEM modal analysis are 1.81Hz, 5.03Hz, 7.54Hz
and 9.36Hz.
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Figure 7-10 Acceleration response ɺɺ
x1 (t ) : (a) time history; (b) FFT spectrum
( N level = 0%, 10%, 20% )
Similarly, at first, traditional ARMA model method is used to analyse ɺɺ
x1 (t ) without noise.
The calculated optimal order is 5 for this signal. Therefore, ARMA(10,9) model is built,
based on which, the fitted signal and the real ɺɺ
x1 (t ) are presented in Figure 7-11. As shown,
the fitted signal matches perfectly with the real signal. However, when the same order
ARMA model is used for modeling ɺɺ
x1 (t ) with 10% noise pollution, the obtained fitted
signal is given in Figure 7-12, which shows significant difference between the fitted value
and the real value. Moreover, thorough a series of tentative analysis, it is found that such
difference cannot be eliminated merely by increasing the ARMA model order and the
inaccuracy in ARMA modeling causes significant error in further modal analysis. Then,
x1 (t ) with 10% and 20%
the correlation-based ARMA model method is used for analyzing ɺɺ
noise contamination, respectively. The calculated optimal model order for the two signals
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is 6 and ARMA(12,11) model is used for modeling the two signals. The modeling accuracy
can be learned from Figure 7-13 and Figure 7-14, respectively. The therefore identified
natural frequencies and damping ratios are presented in Table 7-3. As is indicated, the
natural frequencies are satisfactorily identified with a maximum ARE of

2.67% is

produced. However, the identification of damping ratio is subjected to significant error
with a maximum ARE of 22% is reached while the identified values are within a
reasonable range. Moreover, by comparing with the corresponding modal parameter
identification results obtained based on the improved HHT method, which are listed in
Table 4-4, the identified modal parameters obtained using both methods are found very
close, therefore, the reliability of both methods is verified.
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Figure 7-11 ɺɺ
x1 (t ) fitted using ARMA model method ( N level = 0% )
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Figure 7-12 ɺɺ
x1 (t ) fitted using ARMA model method ( N level = 10% )
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Figure 7-13 The fitted and the real auto-correlation function of ɺɺ
x1 (t ) ( N level = 10% )
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Figure 7-14 The fitted and the real auto-correlation function of ɺɺ
x1 (t ) ( N level = 20% )
Table 7-3 Natural frequency and damping ratio
Natural frequency (Hz)

Damping ratio (%)

Identified value

Identified value

Noise level (%)

Noise level (%)

Mode

True
value

0

10

20

Max
ARE (%)

True
value

0

10

20

Max
ARE (%)

1

1.81

1.80

1.81

1.81

0.55

1

1.03

1.12

1.20

20

2

5.03

4.99

4.99

4.99

0.80

1

0.98

1.12

1.22

22

3

7.54

7.44

7.40

7.41

1.9

1

1.13

1.11

1.12

13

4

9.36

9.11

9.18

9.17

2.67

1

1.13

1.09

1.14

14
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From the above analysis, it can be concluded that traditional ARMA model method is able
to provide satisfactory system identification results from the structural free vibration
response which is the easiest vibration pattern to analyse. However, this method is found
very susceptible to noise interference in the signal and is not able to provide satisfactory
system modeling from noisy signal even if very high-order ARMA model is used. In
contrast, the correlation-based ARMA model method developed in this chapter is more
economical and robust as only much smaller model order is needed and the optimal model
order does not increase much with the noise levels. Also, this method is demonstrated able
to provide reliable and robust identification of structural modal parameters, especially the
natural frequencies. As a result, the correlation-based ARMA model method is more
applicable to practical use.
7.4.2.3 Free vibration response of a SDOF system with frequency shift
In order to investigate the applicability of the correlation-based ARMA method to the
identification of time-varying system process, the free vibration response of a SDOF
system with sudden damage occurrence simulated in section 2.3.2 is analysed here. For the
undamaged system, the original natural frequency is 1.16Hz and the damping ratio is 0.05.
It is assumed that the sudden damage at 10s instant results in 10% stiffness decrease and an
abrupt increase of the vibrating amplitude, the stiffness reduction is simulated by a sudden
shift of frequency at 10s from 1.16Hz to 1.10Hz.
Based on the analysis procedure illustrated above, both the traditional ARMA model
method and the correlation-based ARMA model method are applied to analysing this
signal. Figure 7-15 gives the real signal and the signal fitted with ARMA model. Figure 716 presents the fitted and the real value of the auto-correlation function time series of the
signal. As shown, in Figure 7-15, significant error appears in the process after sudden
change, also, in Figure 7-16, obvious difference between the real and the fitted value is
generated around 10s instant when abrupt change happens. Therefore, it is indicated that
both of the two methods are not applicable to the identification of time-varying systems.
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Figure 7-15 Free vibration response of a SDOF with frequency shift: the real and
the fitted signal ( N level = 0% )
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Figure 7-16 The fitted and the real auto-correlation function of ɺɺ
x1 (t ) ( N level = 0% )
7.4.3 Structural forced-vibration response
In order to fully explore the applicability of the correlation-based ARMA model method as
an output-only structural system identification tool, the forced vibration response of the
four-storey frame structure presented in section 5.4.2 under various loading conditions is
simulated for analysis. In this section, only the acceleration response of the structure in the
intact state is studied. Similarly, the structural horizontal acceleration response under
harmonic excitations, seismic excitations and ambient excitations is analysed, respectively.
7.4.2 1 Dynamic response under harmonic excitation
In this case, same harmonic excitation as that is used in section 5.4.2.1 is applied
horizontally on the top floor of the undamaged frame structure. The horizontal structural
acceleration response is simulated for a duration of 20s for analysis. In this case, noise
levels of 10% and 20% are all considered. The horizontal acceleration response at the top
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floor, ɺɺ
x4 (t ) , is analyzed for modal parameter identification. The time histories and FFT
spectrums of ɺɺ
x4 (t ) at various noise levels are presented in Figure 7-17. As shown, in
Figure 7-17(b), the amplitude corresponding to the frequency component introduced from
the external harmonic excitation is much bigger than those of the structural modal
frequency components, meanwhile, in Figure 7-17(a), the harmonic vibration dominates
the time-history of ɺɺ
x4 (t ) .
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Figure 7-17 Acceleration response ɺɺ
x4 (t ) : (a) time history; (b) FFT spectrum
( N level = 0%, 10%, 20% )
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Figure 7-18 Acceleration response ɺɺ
x4 (t ) under harmonic excitation: the real
and the fitted value ( N level = 0% )
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Traditional ARMA method is firstly utilized to process the noise free ɺɺ
x4 (t ) , and the
calculated optimal model order is 5. Accordingly, an ARMA(10, 9) model is built through
modeling this signal. The real and the fitted signal are presented in Figure 7-18. As shown,
the fitted signal is far different from the real one. In addition, the first three identified
natural frequencies are 3.79Hz, 6.37Hz and 9.76Hz, while the first mode natural frequency
is missed. Such problem is more evident when noise effect is considered. Therefore, it is
indicated that the traditional ARMA method is not applicable to processing the structural
response under harmonic excitation.
x4 (t ) with
Then, the correlation-based ARMA model method is employed for analysing ɺɺ
10% and 20% noise pollution, respectively. The auto-correlation function of the noisy
signal is used as a substitute of analysis object. The obtained optimal model order
corresponding to the two noisy signals is 10. As a result, the ARMA(20,19) model are
respectively established through modeling the auto-correlation function time series. With
the established model, the fitted and the real auto-correlation function are presented in
Figure 7-19 and Figure 7-20, respectively. As shown, in both cases, the fitted value
matches well with the real value. Accordingly, the improvement of the correlation-based
ARMA model method over the traditional ARMA method is demonstrated. Moreover, the
natural frequencies and the damping ratios identified using this method are listed in Table
7-4. As shown, the natural frequencies are well identified with a maximum ARE of 1.72%,
however, the identification of damping ratios is less reliable with the maximum ARE
reaches 82% although the identified damping ratio values are still within the reasonable
range of structural damping. The underlined row in the table are the identified values
corresponding to the harmonic component introduced from excitations, they are
distinguished out because their corresponding damping ratio values are beyond the
reasonable range. As a result, the correlation-based ARMA method, as an output-only
system identification tool, is demonstrated well capable of identifying the structural natural
frequencies and distinguishing the frequency components introduced from extraneous
excitations through merely analyzing the structural harmonic vibration response.
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Figure 7-19 The real and fitted auto-correlation function of ɺɺ
x4 (t ) under harmonic
excitation ( N level = 10% )
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x4 (t ) under harmonic
Figure 7-20 The real and fitted auto-correlation function of ɺɺ
excitation ( N level = 20% )
Table 7-4 Natural frequency and damping ratio
Natural frequency (Hz)

Damping ratio (%)

Identified results

Identified results

Noise level (%)
True
Mode
value

0

10

20

Noise level (%)
True
Max
ARE(%) value

0

10

20

Max
ARE(%)

1

0.58

0.58 0.59 0.57

1.72

1

1.03

1.40

1.20

40

2

3.62

3.63 3.63 3.64

0.56

1

0.98

1.07

1.22

22

3

9.85

9.76 9.76 9.87

0.91

1

1.82

1.72

1.61

82

6.37

6.37 6.37 6.36

0.16

1

2.50e-3

4.52e-3

4.95e-3
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7.4.2 2 Dynamic response under earthquake excitation
In this case, the seismic response of the frame structure in the intact state is simulated in
the same way as illustrated in section 5.4.2.2. The EI Centro 1940 earthquake wave in the
north-south (NS) direction shown in Figure 5-22 is employed as the horizontal earthquake
excitation. The horizontal acceleration response at the top floor, ɺɺ
x4 (t ) , under various noise
levels are obtained as presented in Figure 7-21.
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Figure 7-21 Seismic acceleration response ɺɺ
x4 (t ) : (a) time history;
(b) FFT spectrum ( N level = 0%, 10%, 20% )
x4 (t ) without noise contamination using traditional ARMA
Preliminary analysis of ɺɺ
method is performed, which indicates that the traditional ARMA method is not feasible in
processing structural seismic response. Then, the correlation-based ARMA model method
is applied to analysing the same signal. By taking the autocorrelation function of ɺɺ
x4 (t ) as
analysis input, the obtained optimal model order is 16. Therefore, ARMA(32,31) model is
established through modelling the input. The fitted auto-correlation function and the
corresponding real value are presented in Figure 7-22. As shown, the established ARMA
model is far from being accurate in light of the significant difference between the fitted
value and the real value. Moreover, tentative analysis of increasing the model order for
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modeling the structural seismic response is conducted. For example, the modeling results
obtained using ARMA(100, 99) is presented in Figure 7-23, which indicates that the
modeling error still cannot be fully eliminated even if very high-order ARMA model is
used. Therefore, for civil engineering structures subjected to earthquake excitations, the
correlation-based ARMA model method is demonstrated not feasible in performing
structural modal parameters identification merely based on the structural seismic response.
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Figure 7-22 The real and fitted auto-correlation function of structural seismic
response ɺɺ
x4 (t ) ( N level = 0% )
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Figure 7-23 Auto-correlation function of structural seismic response ɺɺ
x4 (t )
fitted with high-order ARMA model ( N level = 0% )
7.4.2 3 Dynamic response under random excitation
To further investigate the applicability of the correlation-based ARMA model method as
an output-only system identification technique, acceleration response of the same structure
in the intact state under ambient loading is simulated and studied in this case. The ambient
loading is simulated as a series of random forces applied to each floor. The obtained
acceleration response at the top floor with different extent of noise pollution is presented in
Figure 7-24. Similar to the previous case, in this case, preliminary analysis of noise free
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ɺɺ
x4 (t ) using traditional ARMA model method is performed and found that very high-order

