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Abstract
A network of laser interferometer gravitational waves detectors spread across the
globe is currently running and steadily improving. After complex data analysis
from the output signal of the present detectors, astrophysical results begin to
emerge with upper limits on gravitational wave sources. So far, however no direct
detection has been announced. To increase the sensitivity of current detectors,
a second generation of interferometers is planned which will make gravitational
wave astronomy a reality within one decade.
The advanced generation of interferometers will represent a substantial upgrade from current detectors. Especially, very high optical power will circulate in
the arm cavities in order to reduce by one order of magnitude the shot noise limited sensitivity in high frequency. However, the theoretical shot noise limit will
only be achieved after implementation of complex thermal lensing compensation
schemes. Thermal lensing is direct consequence of the residual optical absorption inside the substrate and coating of the test masses and could have tragic
consequences for the functionality of the interferometer.
The Australian Consortium for Interferometric Gravitational Astronomy
(ACIGA) in collaboration with LIGO will run a series of high optical power
tests to understand the characteristics and effects of thermal lensing. During
these tests, techniques to compensate thermal lensing will be experimented. This
thesis mainly focused on the first high optical power test in Gingin, Australia.
The first test will consist of a Fabry Perot cavity with the sapphire substrate of
the input mirror inside the cavity. Due to the high optical circulating power a
strong convergent thermal lens will appear in the input mirror substrate. Because
of the presence of the thermal lens inside the cavity, the size of the cavity waist
will be reduced and the cavity circulating power will decrease.
Simulations using higher order mode expansion and FFT propagation code
were completed to estimate ways to compensate strong thermal lensing for the
Gingin first test. The term ‘strong thermal lensing’ is used because the thermal
lens focal length is comparable to the design focal length of the optical components. The expected performance of a fused silica compensation plate is presented
and advantages and limits of this method are discussed.
Experimental results on small scale actuators which can potentially compensate thermal lensing are detailed. The knowledge gained from these experiments
was valuable to design the real scale compensation plate which was used in the
first Gingin test. This test was carried at the end of 2005. The thermal lens due
to 1 kW of optical power circulating in the sapphire substrate was successfully
compensated using a fused silica plate.
Yet, thermal lensing compensation may only be required for room temperature advanced interferometer. Indeed, we showed that cooling the interferometer
mirror to cryogenic temperature can eliminate the thermal lensing problem and
also substantially decrease the mirror thermal noise.
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Thesis structure

Chapter 1 is an overview of the worldwide gravitational wave (GW) research
program. The diversity of the GW spectrum is detailed and the most important
astrophysical sources are reminded. Then, the current and planned detection
techniques from pulsar timing to resonant bar detectors are briefly introduced.
Finally, the first results of the GW detection program and the current research
effort are summarized.
The thermal lensing issue is introduced to the reader in chapter 2. After
a presentation about advanced laser interferometers, some simple models are
used to study the effects of the optical absorption in the test masses. Using
finite element modelling, fused silica and sapphire materials are compared in
term of time evolution and magnitude of thermal lensing. This chapter ends with
simulations of the first idea of thermal lensing compensation: using a heating
ring around the test mass.
In the chapter 3, the three planned Gingin high optical power optical tests
are detailed. In particular, we demonstrate how thermal lensing can degrade
the performance of high power optical cavities. Solutions to correct the negative
effects of thermal lensing are proposed.
The use of a FFT optical code called OSCAR is introduced in chapter 4. The
FFT optical propagation code is briefly explained and its advantage underlined.
We applied this code to simulate the behaviour of the Gingin Test 1 cavity using
realistic mirror deformations. In this test, a fused silica plate is inserted inside
the cavity to correct thermal lensing effects. By simulating strong thermal lensing
effects for the first Gingin test, we demonstrate the importance of higher order
optical modes and how they can dramatically change the cavity circulating power
when they are resonant.
The chapter 5 sums up the experimental results from the first Gingin test.
We detail how we observed the thermal lensing effect on the cavity and how
we measured the sapphire and fused silica optical absorption. The successful
compensation of thermal lensing is achieved with one kilowatt of power circulating
inside the cavity using a fused silica compensation plate.
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The design of the compensation plate for Advanced LIGO is studied in Chapter 6. We optimise the dimensions of the compensation plate and the distance
between the plate and the radiative heating ring. Finally, some estimates of the
noise introduced by the compensation plate are derived and compared to the
noise from the arm cavities.
In the Chapter 7 we investigate the cryogenic solution to eliminate thermal
lensing in laser interferometers. Moreover, by reducing the temperature of the
mirror below 20 K, thermal noises can be reduced by a factor 3. The two material
candidates for the substrate cryogenic mirror sapphire and silicon are compared
in terms of thermal noise and shot noise limit.
In the last chapter, a new topic is introduced. Thermal tuning of optical
cavities is proposed to reduce the parametric gain of high frequency parametric
instabilities in gravitational wave detectors. To achieve this tuning the radius of
curvature of one cavity mirror is changed by thermal actuation, thereby detuning
the optical cavity Stokes mode relative to certain test mass acoustic modes. Both
sapphire and fused silica substrates are compared in term of response time and
magnitude of the test mass deformations.
Finally, in appendix, we review different mechanisms induced by thermal lensing which can scatter the optical fundamental into higher order optical modes.
An example of a script to simulate thermal lensing in a test mass using the software ANSYS is given. In the last appendix the properties of the material used
for our simulations are given.
Although it may surprised the reader, I often use the personal pronoun ‘we’.
This ‘we’ must be understood as the royal ‘we’ since this thesis described my
personal work unless otherwise stated.
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Chapter 1
Gravitational wave detection: an
overview of the worldwide
research
Since Einstein’s General Relativity theory, space-time has often been pictured as
an elastic membrane: distribution of mass energy induces a space-time curvature.
Changes in mass distribution create waves propagating through the membrane.
These waves, ripples of space-time are called gravitational waves.
Gravitational Waves (GW hereafter) travel across space at the speed of light
and have very low interaction with matter. Thanks to this low interaction, the
study of GW signals can give valuable information not available from the study
of electromagnetic waves. Thus, if we can detect the gravitational radiation, a
new window to the universe will be open which can revolutionize our present
cosmic view. Unfortunately, low interaction also means that GW signals are
extremely difficult to detect. 70 years after the prediction of GW, the first indirect
experimental proof of gravitational waves was provided by Weisberg and Taylor
in 1984. By studying the pulsar PSR 1913+16, they showed that the period of the
pulsar around its companion star decreased exactly as predicted by the Einstein
equations [1]. A part of the pulsar orbital energy is converted to gravitational
radiation. Today a worldwide effort (see the map in figure 1.1) is under way to
detect gravitational radiation directly on Earth.
This chapter aims to review the worldwide effort to detect GWs on Earth, and
is organized as follows: in section 2, we will first describe the gravitational waves
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Figure 1.1: World map of the present gravitational waves detectors. This map
does not include the research interferometers, such as the one in Caltech, MIT,
Glasgow University or at Gingin in Australia.
spectrum, then in section 3 the current status of different GW detectors will be
reviewed. Finally, latest results from these detectors and the ongoing research
program will be presented.
During this thesis, in order to compare the magnitude of different GW sources,
the dimensionless amplitude of the wave will be denoted hs , which is proportional
to the third time derivative of the mass quadrupole moment. Large amplitude
waves (> 10−18 ) are generated when a large asymmetric mass (> M⊙ ) is spatially
redistributed at relativistic speed. The GW amplitudes decrease with distance
from the sources.
Since the output of every detector is the sum of the GW signal and noise, it is
useful to express the noise floor of the detector as a term easily comparable to hs ,
the amplitude of the GW. Thus, we can define hd the sensitivity of the detector
which represents the strain sensitivity and is proportional to the square root of
1

the noise power density spectrum. hd is expressed in Hz− 2 . The amplitude hs of
a GW signal must be divided by the square root of the signal bandwidth in order
to be compared to hd the sensitivity of the detector. Sometimes, the sensitivity of
a detector is quoted much lower than the strain sensitivity. Indeed the apparent
sensitivity of the detector to a particular signal can be improved by using time
integration of the signal (sometimes one year) or by using optimised data analysis
techniques.
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1.1