ARMA model is required in processing the structural ambient response. However, it is
demonstrated that on the one hand, the noisy ambient response cannot be satisfactorily
processed even if very high-order ARMA model is employed, and on the other hand, the
high-order ARMA model generates many pseudo modal parameters which results in great
difficulties in distinguishing the real ones. In contrast, the correlation-based ARMA model
is found more economical as the obtained optimal orders of ɺɺ
x4 (t ) with 10% and 20% noise
added is only 14 and 16, respectively. Therefore, ARMA(28,27) and ARMA(32,31) are
respectively built based on the auto-correlation function of the two signals. The accuracy
of the established ARMA model is clearly indicated in Figure 7-25 and Figure 7-26,
respectively, in which, the fitted value fits very well with the corresponding real value.
Then, the thus identified natural frequency values and damping ratios are given in Table 75. The results demonstrate that the natural frequencies are exactly identified while the
damping ratio identification is unsatisfactory. Therefore, the correlation-based ARMA
method, as an output-only system identification tool, is demonstrated applicable and robust
in terms of identifying structural natural frequencies from structural ambient response.
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Figure 7-24 Ambient acceleration response ɺɺ
x4 (t ) : (a) time history; (b) FFT spectrum
( N level = 0%, 10%, 20% )
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Figure 7-25 The real and fitted auto-correlation function of ambient response ɺɺ
x4 (t )
( N level = 10% )
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Figure 7-26 The real and fitted auto-correlation function of ambient response ɺɺ
x4 (t )
( N level = 20% )
Table 7-5 Natural frequency and damping ratio
Natural frequency (Hz)

Damping ratio (%)

Identified results

Identified results

Noise level (%)
True
Mode value

0

10

20

Noise level (%)
True
Max ARE(%) value

0

10

20

Max
ARE(%)

1

0.58

0.58 0.58 0.58

0.00

1

1.07 1.24 1.37

37

2

3.62

3.62 3.63 3.62

0.28

1

1.71 1.19 1.52

71

3

9.85

9.74 9.74 9.78

1.12

1

2.30 1.72 1.61
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7.4.4 Summary
So far, the feasibility and applicability of traditional ARMA model method and the
correlation-based ARMA model method developed in this chapter as output-only system
identification techniques is intensively discussed through numerical examples. Both
methods are applied to the analysis of complex signal with multi close sinusoidal
components, the free-vibration response and the forced-vibration response of structures
under various types of excitations. The results demonstrate that the correlation-based
ARMA method is superior to the traditional ARMA method in the following aspects: 1)
the correlation-based ARMA model method is more economical as only much smallerorder ARMA model is required when analyzing the same signal; 2) the correlation-based
ARMA model method is robust to noisy signals, while traditional ARMA method is very
susceptible to noise disturbance and is not able to describe a system process when the
output response is contaminated with noise even if very high-order ARMA model is used.
The correlation-based ARMA model method is very effective in performing system
identification from structural free-vibration response and structural forced-vibration
response under harmonic excitations and ambient excitations. However, this method is also
indicated not applicable to identifying the system under seismic excitations if merely uses
the structural seismic response. In addition, it is also not suitable for performing timevarying system identification as an output-only system identification method. Similar to
other output-only system identification methods, this method provides reliable and robust
identification of natural frequencies but less satisfactory identification of damping ratio,
while the identified damping ratio values are all within reasonable range. The modal
parameters identified using this method and those obtained based on the improved HHT
method are also compared and found very close, therefore, the reliability of both methods
is numerically justified.

7.5 EXPERIMENTAL VERIFICATION
To verify the applicability of this correlation-based ARMA model method to in-situ use,
the impact test data of the scaled composite beam introduced in section 4.5 and of the
frame model under random excitations introduced in section 6.4 are analysed in this part.
7.5.1 Impact test data

211

Details about the dynamic test of the scaled steel-concrete composite beam model have
been presented in section 4.5. In this case, the impact test acceleration response of the
beam is analysed. Since one measurement rich in vibration information is enough for the
identification of natural frequencies and damping ratio, the acceleration signal sampled in
sensor 17 as denoted in Figure 4-22 is processed using the correlation-based ARMA mode
method. Figure 7-27 gives the time-history of the acceleration signal. The auto-correlation
function of the signal is calculated and taken for analysis. The calculated optimal ARMA
model order is 17 in this case. Therefore, an ARMA(34,33) model is built based on the
auto-correlation function time series. Given the established ARMA model, the fitted and
the real auto-correlation function are presented in Figure 7-28 which shows very good
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Figure 7-27 Acceleration signal measured in sensor 17
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Figure 7-28 The real and fitted auto-correlation function of the acceleration signal
measured in sensor 17
Similarly, the acceleration signal measured in the same sensor in various damage scenarios
listed in Table 4-7 are analysed. The identified natural frequencies and damping ratios are
listed in Table 7-6. Compared with the corresponding results obtained using the improved
HHT method presented in Table 4-7, the identified natural frequencies are only slightly
different with the maximum ARE less than 1%, however, the identification of damping
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ratio is inconsistent. Therefore, the effectiveness of this method for identifying structural
natural frequency from the impact test data is demonstrated. Moreover, the reliability of
this method and the improved HHT method as output-only system identification tools is
justified.
Table 7-6 Natural frequency and damping ratio

Case No.

Frequency(Hz)

Damping ratio (%)

Mode

Mode

Damage status
1

2

3

1

2

3

1

intact

10.59

33.20 53.64

2.54

3.05

1.65

2

remove link 1

10.57

33.17 53.50

2.46

2.67

3.01

3

remove link 4

10.54

32.66 53.47

0.95

1.69

2.62

4

remove link 1&4

10.52

32.61 53.41

1.68

3.01

0.99

5

remove link 1 & 2& 4&5

10.47

32.48 53.43

1.64

5.34

4.32

6

remove link 1～6

10.44

32.26 53.29

1.32

2.66

1.87

7.5.2 Ambient vibration test data
In this case, the test data of the three-storey frame model under random excitations
elaborated in section 6.4 is analysed using the correlation-based ARMA model method. At
first, acceleration response data sampled in Channel 5 of the baseline condition, which
time history and FFT spectrum are given in Figure 6-20, is processed for illustration.
Utilizing the correlation-based ARMA model method, the auto-correlation function of the
acceleration signal is calculated, based on which, the optimal model order is determined as
35. Then an ARMA(70,69) is established from modeling the auto-correlation function time
series. Given the obtained ARMA model, an auto-correlation function is fitted as shown in
Figure 7-29, it matches well with the corresponding real value. From this ARMA model,
the natural frequencies of the structure are identified as listed in Table 7-57. Likewise, the
natural frequencies of the structure in each state are obtained as listed in Table 7-57.
Compared with the results listed in Table 6-4, the maximum ARE between the
corresponding results in the two tables is less than 2%. Therefore, the effectiveness of this
method in identifying structural natural frequencies from structural ambient response is
verified. Based on the above analysis, the applicability of the correlation-based ARMA
model method to processing the real measured impact test data and ambient vibration data
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is demonstrated. The validity and reliability of the two methods developed in this thesis,
i.e., the correlation-based ARMA model method and the improved HHT method, as
output-only system identification techniques is justified.
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Figure 7-29 The real and fitted auto-correlation function of the acceleration response
data in Channel 5 of the baseline condition
Table 7-7 Natural frequency
Natural frequencies (Hz)
Damage state

1

2

3

4

5

6

7

8

9

2nd mode

30.68 30.44 30.30 30.55 30.10 30.22 28.37 30.32 29.71

3rd mode

54.22 53.63 53.58 51.51 46.96 54.01 54.07 50.78 47.01

4th mode

70.81 71.12 68.62 69.99 68.97 66.58 61.85 69.97 68.34

7.6 CONCLUSIONS
In this chapter, the link between the ARMA model and the mathematical description of
civil engineering structures and the critical issues involved in it are addressed. Accordingly,
a correlation-based ARMA model method is developed as an output-only system
identification technique. Then, the improvement and applicability of the correlation-based
ARMA model method is intensively studied through applications to analysing the
numerically simulated structural free-vibration response and structural forced vibration
response due to harmonic, seismic and random excitations. The results demonstrate that
this method is more economical, reliable and robust than traditional ARMA model method
in terms of output-only system identification. It is effective in processing structural free214
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vibration response and structural forced-vibration response under harmonic excitations and
ambient excitations, while it is not applicable to the system identification of structures
under seismic excitations if only the structural seismic response is used. In addition, it is
also not suitable for performing time-varying system identification. The applicability of
the correlation-based ARMA model method is verified through real measured impact test
data and random test data. Additionally, the modal parameter identification results
obtained using the correlation-based ARMA model method and the improved HHT method
are compared and found very close. Therefore, the validity and reliability of these two
output-only system identification methods developed in this thesis are justified. The
research in this chapter contributes to the development of reliable and robust output-only
civil structural system identification technique.
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CHAPTER 8
NON-MODEL BASED DAMAGE DETECTION USING
CORRELATION-BASED ARMA MODEL METHOD AND
APPLICATIONS TO OFFSHORE PIPELINES