A walk through the gravitational waves spectrum

The success of GW detection is likely to be dependent on the correctness of the
predicted GW signals. Since GW detection involves detection of signals embedded
in detector noise, the data analysis process plays an essential role. One of the
most efficient strategies to discover a predicted signal in a noisy environment
is the matched filtering technique [2]. However, to be efficient this technique
requires an accurate waveform of the expected GW signal. This waveform can
only be obtained by intensive theoretical research. Thus, GW detection is not
only related to the physics of the detector but also to the astrophysical research
that we will briefly introduce in the following sections.
Like electromagnetic waves, gravitational waves have an extremely wide spectrum, with a frequency range covering more than 20 orders of magnitude! In
the following sections, an overview of the expected gravitational wave frequency
bands is presented. This simplified presentation just aims to demonstrate the
diverse processes which can generate gravitational waves. For a deeper insight,
the reader is invited to consult the corresponding references.

1.1.1

Ultra low frequency band

At the lowest part of the frequency spectrum (from 10−18 to 10−9 Hz), only
one source is expected: the GW primordial background [3]. This cosmological
background is the equivalent of the microwave background for electromagnetic
waves. It was generated just after the big bang, at the time of the decoupling
between the graviton and the primordial plasma. Since the graviton has very
weak interaction with matter (even weaker than the neutrino), the GW primordial
background enables us to probe the very early epoch, 10−44 s after the big bang.
The study of these GW relics can give a picture of the density perturbations
of the early universe, which are unreachable by other means. It could be an
invaluable tool for high energy physics and experimental testing of cosmological
theories. The spectrum of the primordial gravitational waves background has
been predicted [4]:
log (hs ) = −0.9 log (f ) − 23 for 10−16 < f < 108 Hz
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(1.1)

For example at 10−8 Hz the amplitude is predicted to be 10−16 while at 108 Hz
the amplitude is 10−30 . The energy density of the primordial GW spectrum is
predicted to be uniform across a broad range of frequencies. However predictions
are highly dependent on cosmological models and details of the inflation era [5].

1.1.2

Very low frequency band

The main GW sources with frequency from 10−9 to 10−6 Hz are from the coalescence of massive black hole binaries. Strong evidence suggests that most galaxies
host massive black holes ( > 106 M⊙ ) in their core. During the merging of galaxies, their respective black holes will interact, inspiral, and coalesce, emitting very
large amplitudes of GW. The inspiral phase can last several millions of year. The
GW background from massive black hole coalescence can be calculated using the
black hole mass function and the estimated galaxy merger rate [6]:
−16

hs ∼ 10



f
3 × 10−8

− 32

for 10−9 < f < 10−6 Hz

(1.2)

The estimated background over a large frequency range is displayed in figure
1.2. Yet, the theory related to massive black hole coalescence is still tainted with
uncertainty. The galaxy merger rate is only known at best within a factor ±2

times [8], and only simple models have been used for the black hole dynamics.

Figure 1.2: Predicted GW background from coalescence of massive black holes
[7]. The GW strain is integrated from event 0 < z < 2 (dotted line) and for z
> 2 (dashed line). The bold line represents the sensitivity of LISA, the planned
space GW detector, with S/N = 1. The sensitivity is integrated over all sky and
polarization.
18

1.1.3

Low frequency band

The most certain GW sources at low frequency (from 10−4 to 10−1 ) are galactic
binary systems. Some of these systems have been already fully characterized
thanks to their electromagnetic emission, and thus their GW emission has been
predicted with confidence [9]. Although short period binaries can be bright GW
sources (for example, the GW amplitude from neutron stars binaries within our
galaxy can be above 10−19 at 5 mHz), below 2 mHz a strong GW background
is expected. This background is the incoherent superposition of GWs emitted
by binary sources that can not be resolved separately. Just in our galaxy, more
than 108 sources are expected. Likewise a GW background from extra galactic
binaries has also been predicted [10].
Compact stars falling into the massive black holes in the center of galaxies
are also potential GW emitters. The study of GW from these events can reveal
the space time geometry around the black hole and also confirm the predictions
of general relativity in the strong field regime. However, present GW emission
estimations are not totally assured. The event rate is still uncertain and clear
detection of the signal may be difficult due to the GW background resulting from
other weaker inspiral sources. Only recently a good approximation of the GW
waveform has been achieved [11], we reproduce an example in figure 1.3.