8.1 INTRODUCTION
Considering that the subsea pipeline system is usually characterized with large length,
closely spaced natural modes and operates in harsh marine environment, the
implementation of the model-based damage detection methods is very challenging. In
contrast, no-model damage detection techniques accomplish damage identification through
directly analysing the online measured structural response signal with no need of
establishing numerical models or performing modal parameters identification, and the
implementation of this type of methods is simpler and faster.
Besides system identification, the ARMA estimation can also be used for time series
classification. Therefore, motivated by the above considerations, a no-model damage
detection scheme based on the correlation-based ARMA model method presented in the
previous chapter is developed in this chapter. Section 8.2 introduces the development of
vibration-based damage detection techniques in pipeline industry. Theoretical background
of the developed no-model damage detection scheme is presented in section 8.3. Details
about the FE modelling method of soil-pipe-fluid coupled offshore pipeline system,
method of simulating the subsea hydrodynamic forces to obtain the ambient vibration
response of subsea pipeline, and the pipeline damage detection from analysing the obtained
pipeline ambient vibration response are given in section 8.4. Then, the underwater dynamic
test of one scaled model of an offshore pipeline system with a SHM system installed on are
presented in section 8.5. Finally, section 8.6 gives the conclusions reached in this chapter.
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8.2 BACKGROUND
It has been commonly acknowledged that pipelines are the most efficient way of
transporting oil and gas products. With the booming offshore oil and gas industry,
thousands of kilometres of pipelines have been installed at various water depths and on all
sorts of soil conditions. The economy of the whole world is heavily dependent upon an
extensive network of pipelines to transmit the energy sources. Pipelines are susceptible to a
wide variety of damage and aging defects. Some of the most common causes of failure in
pipelines are corrosion, stress cracks, seam weld cracks, material flaws, and externally
induced damage by excavation equipment, etc. Thousands of accidents have evidenced the
consequence of pipeline failure is disastrous both economically and environmentally.
Therefore, maintaining its structural integrity and reliability is essential to the world’s
energy requirements [156].
Currently, in the pipeline industry, a single method for detecting or monitoring damage in a
pipeline does not really exist. Instead, a combination of several different techniques is
usually implemented in industries. For the oil and natural gas pipeline industry, destructive
and non-destructive inspection techniques are commonly used together to ensure the
integrity of transmission lines. When the geometry of the pipeline permits, non-destructive
techniques, such as magnetic flux method and ultrasound wave method, are primarily used
to ensure the structure’s integrity [157]. However, such methods are limited by the size of
the device available. One possible solution to these limitations is a more reliable and more
economical SHM system that involves a damage detection process. The process of SHM
involves the use of an array of sensors installed over a structure to perform periodic or
online observations of the system’s dynamic response. The observations are then analysed
to determine if damage exists in the system and the current status of the system’s health.
After an extreme event, such as a pipeline experiencing a severe earthquake, a SHM
system can be implemented “for rapid condition screening and to provide, in near real time,
reliable information regarding the integrity of the structure.” [3]. Ultimately, the output
from a SHM system allows engineers to perform a quantitative evaluation of the structural
conditions and assess its ability to safely and reliably perform its designed function. The
SHM technology is increasingly being realized by the pipeline industry as a possible
method to improve the safety and reliability of pipeline structures and thereby minimize
the failure occurrence possibility and operation cost.
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Extensive research on the vibration-based damage detection of pipelines have been
accomplished in the past. Thein et al. [158] investigated coupled impedance-based and
Lamb wave propagation methods that could be simultaneously used for overall pipeline
SHM. Self-sensing impedance measurements were used to detect damage occurring at
pipeline connection joints, while the Lamb wave propagation measurements identify
cracks and corrosion along the surface and through the thickness of the pipe structure. Park
et al. [159] presented the feasibility of using an impedance-based health monitoring
technique in identifying structural damage in those areas where a very quick condition
monitoring was urgently needed, such as in a post-earthquake analysis of a pipeline system.
Real-time damage detection in pipes connected by bolted joints was investigated, and the
capability of the impedance method in tracking and monitoring the integrity of the pipeline
was demonstrated using the data collected from tests. Rezaei and Taheri [160] proposed a
novel damage detection method through a set of experiments conducted on a standard steel
pipe commonly used in the oil and gas industry. The method involved a collection of the
vibration signature of the pipe via certain sensors, and decomposition of the signature
(signals) by EMD. A damage index defined on the first IMF resulting from the
decomposition was proposed. The method was validated by the experiment of a cantilever
steel pipe equipped with piezoceramic sensors impacted by an impulse hammer, which
showed that the proposed damage detection methodology could successfully detect the
presence and location of damage, and could also identify the severity of the damage [161].
However, it should be pointed out that few of these methods have been applied to detecting
damage of offshore pipelines under subsea ambient excitations, and a vast majority of them
were focused on detection the damage of pipeline structure, such as crack, corrosion, leak
etc., while the detection of free-spanning damage which is also one of the major causes of
offshore pipeline failure is still rarely reported.

8.3 NON-MODEL BASED DAMAGE DETECTION SCHEME BASED ON
CORRELATION-BASED ARMA MODEL METHOD
8.3.1 Motion equation of offshore pipeline system
The hydrodynamic force acting on a submerged cylinder includes the drag force in in-line
direction and the lift force in transverse direction, as show in Figure 8-1.
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Figure 8-1 Definition sketch (submerged pipeline in random waves)
Since only the vertical vibration of the subsea pipeline is studied in this study, the motion
equation of a subsea pipeline in vertical direction under hydrodynamic forces is given as
follows [162]:

[ M ]{ɺɺx} + C p  { xɺ} + [Cs ]{uɺ} +  K p  { x} + [ K s ]{u} =
[ M 1 ]{Vɺɺu − ɺɺx} + [ M 2 ]{ɺɺx} +

{

1
ρ CL [ A] (Vɺu − xɺ ) (Vɺu − xɺ )
2

(8.1)

}

in which [M] is a diagonal mass matrix, [M1] denotes the added mass of pipe, [M2] denotes
mass of water displaced by the pipe (so called buoyant added mass of pipe); [Cs], [Cp] are
the damping matrix of soil and pipe, respectively; [Ks] and [Kp] are independently the
stiffness matrix of soil and pipe; {ɺxɺ} , {xɺ} and {x} are vectors of total accelerations,
velocities and displacement of the pipe; {uɺ} and {u} are the vectors of velocities and
displacements of supports given by
{x} = {u} − {vg }

(8.2)

where {vg } is the vector of ground displacements in global directions. Using Eq. (8.2), Eq.
(8.1) can be written as follows:

[ Me ]{ɺɺx} + C{xɺ} + K {x} = [Cs ]{vɺg }+[ Ks ]{vg}+[ M1]{Vɺɺu} +

{

1
ρCL [ A] (Vɺu − xɺ) (Vɺu − xɺ)
2

}

(8.3)

= {R + FI + FL} = {F}
where [ M e ] is the submerged mass of the pipeline, [C ] is the total damping matrix of the
soil-pipeline system, [ K ] is the total stiffness matrix of the soil-pipeline system,{Vɺu } and
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{Vɺɺu } are respectively the acceleration and velocity of the water particles around the pipe,
[ A] lists projections of pipe area along the direction of motion, R is the support reaction, FI
and FL are the transverse inertia force and the hydrodynamic lift force, respectively, and F
denotes all the forces acting on the pipeline structure.

8.3.2 No-model damage detection scheme
In fact, no-model damage detection methods perform damage detection through directly
analysing the time series of dynamic structural response, it is actually a problem of
statistical pattern recognition which should be resolved from the following respects: (1)
formation of pattern vector; (2) extraction of feature vector; (3) construction of
discrimination function; and (4) threshold value determination. Accordingly, the no-model
damage detection method developed in this chapter will be presented from these aspects.

8.3.2.1 Damage feature extraction
The no-model damage detection methods are subjected to some common problems, such as:
(1) they are sensitive to environmental and operational variations, such as varying
temperature, moisture, and loading conditions affecting the dynamic response of the
structures; and (2) the accuracy of these methods is largely influenced by the noise
contamination level. To overcome such problems, the following signal pre-processing
module is integrated into this damage detection scheme.
For simplification, x(k ) is used to denote the real measured structural response in the
following analysis. In this study, a process of signal normalization (or standardization) is
introduced into this damage detection scheme for signal pre-processing. It is of great
importance to perform normalization in order to remove the influence of changing loading
conditions or ambient conditions on structural response. Let xi (t ) be the dynamic response
data from sensor i , and it is partitioned into different segments xij (t ) , where i denotes the
sensor number and j denotes the j th segment of the data from sensor i . Then the
normalized signal is obtained as follows:

xɶij (t ) =

xij (t ) − µij

σ ij

221

(8.4)

where µij and σ ij are the mean and standard deviation of each segment, respectively.
Then, according to the correlation-based ARMA model method, the auto-correlation
function of the normalized signal is used as a substitute of analysis input. According to the
model order selection criteria illustrated in section 7.2.2, the optimal model order can be
obtained. Then, an economical ARMA model can be established based on the Least
squares method illustrated in section 7.2.1. As has been presented in section 7.3, once an
ARMA model for describing a system process is established, the AR model represents the
natural characteristics of the system. According to the vibration-based damage detection
theory, any damage to the structure may cause changes to the stiffness, mass or damping
properties, and thus result in certain changes in the structural vibrations properties. With
the relationship between modal parameters and AR model coefficients derived in section
7.3, it is also an indication that the AR model coefficients hold some information of the
structural dynamics and can be further explored for damage detection. Therefore, the
obtained AR model coefficients is used as the damage feature vector.
8.3.2.2 Damage indicator definition
Mahalanobis distance is a metric frequently used in multivariate analysis to determine the
separation of two distributions [163]. Mahalanobis distance is different from the Euclidean
[164] distance because it takes into account the correlation between the variables and it
does not depend on the scale of the observations. Mahalanobis distance between two
vectors y and z with a covariance matrix Σ is defined as follows

∆( y, z; Σ) = ( y − z )T Σ−1 ( y − z )

(8.5)

In the present study, the Mahalanobis distance between the potential damaged condition
and the intact operational condition is utilized for the definition of damage indicator (DI) to
detect damage. More specifically, with the AR model coefficients serving as the damage
feature vector, the DI is defined as the ratio of ∆( ydamaged , µundamaged , Σundamaged ) to
∆( yundamaged , 0, Σundamaged ) , where µundamaged and Σ undamaged are the mean vector and the
covariance matrix of the AR model coefficients corresponding to the undamaged dataset,
ydamaged is the AR model coefficient vector corresponding to the damaged dataset. The
meaning behind this damage indicator is the ratio of the Mahalanobis distance from a
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damaged case to the undamaged case against that from the undamaged state to a zero state,
namely, it is a measure of the Mahalanobis distance change caused by the damage to a
given structural system. Mathematically, the metric damage indicator (DI) may be defined
as