Amplitude

100
50
0
-50
-100x10

-24

0

1000

2000

3000
4000
Time (s)

5000

6000

Figure 1.3: Sample waveform of a massive compact object coalescing into a massive black hole [11]. This waveform represents the GW emitted during the last
minutes before the final plunge. The compact object has a mass of 10M⊙ and
an orbit eccentricity of 0.5, the black hole mass is 106 M⊙ . The distance to the
source is 1 Gpc.

19

The merger of massive black holes are recognized to be one of the brightest
GW emitters [12] with hs > 10−20 at 10 mHz for 106 M⊙ at a distance z = 1. The
phenomenon is similar to that described in the previous section, except the black
holes have lower masses. Unfortunately, the occurrence of this event may be quite
low, 0.1 - 1 per year for a redshift with z < 5 [13]. The GW signature from the
merger has 3 distinctive phases. Firstly there is the inspiral phase where the GW
signal looks like a chirp: as the 2 black holes become closer and their orbital speed
increases, the GW frequency and amplitude increases. This is followed by the
merger phase during the final plunge: the GW radiation from this phase is the
most difficult to predict because of the non linearity of the space time dynamics
[14]. Finally a short (less than 10 seconds) GW signal with a ringdown shape
has been predicted [15]. During this phase, the resulting distorted black hole
emits energy in order to dissipate its non-spherical components. At the end of
the merger, only a massive Kerr black hole remains.

1.1.4

High frequency band

The high frequency band (from 1 to 104 Hz) of the GW spectrum consists of a
rich variety of sources. Many of the processes that result in low frequency GWs,
also translate into the high frequency band, because the frequency of GW from
black hole interactions depends inversely as the mass of the primary black hole.
Only the most important sources will be mentioned here.
As in the optical spectrum, supernovas may also produce spectacular events
in the GW sky. GWs are emitted during the core collapse because of the aspherical geometry of the star [16]. Although mechanisms of core collapse are
not fully understood, GW waveforms have been predicted according to the type
of supernovae [17]. For a supernova at 20 Mpc the GW amplitude can reach
hs ∼ 3 × 10−23 . Yet the event rate is very low: 1 per century in our galaxy
and around 3 supernovas per year within 20 Mpc (including the Virgo cluster).

Unfortunately, the signal from the collapse itself may be too weak to be detected.
However, the collapse signal may only be the precursor to a much stronger signal
due to the instabilities developed by the resulting proto-neutron star [18]. Dynamical instabilities are due to non spherical modes which can arise in a rotating,
self graviting spherical fluid. The time scale of the instability is similar to the star
rotation period. The most anticipated non spherical mode is the bar mode, which
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provokes an elongation of the star. The resulting asymmetry in the rotating star
will provoke emission of large amplitude GW. For a proto-neutron star of mass
1.4M⊙ at 100 Mpc, the GW amplitude can be larger than 10−22 at 1 kHz [19].
A stochastic background from neutron star births has been predicted. The
model is calculated by integrating the GW spectrum from core collapse of massive star over the star formation rate. It demonstrated that even if the GW
background from core collapse is unlikely to be detected by advanced GW detectors [20], the GW background generated bar mode instabilities might be detected
with a reasonable S/N ratio [21].
As for the low frequency band, binary systems composed of white dwarfs,
neutron stars or black holes can be one of the strongest GW emitters. Yet,
compared to the low frequency band, the expected sources are less massive. In
the case of a 10M⊙ black hole binary system at 400 Mpc, during the inspiral
phase, hs is estimated at 10−23 at 100 Hz with an event rate between 10 and 2000
per year within z < 0.4 [22]. The coalescence of 1.4M⊙ neutron star binary system
at 20 Mpc can emit GW radiation with an amplitude as large as hs ∼ 3 × 10−22

at 100 Hz (with an event rate between 20-1000 event per year for advanced
interferometers [23]). The inspiral of binaries is the principal detection target for
ground based GW detector.
GW can also be emitted from elliptical pulsars [24]. During their rotation,

non spherical pulsars generate low amplitude, continuous waves. Recently, gravitational radiation has also been predicted to be associated with gamma ray bursts
[25].

1.2
1.2.1

Space based detection
Pulsar timing

To detect very low frequency GW, the use of a pulsar timing array has been
proposed. Pulsars emit narrow pulse at radio frequencies with remarkable regularity [26]. Fast pulsars with periods of several milliseconds have a long term
stability equivalent to the best atomic clocks. Looking with radiotelescopes to
the different galactic pulsars is like monitoring an array of clocks spread over the
celestial sphere. The effect of GWs on electromagnetic waves is observed as a
modulation of the vacuum refractive index. So a GW passing between the Earth
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and a pulsar will induce a phase modulation in the usually regular signal received
from the pulsar. GW signals can be detected by searching for correlated delay of
pulse arrival times from different pulsars. To obtain the required pulsar stability,
a long observation time is required. This however, only limits the GW search to
very low frequency sources. An international project will observe more than 20
fast pulsars at a weekly rate during 5 years [27].

1.2.2

LISA

NASA and ESA are undertaking a joint project called LISA (Laser Interferometer
Space Antenna) to study the low frequency GW sources [28]. LISA consists of
three identical spacecrafts forming an equilateral triangle as shown in figure 1.4.
Each spacecraft is separated by 5 × 106 km and the array will be placed on
the Earth orbit (20 degree behind the planet). Inside each spacecraft, 2 test

mass will follow a pure geodesic motion. The test masses will represent the
reference position of the spacecraft. A micro thruster will constantly act to keep
the structure of the spacecraft centered on them. An infrared laser beam will be
directed between the test mass of two different spacecrafts in order to monitor
their separation using interferometric methods. GW will be detected by analysing
the relative position change between the test masses. At its expected sensitivity,
LISA will be assured of detecting numerous sources. After a 1 year integration
time, LISA is predicted to reach the sensitivity of 10−23 between 10−3 − 10−2 Hz.
The 3 spacecrafts involved in the mission are planned to be launched in 2012.

To demonstrate the feasibility of LISA, most of the critical technology will be
tested in space during the LISA Pathfinder mission. The spacecraft, launched in
2006, will host two test masses in geodesic motion separated by a few centimeters.
The separation of the test masses will be measured by the same methods planned
for LISA (but with less stringent requirements). This mission will test the micro
thruster and will be used to characterize the behaviour of the optical setup. In
particular, the laser frequency stability [29] and temperature effects will be key
issues.
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Figure 1.4: Flight configuration of the three LISA spacecrafts (left). On the right
side, a spacecraft is represented. The solar panels and the antenna have been
omitted from this picture.

1.3

Earth based detectors

The earth based detectors aim to detect GWs in the high frequency band. To
achieve this goal, two different technologies have been investigated: laser interferometry and resonant mass techniques.