DI =
=

∆( ydamaged , µundamaged ; Σundamaged )
∆( yundamaged , 0; Σundamaged )
−1
( ydamaged − µundamaged )T Σundamaged
( ydamaged − µundamaged )

(8.6)

−1
( yundamaged )T Σundamaged
( yundamaged )

Therefore, the damage detection process consists of two major stages, i.e., training and
monitoring. In the training stage, a set of data from each sensor is acquired in the
undamaged state and processed to define a baseline (reference) model. In the monitoring
phase under a potential damaged conditions, at each sensor, small blocks of data are
acquired, similarly processed and the distances to the reference model is calculated, finally,
the DI at each sensor is obtained
8.3.2.3 Damage threshold determination
The proposed damage detection method is one such method in which the damage is
detected and located by the distinct DI values. The concept behind the definition of DI in
this study is actually a measure of the Mahalanobis distance change, namely the vibration
change caused by damage occurrence. When damage occurs, it changes the vibration
pattern of the system. As for the DI value calculated corresponding to a certain sensor, it
not only contains the effect of the local damage at the same segment, but also the effect of
damages in other segments on the whole system vibration. The change detected from the
sensors near the damaged area should be greater than that from the other sensors.
Therefore, a threshold needs to be established by comparing all the calculated DI values
throughout the entire structure. Damage is identified only at locations with DI values larger
than the threshold values. Various methods for defining threshold were proposed by
researchers. For example, Worden et al. [165] assumed that the observation vectors of the
intact structure were normally distributed and employed Monte Carlo simulation to define
a threshold that was just dependent on the number and dimension of the observation
vectors. In the study of Yan et al. [166], the measurement data of the intact structure was
also assumed as normally distributed. And based on the mean value and standard deviation
223

of the measurement data, the threshold was defined.
Similarly, in the present study, the DI of the of the whole pipeline system is also assumed
to be normally distributed, to distinguish the outliers caused by local damage, the threshold
is defined as the upper bound of 95% one-sided confidence, which is expressed as

µ=x+

σ
n

t(1−α ) ( n − 1)

(8.7)

where x and σ are the mean and standard deviation of the DI values from all sensors, n is
the total number of sensors, t(0.95) ( n − 1) is obtained from the statistical table. The meaning
of this threshold definition is that 95% of the DI values obtained from a certain state are
smaller than this value. Therefore, the sensors with corresponding DI values above this
threshold very likely correspond to the locations with damage.
Then, the determination that whether the structure under consideration is damaged and
where is the damage can be made. The flowchart of this damage detection scheme is given
in Figure 8-2.

Figure 8-2 Flowchart of the damage detection scheme

8.4 NUMERICAL STUDY
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8.4.1 Offshore pipeline ambient vibration simulation
To verify the feasibility of applying the previously proposed structural damage detection
scheme to the condition assessment of offshore pipeline systems, numerical study on
identifying damages to offshore pipeline system through analysing the pipeline vibration
response is performed in this part. First of all, a FE model of subsea pipeline with wavepipeline-soil interaction is established by using ANSYS. Then, the simulation of
hydrodynamic forces based on spectrum analysis method is developed. Finally, the
pipeline acceleration responses, under various assumed damage scenarios, to ambient wave
force excitations are obtained for subsequent damage detection analysis.
8.4.1.1 Hydrodynamic force simulation
Hydrodynamic forces arise from water particle velocity and acceleration. These forces can
be fluctuating (caused by waves) or constant (caused by steady current) and will result in
dynamic load pattern on pipeline. Drag, inertia and lift forces are of interest when
analysing the behaviour of a submerged pipeline subjected to wave and/or current loading.
Because of the dynamic nature of waves, the dynamic analysis of pipeline response
subjected to this type of loading is essential. In this study, the 2-D random long-crested
waves will be simulated and the wave kinematics will be calculated accordingly to supply
the excitations to submarine pipeline in dynamic analysis.
Owing to the fact that it is impossible to measure the wave spectrums at all sites, the
simulation of the random wave excitations on offshore structures is an essential issue in the
field of offshore engineering. Currently, there are basically two methods for calculating the
random wave forces acting on the offshore structures, namely, the Characteristic Wave
(Design Wave) Method and the Spectral Analysis Method. In the present study, the
spectral analysis method is employed for obtaining the lift-force acting on the subsea
pipeline. The basic concept behind this method is to obtain wave spectrum of a sea state,
accordingly, the water particle velocity spectrum at a certain water depth under this sea
state can be derived through transformations, from which, the water particle velocity time
history can be generated by employing inverse Fourier transformation. Finally, the
hydrodynamic force time history can be calculated according to Morison’s equations.
Since only the transverse vibration of the pipeline structure is concerned in this study, the
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simulation of lift-force is given in the following.

Wave spectrum
Comprehensive studies have been conducted to identify the most suitable theories for
representing the near-bottom kinematics due to wave action. In Ref. [167], it was found
that linear wave theory gave acceptable predictions of near seabed water particle velocities
in waves close to the breaking point. In Ref. [168], it was also concluded that the linear
wave theory provides a good prediction of near-bottom kinematics for a wide range of
wave heights, periods and water depth. Therefore, linear wave theory is employed in this
study to simulate the wave environment for offshore structures and the simulated surface
sea state are transferred to seabed level to calculate the kinematic forces acting on the
subsea pipelines.
According to Spectral Analysis method, a suitable wave spectrum model should be chosen
to represent an appropriate density distribution of the sea waves at the site under
consideration. The most suitable spectrum is the wave spectrum measured at site, although
such a spectrum is seldom available. As an alternative, usually a theoretical spectrum
model is chosen based on the fetch, wind and other meteorological conditions of the site.
There are many mathematical spectrum models available. Those commonly used include
Bretschnider Spectrum [169], Scott Spectrum [170], ISSC Spectrum [171], ITTC Spectrum
[172] and Jonswap spectrum [173, 174].
In order to use the 2-D random long-crested waves to model the complete sea-state, the
JONSWAP spectrum developed in Ref. [173] during a joint North Sea wave project is
employed in this study. The formula of JONSWAP spectrum can be written as follows

S (ω ) = α g 2ω −5 exp[−1.25(ω ω0 ) −4 ]γ

exp  −(ω −ω0 )2 2τ 2ω02 

(8.8)

where ω0 is the peak frequency, γ varies between 1 and 7, is the peakedness
parameter, γ = 3.30 is used in this study. τ is a shape parameter ( τ = 0.07 for ω ≤ ω0 and

τ = 0.09 for ω ≥ ω0 ). Considering a prevailing wind field with a velocity of U w and a
fetch of X , α = 0.076( X 0 ) −0.22 , X 0 = gX / U w2 (when X 0 is known, α =0.0081).

ω0 = 2π ( g / U w )( X 0 )−0.33 (normally related to γ ).

226

School of Civil and Resource Engineering
The University of Western Australia

In a design case, usually the significant height and average period of a random wave are
specified. Goda [175] derived an approximate expression for the JONSWAP spectrum in
terms of H s and ω0 as follows
S (ω ) = α ∗ H s2

exp  − (ω −ω )
ω −5
exp  −1.25(ω ω0 ) −4  γ 
−4
ω0

2

0

2τ 2ω02 

(8.9)

where

α∗ =

0.0624
0.230 + 0.0336γ − 0.185 × (1.9 + γ ) −1

(8.10)

This simpler form of the JONSWAP spectrum is utilized in this study for water wave
simulation to represent the sea state, and without losing generality, H s = 1.25m and
T0 = 12s ( T0 = 2π / ω0 ), an assumed sea state are used to simulate the ambient loading
conditions on subsea pipeline structures. JONSWAP spectrum with these two parameters is
shown in Figure 8-3.
Wave Spectrum
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Figure 8-3 Wave energy spectrum

Lift force
Given the wave spectrum of a site, the sea state at a particular time and location, namely
the surface elevation is represented by η (t ) . The in-line velocity of the water particle at a
certain depth z below the still water level u (t ) can be given as

u (t ) = ω ⋅

cosh k (d + z )
η (t )
sinh kd
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(8.11)

where ω 2 = gk tanh kd indicating the relationship between wave period and wavelength, in
which d is the still water depth of the seabed.
Accordingly, the velocity spectrum can be obtained by taking the Fourier Transform of Eq.
(8.11)


cosh 2 k (d + z ) 
Su (ω ) = ω 2 ⋅
 ⋅ Sηη (ω )
sinh 2 kd 


(8.12)

According to Morison’s equation [176], assuming pipe is rigid with respect to sea wave,
the lift force using constant lift coefficients is

fL =

1
ρ CL D 2u (t ) 2
2

(8.13)

where CL is the lift force coefficient, and CL = 1.0 is used in this study, ρ is the fluid
density, D is the pipeline diameter.
Because of the product of the wave-profile term on the right-hand side, the covariance or
the spectrum of the lift force cannot be written directly as for linear system. An
approximate method of handling the nonlinear lift force is often used. Assuming that u (t )
is normally distributed (i.e. Gaussian) with zero mean and a standard deviation of σ u (t ) ,
the most accurate linear estimate of u 2 (t ) is given by Borgman [177] as

u 2 (t ) =

8

π

σ u u (t )

(8.14)

where σ u 2 is the variance of the velocity spectrum, Su , given by
∞

σ u 2 = ∫ Su (ω )d ω

(8.15)

0

Thus, the lift force can be linearized as

fL =

1
8
ρ CL D ⋅ σ u u (t )
π
2

Then, the power spectrum of lift force can be obtained as
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1
8 
8
2
S f L (ω ) =  ρ CL D ⋅
σ u  ⋅ Su (ω ) = [CL AD ] σ u 2 Su (ω )
π 
π
2

(8.17)

Substituting Su into Eq. (8.17), the subsea lift force spectrum at a certain depth can be
expressed as

S f L (ω ) =

8

π

[CL AD ]

2


cosh 2 k (d + z ) 
⋅ σ u 2 ⋅ ω 2 ⋅
 ⋅ Sηη (ω )
sinh 2 kd 


(8.18)

With the obtained lift force spectrum, the amplitude and frequencies from the spectrum for
each frequency component can be extracted as

ai = 2 ⋅ ∆ω ⋅ S f L (ωi )

(8.19)

where ωi = i ⋅ ∆ω , ∆ω is the constant difference between successive frequencies, and
i = 0, ⋯ N , in which N is the total number of frequency points considered in the

calculation. The frequency increment ∆ω and the number of frequency points N are
determined based on the frequency band of the wave force that will be included in the
simulation. The number N should also be at least 50 to assume randomness. In this study,
N = 200 and ∆ω = 0.01 are used, which gives a very good representation of the target lift
force spectrum under consideration.
Further, a random phase angle α i uniformly distributed between 0 and 2π is assigned to
each frequency component. The subsea kinematics is thus represented as a sum of linear
components. The lift force at a particular time, location and depth can be represented by
N

f L (t ) = ∑ ai ⋅ sin(ωi t − ki x + α i )

(8.20)

i =1

Without losing generality, a location of x = 0 is used, thus Eq. (8.20) can be expressed as:
N

f L (t ) = ∑ ai ⋅ sin(ωi t + α i )

(8.21)

i =1

The water particle velocity spectrum and the lift force spectrum at a depth of 60m below
the mean water level under the previously mentioned ambient state are given in Figure 8-4
and Figure 8-5, respectively. Taking into account the uncertainties in ambient
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hydrodynamic force predictions, 5% white noise is introduced into the lift force. The first
20 minutes of the lift force time history is given in Figure 8-6. This simulated lift force
time history is used in the subsequent analysis to calculate pipeline responses.
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Figure 8-4 Water particle velocity spectrum (z=60m)
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Figure 8-5 Lift force spectrum (z=60m)
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8.4.1.2 FE modeling of the subsea pipeline system
The structural behaviour of the subsea pipeline system shall be evaluated by reasonably
modelling the system consisting of pipeline, seabed, surrounding fluid and relevant
artificial supports, as well as performing static and dynamic analyses. In the present study,
the FE model of a subsea pipeline system is established using ANSYS software.
The trunkline from the North Rankin “A” platform to shore, used in the offshore pipeline
system in the North West Shelf project in Australia is taken as the prototype of numerical
simulation. The pipeline is 1.016m in diameter and 134.2 km long. It will operate in two
phase flow bringing both gas and condensate to the onshore plant near its landfall [178].
The detailed pipeline design parameters and the subsea conditions are presented in Table
8-1.
Table 8-1 Pipeline design parameters
Pipe
Outer diameter (m)

1.016

Thickness (m)

0.0238

Steel pipe Young’s Modulus (Pa)

2.1e11Pa

Density (kg/m3)

7850

Concrete coating thickness

(m)

0.07

Concrete coating density (kg/m3)

2500

Corrosion coating thickness (m)

0.006

Corrosion coating density (kg/m3)

1300

Subsea
Significant wave height
Peak wave period

Hs (m)

T0 (s)

1.25
12

3

Sea water density (kg/m )

1030

Water depth d (m)

60

Soil Young’s Modulus (Pa)

6E6

Soil Poison ratio

0.35

Pipeline
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The steel pipe is modelled utilizing Shell63 element. The maximum element length is
determined according to the recommendation given in DNV-RP-F105 [179] that it should
be in the order of the outer diameter of pipeline. Therefore the element length of 1m is
used. In practical case, the pipeline is usually coated with corrosion coating and concrete
coating, which generally increase the submerged weight, drag forces, added mass or
buoyancy. The positive effect on the stiffness and strength of coating is normally to be
disregarded [179]. Therefore, in this study, the bare steel pipe is used to represent the
pipeline, whereas, another density rather than the steel density is used to represent the total
weight of the pipeline. For the subsea pipeline system, the submerged weight of the
pipeline should be used as input. The submerged weight density is the dry weight density
subtracted by water density. As for the dry weight density of the pipeline system, the
calculation is as follows [180]

ρ=

As ρ s + Acor ρcor + Acon ρcon
As

(8.22)

where As , Acor , Acon are the cross section areas of steel, corrosion coating and concrete
coating, ρ s , ρ cor , ρ con are the corresponding densities, ρ − ρ water is the submerged weight
density. The submerged weight of pipeline directly determines the contact force between
pipeline and seabed, and further affects the bottom stability around the pipelines.

Seabed
In this study, the bedding condition of the pipeline is modelled with elastic Winkler
Foundation for simplicity. Winkler idealization represents the soil medium as a system of
identical but mutually independent, closely spaced, discrete and linear elastic springs. The
ratios between contact pressure at any given point and settlement produced by it at that
point, is given by the coefficient of subgrade reaction ks . The bedding support to pipeline
is modelled with discrete spring and dashpot element (COMBIN40) distributed evenly
along the pipeline (only the springs are shown in Figure 8-9). The numerical values of ks ,
i.e., the stiffness of the spring element is calculated based on Vesic’ s equation [181]
1
 

0.65Es  Es B 4  12 
ks =


B(1 −ν 2 )  EI 
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where Es and ν represent the Young’s modulus and Poisson’s ratio of the soil, respectively;
E , I and B represent the Young’ s modulus, moment of inertia and the width of the beam,

respectively.
The dynamic interaction between various beams laying on the elastic half-space is also
extensively analysed by Auersch [182], and the approximation by a Winkler foundation
are provided for both the elastic Winkler support constant k and the viscous Winker
support constant c as
G ≤ k ≤ 1.5G for

0.1 ≤ B / l ≤ 1

ρυ S B ≤ c ≤ ρυ P B

(8.24)
(8.25)

where l is the elastic length of the beam-soil system defined as l = 4 EI / G , G is the shear
modulus of the soil, ρ is the mass density, υ S is the shear wave velocity and υ P is the
compressional wave velocity which are yielded by

υS =

G

ρ

and υ P =

2 − 2ν
υS
1 − 2ν

(8.26)

Taking into account that calcareous soil dominates most areas along the North West Shelf
of Australia, this type of soil is used in the current analysis. The engineering properties of
calcareous soil are different from those of the non-calcareous soil having the same particle
distribution because carbonate minerals are weaker and softer than quarts, and the soil
matrix has very high void ratios and high compressibility. In Ref. [183], extensive tests are
performed to study the mechanical behaviour of the calcareous sand sampled from the
North West Shelf of Australia, based on which, a Young’s Modulus of 6.5MPa and
Poisson’s ratio of 0.35 are employed to calculate the subgrade reaction, i.e., the spring
constant using Eq. (8.23), which also falls in the range given by Eq.(8.24). The
corresponding damping coefficient is calculated using Eq. (8.26).
Pipelines are generally classified, according to the installation method, into two categories,
i.e., trenched (buried) and untrenched (unburied or partially buried or self buried) pipeline.
In comparison, untrenched pipelines are directly exposed to the environmental forces from
currents and waves and the stability is easily endangered. In the present study, the pipeline
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is assumed to be untrenched and laid freely on seabed, no trenched or buried and no
sticking effect is applied for pipe-soil interaction.

Fluid
It has been proved in Ref. [184] that the influence of fluid viscosity on the dynamic
properties of the pipe is very small and the results obtained through merely adding masses
are sufficiently accurate. Therefore, in order to maintain the computation efficiency of
transient analysis, the concept of added mass is introduced here to simulate the effect of
surrounding water. Namely, the fluid around the pipeline is regarded as added mass by
attaching point mass elements to the pipeline nodes.
Usually, the hydrodynamic mass is calculated by neglecting frictional effects. The
hydrodynamic mass of a cylinder structure is written as

M a = Cm ⋅

π
4

D 2 ⋅ ρ water

(8.27)

where Cm is called the hydrodynamic-mass coefficient, ρ water is the water density and D is
the total outer diameter of the pipe exposed to water. For a pipeline resting on the plane
boundary in a semi-infinite potential flow, Garrison [185] has analytically determined the
added mass coefficient Cm as 2.29. In the present modelling, MASS21 element, a point
element having up to six DOFs, in ANSYS is used for modelling the added mass and are
attached to the pipeline nodes.

Boundary conditions
Since it is impossible to model the whole length of a pipeline system, taking a segment of
the entire pipeline out for analysis is more practical and reasonable. Taking into account
that subsea pipeline is usually anchored with rock dumpings at a distance of 100m~200m,
a pipeline model of 100 m span length is considered in this study. Although in real case the
pipeline span is neither totally free nor fixed at two ends, the pipeline model is assumed to
be simply supported on both ends. To simulate the constraints from adjacent spans to the
one-span model, rotational springs are added to the simple supports. The rotational spring
stiffness is determined by performing numerical convergence analysis. In which, the
transient analysis of multi-span pipeline models is firstly performed. As is shown in Figure
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8-7, the acceleration responses of the middle points in multi-span (three, five and seven
span) models are only slightly different from each other indicating that it is not necessary
to include many spans in numerical simulation, especially in a concern of computing
efficiency. Since there is only tiny difference (less than 1%) between the time history and
FFT spectrum of the middle point response in a five span model and a seven span model,
the dynamic responses of the middle span in a seven-span model are assumed as the
baseline for determining the rotational spring stiffness of the one-span model. Based on
convergence analysis, a value of 1E10 N.m/rad is determined as the rotational spring
stiffness. With these rotational springs the responses calculated from the one-span model
are the same as those from the 7-span model. The FE model of the one-span subsea
pipeline system with rotational constraints is built in ANSYS, as is plotted in Figure 8-8.

Figure 8-7 Acceleration response of the middle point in various multi-span models:
(a) time history; (b) FFT spectrum
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Figure 8-8 FE model of a one-span subsea pipeline system

Damage scenario design
To test the reliability of the proposed method in the damage identification of subsea
pipeline systems, a series of damage scenarios of the subsea pipeline model are assumed.
Two types of damage to the subsea pipeline system is considered in this study, namely, the
pipe structure damage and the free-spanning damage. The stiffness loss of the pipe
structure is considered as the pipeline structural damage which is simulated by reducing
pipe’s Young’s Modulus to a certain damage extent, while the possible accompanying
mass loss is neglected. The free-spaning damage is modelled by removing soil springs
beneath the pipe. Without losing the generality, the pipe and the soil spring elements are
each lumped into 10 segments, denoted as Seg 1 to Seg 10 for pipe and Seg 11 to Seg 20
for soil bedding, respectively, with a length of 10m for each segment. Damage is assumed
to be uniform within each segment. A total of 19 sensors, designated as s1~s19, are used to
measure acceleration responses, as shown in Figure 8-9.
To investigate the sensitivity and feasibility of the damage identification method proposed
in this study, a total of 11 damage cases including single damage cases and multi-damage
cases are designed and listed in Table 8-2. In which, Case 1 represents no damage
condition, Case 2 to Case 4 simulate 10%, 30% and 50% stiffness loss of Seg 3 in pipeline
structure respectively, Case 5 and Case 6 simulate free spanning damage at different
locations due to scouring, Case 7 and Case 8 simulate multi damages either in pipe or
foundation scouring, Case 9 simulates simultaneous pipe and foundation damages coexist
in the system, and Case 10 and Case 11 simulate the free spanning damage of different
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lengths. It should be noted that free spanning damage corresponds to complete removal of
the soil springs under the segment, representing the 100% foundation damage.
The natural frequencies of the first ten modes in all cases are obtained and listed in Tabel
8-3. As is indicated in the table, the natural frequencies of subsea pipeline system are quite
closely spaced, especially the first few lower modes. Besides, the mode shapes of the first
ten modes corresponding to case 5 are presented in Figure 8-10. It is noticeable that the
mode shapes differs greatly from each other although their corresponding natural
frequencies are quite close, it implies that the misidentification of system modal
parameters tends to result in great error in modal-based damage detection.

Figure 8-9 Sketch of a subsea pipeline system with sensor layout
Table 8-2 Damage scenarios
Case

Damage location

Damage extent

1

No damage

2

Seg 3

E -10%

3

Seg 3

E -30%

4

Seg 3

E -50%

5

Seg13

Support removal 100%

6

Seg18

Support removal 100%

7

Seg 3 & Seg 5

E -30% & E -30%

8

Seg 13 & Seg 15

Support removal 100%

9

Seg 3 & Seg 18

E -30% & Support removal 100%

10

Seg 13 & Seg 14& Seg 15

Support removal 100%

11

Seg 13 & Seg 14 & Seg 15 & Seg 16 & Seg 17
& Seg 18

Support removal 100%
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Table 8-3 Natural frequencies (Hz) (mode 1~mode 10)
Mode
Case No.

1

2

3

4

5

6

7

1

4.29

4.33

4.5

2

4.29

4.33 4.49 4.87 5.53 5.76 6.53 7.88 9.53 11.46

3

4.29

4.33 4.49 4.86 5.49 5.73 6.46 7.81 9.43 11.33

4

4.29

4.33 4.48 4.85 5.44 5.68 6.39 7.71 9.27 11.16

5

2.98

4.3

4.44 4.79

6

2.99

4.3

4.41 4.78 5.45 5.77 6.42 7.78 9.47 11.43

7

4.29

4.33 4.48 4.85 5.44 5.63 6.41

8

2.84

3.12 4.36 4.73 5.23 5.77 6.29 7.68 9.37 11.35

9

2.99

4.29

4.4

4.77 5.41 5.73 6.33 7.68 9.34 11.24

10

1.26

3

4.3

4.56 5.18 5.77 6.19 7.53 9.31 11.28

11

0.49

4.87 5.54 5.77 6.56

5.4

5.77 6.41

1.31 2.44 3.68 4.76 5.77

5.8

1

8
7.9

7.8
7.7

9

10

9.57 11.51

9.47 11.43
9.3

11.15

7.19 8.98 11.06
Mode 1
Mode 2
Mode 3
Mode 4
Mode 5

0
-1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Location(x/L)

(a) mode 1 to mode 5
1

Mode 6
Mode 7
Mode 8
Mode 9
Mode 10

0
-1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Location(x/L)

(b) mode 6 to mode 10
Figure 8-10 Mode shapes (case 5)
8.4.2 Data analysis
The transient analysis solver, an explicit integration method, in ANSYS is utilized to
simulate the dynamic response of the pipeline system under the lift-force excitations shown
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in Figure 8-6 is conducted to simulate the dynamic response of the pipeline system in
various damage conditions as defined in Table 8-2. Since the vibration modes of the pipesoil system are closely spaced, a sampling frequency of 100 Hz is used to provide
sufficient resolution for reliably extracting the vibration properties of the pipeline system.
The acceleration signals from all the 19 sensors corresponding to each damage case are
recorded for 300 seconds in each analysis. A typical acceleration signal from sensor 5 in
case 5 with and without noise contamination is presented in Figure 8-11 for illustration.
(a)
-3
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0%
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0
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(b)
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Figure 8-11 Acceleration response from sensor 5, case 5 with various noise levels:
(a) time history; (b) FFT spectrum ( N level = 0%, 30% )
As presented in section 8.3, the damage identification process starts with establishing
baseline model from the responses of the undamaged state. For the sampled acceleration
signal from each sensor in the undamaged state, the entire length of the 300s signal is
partitioned into 10 segments, each with a length of 30s, and the normalization procedure is
performed on each segment. Then, the auto-correlation functions of the normalized signal
in all segments are calculated and utilized as a substitute of input for the subsequent
analysis. An economical ARMA model is built based on the correlation-based ARMA
model method.
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For example, the first segment of recorded acceleration at sensor 5 corresponding to the
undamaged state with ( N level = 30% ) and without noise and their corresponding autocorrelation functions are shown in Figure 8-12(b) as an example. The obtained optimal
model order for the auto-correlation function time series is 23 and 19, respectively. Then,
ARMA model with the obtained model order is built up for each auto-correlation series.
Both the original auto-correlation function series and those fitted by the corresponding
ARMA model are shown in Figure 8-13. It can be seen that the auto-correlation function
series fitted by the ARMA model almost coincides with the real one except for slight
difference in the ending section, which indicates that the ARMA model can be very well
fitted to the structural response even with high noise contamination.
As for the AR coefficients serving as damage feature vectors, the AR coefficients of the
ARMA model corresponding to signals from sensor 5 in all damage cases are employed for
illustration. Since the first few AR coefficients contain the most significant information
among all the coefficients of the model [84], the first 15 AR coefficients corresponding to
the response recorded in sensor 5 in all cases are plotted in Figure 8-14, while the AR
coefficients corresponding to all sensors in damage case 5 are shown in Figure 8-15. From
Figure 8-14, it can be noticed that, although the AR coefficients of the damaged cases
deviate from those of the intact state, there is no clear conclusions can be reached relating
to various damage extents. In addition, from Figure 8-15, there is no clear rules can be
used to locate the damage either. In other words, it is not appropriate to use the AR
coefficients directly for damage detection. Therefore, in this study, the AR coefficients are
used as damage-sensitive features and the Mahalanobis distance is used to create baseline
model invariant for feature vectors from the undamaged condition. Similarly, the
Mahalanobis distance between the testing state and the undamaged state is calculated to
obtain the damage indicator.
For the undamaged case, after building up ARMA models corresponding to each segment
of the acceleration from one sensor, the AR coefficients are obtained and the Mahalanobis
distance model is calculated according to Eq. (8.5). With all the 10 Mahalanobis distances
obtained, an average model is gained and regarded as the baseline model for this sensor.
Similarly, the baseline model for each sensor can be determined.
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Figure 8-12 1st segment of the signal from sensor 5: (a) Acceleration; (b) Auto-correlation
function ( N level = 0%, 30% )
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Figure 8-13 Auto-correlation function fitted by ARMA model: (a) N level = 0% ; (b)
N level = 30%
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Figure 8-14 AR coefficients corresponding to signals in sensor 5 of all cases

Figure 8-15 AR coefficients corresponding to signals of each sensor of damage case 5
For signals from the damaged cases, the acquired small blocks of data are analysed
following the above procedures. Differently, after obtaining the AR coefficients, the
Mahalanobis distance between the new state and the undamaged state is calculated
according to Eq. (8.5). Then, the DI values are generated based on Eq. (8.6). In the present
study, the acceleration response from all the sensors distributed on the pipeline under
various damage conditions are sampled and analysed, in which, the noise effect at different
levels (10%, 20% and 30%) is also considered. Taking the first data segment (30s) of the
responses in each case as an example, the DI values corresponding to each damage case
with various levels of noise contamination are calculated as plotted in Figure 8-16.
8.4.3 Results and discussions
Since 19 sensors are used along the one-span pipeline model in the present example,

t(1−0.05) (n − 1) = t 0.95 (18) = 1.734 is obtained from the statistical table and employed in
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calculating the damage threshold according to Eq. (8.7). Therefore, the sensors which DI
values are higher than this threshold are identified as the damage locations. The calculated
threshold for each case is plotted in Figure 8-16 using dashed line. In Figure 8-16, grey
frame shadow is used to indicate the real damage areas, solid arrows are used to denote the
identified damage locations and dotted arrows are used to indicate the falsely identified
damage locations.
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Figure 8-16 Identified damage indicator ( N level = 10%, 20%, 30% )
As shown, in case 2, where 10% modulus reduction is assumed in Seg 3, only sensor 5, the
middle point of the damaged segment is detected, while the boundaries of the damaged
segment are not identified, however, when the stiffness reduction increases to 30% and
50% (case 3 & case 4), the damaged segment including its boundaries is satisfactorily
identified; in case 5 and case 6, in which single segment of free span occurs at different
locations, the free span area is accurately identified and the DI values are larger than those
of the previous cases because the effect of a free-spanning damage on a pipeline system is
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more significant than that of the pipeline structure damage. In case 7, two segments
assumed to have structural damage of 30% stiffness reduction are satisfactorily detected. In
case 8, the two segments same as those in case 7 are subjected to scouring induced freespanning damage, the damaged segments are clearly identified. Apart from that, it is found
that sensor 7, the one between two free spans, gives false damage detection, which is
attributed to the superimposition of those two free span’s influence on system vibration. In
case 9, pipeline structure damage and free-spanning coexist at different locations, the freespanning damage is very well detected while the pipeline structural damage detection is
unsuccessful. This is because, for the continuously supported subsea pipeline system, the
effect of free-spanning damage on the vibration pattern of the whole system is substantially
more significant than that of the pipeline structure damage. As a result, the damage
associated with pipeline structure might be overshadowed by that of the free spanning,
which results in the relatively small pipeline structure damage undetectable. Similar
observations have also been reported by other researchers in studying structural damage
identifications with other approaches, i.e., when a large and a small damage co-exist in the
structure, the identification of the small damage becomes more challenging. Case 10 and
case 11 are designed to simulate the spread of the free span and also to investigate the
efficacy of the proposed damage detection method for monitoring free span propagation. In
case 10 and case 11, the free spanning segments are clearly detected. However, in case 11,
it needs to be mentioned that the boundary of the free span tends to be over estimated as
the influence of free-spanning damage on its adjacent segments’ vibration increases with
free span length. Based on the results obtained corresponding to different noise
contamination levels, the proposed method is proved insensitive to white noise pollution.
In particular, for the cases with noise level of N level = 30% , the identification results agree
well with those obtained from noise-free data. Therefore, the robustness of the proposed
damage identification method is demonstrated.
Since it is not so feasible to test a long pipeline system with such a small sensor spacing in
practice, the sensor spacing effect is also studied here regarding the method's applicability
for in-situ application. Under the circumstance that with a sensor spacing of 10m, the
acceleration response signal collected in sensors S2, S4, S6, S8 to S18 are analysed
following the same procedure illustrated above and the therefore obtained damage
detection results corresponding to each damaged case are plotted in Figure 8-17, in which,
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the identified damage locations is denoted by red solid arrows and the real damage areas
are marked by grey frame shadow. The damage threshold for each damaged case is also
calculated using Eq. (8.7), in which t(1− 0.05) (n − 1) = t 0.95 (8) = 1.8595 is employed, and plotted
with red dotted line in Figure 8-17. In Case 2 , the real damaged segment can not be
detected indicating that the sensitiveness of this method to minor pipeline structural
damage decreases with the increasing sensor spacing and may leave tiny pipeline structural
damage undetected. However, for case 3 and 4 of more serious pipeline damage, the real
damaged areas are accurately located, which shows that this method still provides reliable
identification results at larger sensor spacing. Similarly, for Case 5 and Case 6, the single
free span segments at different locations are well identified as the free-spanning damage
has more obvious effect on the structural dynamic response. In Case 7, two segments not
far away from each other are assumed to have 30% stiffness reduction, the damaged areas
are satisfactorily detected while the in-between segment without free span damage is not
detected as there is no sensor installed above it, same conclusion is reached for Case 8
which has free spans at those two segments. In Case 9 with pipeline structure damage and
free-spanning present at different locations, the free-spanning damage is very well located
but the pipeline structure damage segment is missed. It can be attributed to the fact that the
pipeline structure damage’s effect on the vibration pattern of the whole system is far less
than that of the free span, and it is easily shadowed. In Case 10 the identified free-spanning
area coincides with the real situation. In Case 11, the free-span location is detected while
the boundary of the free-span is not exactly identified. Therefore, it can be concluded that
the sensor spacing effect diminishes for longer free spans.
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Figure 8-17 Damage indicator identified with 10m sensor spacing
( N level = 10%, 20%, 30% )
8.4.4 Summary
The above results demonstrate that the no-model damage identification method developed
based on the correlation-based ARMA model method is sensitive to the damage occurrence
to the subsea pipeline system and is robust to measurement noise. It is effective in the
identification of single damage, either the pipeline structure damage or the free-spanning
damage caused by scour. As for the identification of multiple damages, this method is also
proved robust when the multiple damages are of the same order at different locations, such
as the multiple free spans at different locations or multiple pipe structure damages at
various segments. However, for the cases with a combination of pipeline structure damage
and free-spanning damage, the free-spanning damage, which represents a 100% soil spring
removal, can be well identified while the detection of the pipeline structure damage is not
satisfactory. This is mainly because the vibration property change resulted from pipeline
structure damage is relatively small compared to that of the free span to the whole pipeline
system, thus, it is easily shadowed by the latter. In order to test the applicability of the
proposed damage detection method in in-situ use, the sensor spacing effect is also studied
which proves that this method maintains good sensitivity to structural damage even when
the sensor spacing is large. The sensor spacing has less effect on the identification of free
span damage in particular for the cases with long free span. It should be pointed out that
this method is time efficient. Once the baseline model of the undamaged state is defined,
the damage identification analysis can be carried out easily after the data is acquired.
Therefore, the method can be used in on-line monitoring of subsea pipeline systems.

8.5 EXPERIMENTAL VERIFICATION
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In order to further verify the effectiveness and the applicability of the above proposed
method in real use, a scaled model of the offshore pipeline system was designed and the
under water vibration test was carried out in Port and Coastal Engineering Laboratory,
Tianjin University, China.
8.5.1 Test description
The whole test was performed in a water tank where a multi-directional wave generator
was installed and employed for generating random waves with JONSWAP spectrum
inputs. The detailed pipeline model properties and the water wave generator input
parameters are presented in Table 8-4.
Table 8-4 Scaled model parameters and water wave parameters
Properties

Pipe

Water wave

Specification

Value

Length (Lp)

10m

Outer diameter (Do)

0.072m

Inner diameter (Di)

0.060m

Young’s Modulus (Ep)

2.1E11Pa

Density ( ρ )

7800 kg/m3

Water depth (d)

0.400 m

Significant wave height (Hs) 0.05 m
Peak wave period (TP)

2.2 s

Water density ( ρ w )

1E3kg/m3

In consideration of the water tank dimensions in laboratory and the width of the wave
generator (17m), a length of 11m pipeline model was chosen for test. Since it was difficult
to get an 11m long pipe, the pipe model was fabricated by welding two pipe segments
together, as shown in Figure 8-18. The dimensions of the water tank and the site layout
details are given in Figure 8-19. Specifically, the seabed was simulated by constructing a
sand box (17m × 4m × 0.4m) in the water tank; ramps were placed on both sides of the sand
box to minimize its influence and generate smooth water flow. The pipe model was placed
in the middle of the sand box. In practice, both the onshore and offshore pipelines are
usually laid on the ground or seabed with anchors mounted to restrict the corresponding
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horizontal displacements. Accordingly, in this test, sand bags were placed on both ends of
the pipe model, which results in a 10m pipe span between them, as is shown in Figure 820. In this test, two types of damages were considered. One type was the free-spanning
damage simulated by removing the sand underneath the pipe model, as shown in Figure 820，the other type was the pipe structural damage simulated by reducing the pipe wall
thickness, as shown in Figure 8-21. Restricted by the size of the lathe turning machine, the
damage segment (1m) has to be cut to reduce the thickness and then welded back.
Weld point

7.3 m

3.7 m
11 m

Figure 8-18 Scaled pipeline model

Figure 8-19 Test site layout

free span

Figure 8-20 11m pipeline model with anchored ends
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Figure 8-21 Pipeline model with partial thickness reduction
The ambient vibration monitoring of underwater pipeline was accomplished by collecting
pipeline acceleration response under the water wave force excitation generated by wave
generator. The pipeline structural acceleration response was collected for analysis. A
computer-based 16-channel dynamic testing system developed on Labview software
platform in UWA (Figure 8-22) and 21 accelerometers modified to be waterproof (Figure
8-23) were employed for data acquisition. A photo of the integral underwater pipeline test
is given in Figure 8-24. In addition, a water pressure acquisition system (Figure 8-25) and
three water pressure sensors (Figure 8-26) installed on the pipeline were also used for
monitoring the water pressure on the pipeline, which are, however, not used in this study
for damage identification analysis.
Similar to the above numerical study, the pipeline model was also uniformly divided into
20 segments and 21 accelerometers were installed at the division points as indicated in
Figure 8-27. Altogether, 13 damage scenarios as well as the intact state, as listed in Table
8-5, were designed and tested. Since the vibration data acquisition system has only 16channels, each complete test has to be accomplished with two tests by moving the
accelerometers to cover all the designated sensor locations. Sensor 7 to sensor 14 remained
unmoved and used as reference sensors in the two tests.
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Figure 8-22 Dynamic testing data acquisition system

Figure 8-23 Accelerometers before and after waterproof processing

Figure 8-24 Underwater test
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Figure 8-25 Water pressure data acquisition system

Figure 8-26 Water pressure sensor

Figure 8-27 Pipeline segmentation and sensor layout
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Table 8-5 Damage case design
Segment No.

Severity

case1

7

Soil removed 0.5m

case 2

7,8

Soil removed 1.0m

7,8

Soil removed 1.0m

16

Soil removed 0.5m

7,8

Soil removed 1.0m

15,16

Soil removed 1.0m

6~8

Soil removed 1.5 m

15,16

Soil removed 1.0m

5~8

Soil removed 2.0m

15,16

Soil removed 1.0m

5~10

Soil removed 3.0m

15,16

Soil removed 1.0m

5~10

Soil removed 3.0m

15~18

Soil removed 2.0m

5~18

Soil removed 7.0m

Thickness reduction

7~8

Thickness -50% (1.0m)

Thickness reduction

7~8

Thickness -50% (1.0m)

Free span

15~16

Thickness reduction & Free span

7,8

Free span

15,16

Soil removed (1.0m)
Thickness -50% (1.0m)
Soil removed 1.0m
Soil removed 1.0m

Thickness reduction & Free span

5~10

Thickness -50% (1.0m)
Soil removed 3.0m

Free span

15,16

Soil removed 1.0m

Case No.
case 0

Damage type
Intact

case 3
case 4
case 5

Free span

case 6
case 7
case 8
case 9
case 10
case 11

case 12

case 13

8.5.2 Results and discussions
Different from numerical study, the real measured under water vibration data are inevitably
contaminated with noise. Therefore, a procedure of data pre-processing is necessary. In
each test, a period of 10 minutes data was collected for use. The first 60 seconds data
recorded in sensor 7 in both case 3 and the intact case are presented in Figure 8-28 for
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illustration. Considering the high sampling frequency and the matrix dimension limitation
in Matlab programs used in the analysis, only 300 seconds data are cut out of each
collected signal for analysis.
The above obtained signal is further partitioned into 30 sub-signals each with a duration of
10 seconds. The sub-signals are then normalized according to the procedure introduced in
section 8.3.2.1. The Least-square method is employed to remove the baseline of the
recorded signal, which is usually caused by environmental noise or instrument noise. In
addition, in order to eliminate the high frequency noise influence, a low-pass Chebyshev
Type II filter is designed to remove those components higher than 1000Hz. The effect of
such pre-processing is shown in Figure 8-29.

case 3

intact

2
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Figure 8-28 Acceleration signals collected from sensor 7
before filter
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Figure 8-29 A sub-signal in sensor 7, case 3 before and after baseline correction
Following the same analysis flow as that employed in the above numerical study, the
damage identification is accomplished through two steps. Namely, the establishment of
reference models in the intact state and the monitoring and detecting of an unknown
damaged state. Firstly, the pre-processed sub-signals corresponding to each sensor in the
intact state are regarded as the training sets. As for the 30 processed sub-signals
corresponding to one sensor, the auto-correlation function of each sub-signal is obtained
and employed as input. The model establishment procedure starts with calculating the
appropriate ARMA model order for each sub-signal. Then, the maximum of the 30
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obtained model orders is employed as the final ARMA model order for establishing
ARMA model corresponding to each sub-signal. Given each ARMA model, the AR
coefficients are extracted serving as the feature vector. Based on which, the Mahalanobis
distance between the intact state and zero state is calculated according to Eq. (8.5), and an
averaged ARMA model can be obtained and regarded as reference model of the intact state.
Therefore, one reference model corresponding to each sensor in the intact state is obtained.
Secondly, in the monitoring phase, for each damaged case, the pipeline acceleration
response is monitored and collected by each sensor. Five minutes’ data of each signal is cut
out and partitioned into 30 sub-signals each with a duration of 10 seconds. One set of the
sub-signals is taken as an example for analysis. Through the same analysis procedure, at
each sensor, the corresponding AR coefficients are obtained and the Mahalanobis distance
between the potentially damaged case and the intact reference model are calculated.
Finally, the damage indicators corresponding to each sensor are calculated according to Eq.
(8.6). For all the thirteen damaged cases, the damage indicator values obtained from one
set of sub-signals are presented in Figure 8-30. Additionally, the corresponding threshold
of

each

case

is

also

obtained

according

to

Eq.

(8.7),

in

which,

t(1−0.05) (n − 1) = t 0.95 (20) = 1.7247 is employed in calculation as 21 sensors are installed
along the pipeline model in this test. The calculated threshold for each case is plotted in
Figure 8-30 using dashed line.
In Figure 8-30, those sensors with DI values above the threshold are defined as the possible
damage locations and denoted with solid arrow, the true damage locations presented in
Table 8-5 are denoted with grey frame shadow and the sensors which are wrongly
identified as damage position are denoted with dotted arrow. As shown, the true free spans
in case 1 to case 5 are correctly identified. In case 6, sensor 4 is wrongly identified because
the influence of the adjacent free-span. Similar observations can be made in case 7, 8 and 9,
in which the real free-spanning damage areas are successfully identified with the false
identification at boundaries of the free spans, i.e., at sensor 4 in case 7, at sensor 4, 14 and
20 in case 8, and at sensor 4 and 20 in case 9. These observations demonstrate that the
proposed damage identification method is sensitive to the free-spanning damage in
offshore pipeline system and is capable of providing satisfactory free span identifications
with some possible conservative identification at the boundary of true free span area. In
case 10, the pipeline structural damage, i.e., pipe thickness reduction, cannot be
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satisfactorily identified because the stiffness reduction in the pipe-soil-fluid system due to
damage in pipe is insignificant compared with the foundation stiffness which dominates
the total stiffness of the system. This is proved by the identification result in case 11, in
which both types of damages coexist, only the free-span damage is accurately identified
while the pipe damage with thickness reduction cannot be detected. In case 12, damage in
segment 7 and segment 8 with both thickness reduction and free-span are clearly identified.
The other free-span area in segment 15 and 16 is also detected. In case 13, only segment at
sensor 4 is wrongly identified.
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Figure 8-30 Damage indicator values (case 1-case 13)
From the above results, the effectiveness and applicability of the proposed no-model
damage detection scheme for real application to the damage detection of offshore pipeline
system is demonstrated. The scheme is proved sensitive to the free-spanning damage and is
capable of locating as well as identifying the free-span length, although in the situations
where free span is very long it might over identify the free-span length. However, the
method may not be able to successfully identify damage in the pipe structure because, for
the pipelines with continuous bedding supports, the pipeline structural damage only results
in insignificant stiffness reduction of the system as the bedding supports dominate the total
stiffness of the system.

8.6 CONCLUSIONS
According to the characteristics of the ambient vibration response of offshore pipelines, a
no-model damage detection scheme based on the correlation-based ARMA model method
is developed in this chapter aiming to realize the online SHM of the offshore pipeline
system. In this method, the integrated signal pre-processing module reduces the effect of
various loading conditions and environmental conditions; with the AR coefficients
extracted based on the correlation-based ARMA model method as damage feature vectors,
the damage indicator defined based on Mahalanobis distance is effective for damage
detection of offshore pipeline systems under subsea ambient excitations. The applicability
and effectiveness of the proposed method is verified both numerically and experimentally
through analysing the ambient vibration response of subsea pipeline system. Specifically,
in numerical study, an accurate FE method of modelling soil-pipe-fluid subsea pipeline
system is developed and the method of simulating the hydrodynamic wave force acting on
the pipeline is derived, based on which, the ambient vibration of subsea pipelines under
various damage scenarios is simulated. In experimental verification, the underwater
dynamic tests of a scaled subsea pipeline system model with an underwater SHM system
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installed on it are designed and accomplished in water tank laboratory. Both numerical and
experimental results demonstrate that the proposed no-model damage detection method is
robust and sensitive to free-spanning damage. It provides very good results for the
detection and localization of free-spanning damages in subsea pipeline system. The
damage identification method and the offshore pipeline SHM system presented in this
chapter can be used as a reference for the practical application of offshore pipeline SHM
system.
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CHAPTER 9
CONCLUDING REMARKS

9.1

MAIN FINDINGS

This thesis has focused on developing the vibration-based system identification method
and damage detection technique that are applicable to the real-time SHM of civil
engineering structures under operational conditions. The major contributions and findings
made in this research are summarised below.
The applicability of different output-only system identification techniques widely in use is
systematically studied. Variability involved in using various system identification methods
for modal parameter identification is quantified through analysing the same ambient
vibration response of a simple beam indicating that on average a 2% to 3% error is
generated in natural frequency identification, which should be accounted for in damage
detection. The time-frequency domain methods are superior to the time or frequency
domain methods in terms of time-varying system identification. HHT method shows
superiority over WT method in detecting sudden variation and tracking smooth variation of
system process.
The theoretical background of HHT theory is intensively elaborated and found that EMD
sifting process is central to HHT. Through numerical study, HHT method is demonstrated
capable of analyzing the signal with frequency-modulation and amplitude-modulation,
efficient in extracting the instantaneous structural vibration information from structural
dynamic response and representing its time-frequency-amplitude distribution explicitly on
time-frequency plane. However, HHT is found have some critical problems, i.e., the end-
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effect, the ‘mode mixing’ problem and the susceptibility to noise disturbance.
Experimental data analysis shows its less reliability in in-situ use.
An improved HHT method is proposed with effective improvements to the original HHT
method. The improved HHT method takes the cross-correlation function or autocorrelation function of the structural response signal as a substitute of analysis object
allowing the structural response excited by both stationary random excitations and nonstationary random excitations to be well decomposed into ‘mono components’ suitable for
performing HT analysis. Its integrated band-pass filtering technique and the real IMF
selection principle overcomes the ‘mode mixing’ problem and reinforcing this method’s
ability to identify closely spaced natural modes. The developed AEWFA method is quick
and reliable for detecting structural natural frequencies. Numerical applications and
experimental validation demonstrate the improved HHT method serves better as an output
only system identification tool for practical use in the field of civil engineering.
The identification of LTV system under both stationary and non-stationary random
excitations based on the improved HHT method is developed. Extensive numerical studies
including the identification of LTV system from free vibration response and forced
vibration response signals under harmonic, seismic and random excitations are performed.
In particular, the systems of abruptly varying, linearly varying and exponentially varying
features are all considered. The improved HHT method is demonstrated able to detect the
exact damage occurrence instant and track the cumulative damaging process. It can also
distinguish the frequency components introduced by the excitations from the structural
modal frequency components.
A multi-stage damage detection scheme that comprises the detection of damage occurrence,
damage existence, damage location and the estimation of damage severity is developed
based on the improved HHT method. In this scheme, the obtained IF is able to detect the
damage occurrence instant, the IP of the first IMF is found sensitive to minor damage and
reliable in damage indication, the damage indicator defined based on Hilbert marginal
spectrum is effective in locating the damaged area, and the damage severity is better
estimated through analysing the structural response monitored at the detected damage
location. This scheme accomplish the above functions automatically in one flow with no
need of modal parameter identification. This scheme is validated by both numerical study
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and laboratory tests of frame structures under ambient excitations. It is simple, time
efficient, robust and the obtained variables are all functions of time making this scheme
applicable to the real time SHM of in-service structures.
A correlation-based ARMA model method is developed as an output-only system
identification technique based on the link between the ARMA model and the mathematical
description of civil engineering structures. This method overcomes the bias in ARMA
model modelling caused by noise. Through its applications to analysing various types of
numerically simulated and real tested structural response data, compared with traditional
ARMA model method and the developed improved HHT method, this method is
demonstrated economical, reliable and robust in performing system identification.
Innovative application of the vibration-based damage detection technique to the SHM of
offshore pipelines is accomplished. A no-model damage detection scheme based on the
correlation-based ARMA model method is developed. In this method, the signal preprocessing module reduces the effect of various loading conditions, environmental
conditions and noise; the AR model coefficients obtained using the correlation-based
ARMA model method forms effective damage feature vector; the damage indicator
defined based on Mahalanobis distance is able to detect the damage in offshore pipeline
systems. FEM method of simulating the ambient vibration of offshore pipelines under
hydrodynamic forces with soil-pipe-fluid coupled effect is developed. The under water
dynamic tests of a scaled subsea pipeline system model with an underwater SHM system
installed on it are designed and accomplished in water tank laboratory. The results
demonstrate that this no-model damage detection method is time efficient, robust and
sensitive to pipeline structure damage and free-spanning damage, and is efficient in
detecting and locating these damage. The presented damage detection method and the
underwater offshore pipeline SHM system can be used as a reference for the practical
application of offshore pipeline SHM system.

9.2

RECOMMENDATIONS FOR FUTURE WORK

The research presented in this thesis contributes to the development of vibration-based
system identification, damage detection and real-time SHM of civil engineering structures
under ambient excitations. However, various aspects of the research might be worth further
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investigation in the future. Possible further investigations that can be made in the future
study are outlined below:
(1) The problems inherent with HHT method still can not be fundamentally resolved
although effective improvements have been developed, which is mainly because the
fundamental theory of HHT method is not rigorous enough, therefore, more study on
developing the theory of this method is recommended.
(2) The research on the identification of time-varying system is far lagging behind the real
need, especially in the field of civil engineering, it should be investigated in depth
from theoretical developments, experimental validation and practical implementations.
(3) Although the vibration-based system identification and damage detection have been
widely studied in the last few decades, most of the developed methods are merely for
resolving certain types of problems or applicable to a certain type of structures.
Therefore, the development of damage detection methods of general applicability to
various types of structures in different operating environment is still a research target
deserves more efforts.
(4) The developments and applications of vibration-based damage detection and SHM
techniques to offshore pipelines is a very promising subject. However, the relevant
research is still rarely reported. Therefore, many aspects involved in this subject, such
as the invention of underwater sensing device and data transmission device, the optimal
distribution, installation and burying of sensors on offshore pipelines, long distance
transmission of mass data as well as the development of reliable and efficient damage
detection methods etc., all need to be intensively studied.
(5) So far, the methods developed in this thesis are verified through numerical study and
laboratory test verification, future application to real projects is highly recommended to
validate its feasibility in real use.
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