1.3.1

Laser interferometers

The laser interferometer consists of an improved version of the classic Michelson
interferometer. GW passing through a Michelson interferometer change the relative length difference between the two perpendicular arms of the interferometer.
The arm length variation is converted by a variation in the optical intensity at
the output of the detector. Due to the weakness of gravitational wave interaction
with matter, the detectors must be able to measure a length variation of less than
10−18 m. To improve the sensitivity of the detector, complex methods are used
to increase the optical energy stored in the interferometer arm (and so increasing the interaction between the light and the GW signal). The interferometer is
suitable to detect high frequency GW signal, from 5 Hz to 2 kHz. The sensitivity
is limited by the seismic noise at low frequency and the thermal and quantum
noise at high frequency. The characteristic sensitivity spectrum of the current
laser interferometers is presented in figure 1.5.
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Figure 1.5: Comparison between the sensitivity goals of the four current laser
interferometers.
GEO600
GEO 600, the British-German project, is located in Germany near Hannover and
it consists of a Michelson interferometer with a 600 m arm length. The first tests
were conducted in 2002 with a low power laser. The configuration tested was a
Michelson interferometer with a delay line and power recycling mirror. The delay
line is used to double the optical path length of the arms and the power recycling
mirror reflects the un-used optical power to the interferometer. A mode cleaner
is added to filter the spatial noise of the laser beam from entering inside the
interferometer. These first tests showed the excellent stability of the automatic
alignment system and the robustness of the control [30] (duty cycle of 90%).
In 2003, the signal recycling mirror was installed. This mirror, placed at the
dark port of the interferometer should increase the interferometer sensitivity over
a narrow bandwidth (to the detriment of a slight decrease in sensitivity outside
the narrow bandwidth) as shown in figure 1.5 at 1 kHz. After some difficulties,
the full locking of the interferometer was achieved over a period of 24 days. The
feasibility of the signal recycling technique was experimentally first demonstrated
in the Garching interferometer prototype [31]. During the last scientific run in
February 2005, GEO600 managed to obtain a duty cycle of more than 97% with
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both power and signal recycling. During the Science run 5 in May 2006, the
1

detector reached a sensitivity of 2 × 10−22 Hz− 2 at 1 kHz [32].
LIGO
The US LIGO project (Laser Interferometric Gravitational Observatory) consists
mainly of a pair of 4 km arm length interferometers. One is situated at Hanford
(Washington state) and the other at Livingston in Louisiana. In addition, the
Hanford system includes a 2 km arm length interferometer. The location of the
interferometers, 3000 km apart in the U.S. allows some localisation of GW sources
in the sky by correlation. The interferometers, inaugurated at the end of 1999,
have the longest arms and the largest high vacuum installation in the world. The
optical configuration of LIGO has a similar design to GEO. Yet some differences
must be pointed out:
• LIGO arms consist of a Fabry Perot cavity rather than a delay line. This

enables the light to do several round trips in the arms, and so enhance the
interferometer sensitivity.

• In its present configuration LIGO has no signal recycling mirror.
• With a 10 W input laser the optical power in the arm of the interferometer
can reach several tens of kW.

During the various scientific runs, LIGO has shown its ability to handle high
optical power. They have demonstrated experimentally that the optical absorption in the optics can be linked to a degradation of the sensitivity [33]. Since its
first test, LIGO has made impressive progress and has improved its sensitivity
by 3 order of magnitude in 3 years! During February 2005, the best performance
1

of the interferometer was hd = 4 × 10−23 Hz− 2 at 150 Hz. The sensitivity of the

three interferometers are now very close to the design sensitivity.
TAMA300

TAMA300 is the Japanese 300 m long arm interferometer, located at Tokyo.
The interferometer made is first scientific run to detect GW sources in 1999: at
this time LIGO was just inaugurated and Virgo still under construction. The
interferometer was a Michelson interferometer with Fabry Perot arms. Then in
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2002, it was equipped with a power recycling mirror, which required a new design
for the alignment and loops control [34].
Due to its location inside a major city, the interferometer is very dependent
of the human activities. The duty cycle between night and day falls from 90% to
60%. In order to increase its sensitivity at low frequency and to be less dependent
of its environment, TAMA will install a new seismic isolation chain (planned for
August 2005). At the beginning of 2004, TAMA achieved a strain sensitivity of
1

hd = 2 × 10−21 Hz− 2 at 1 kHz. Its sensitivity is mainly limited by its short arm

length.

VIRGO
The French Italian interferometer called VIRGO is located near Pisa in Italy and
is shown in figure 1.6). It consists of a 3 km Michelson interferometer with Fabry
Perot arm cavities and a power recycling mirror (similar to LIGO interferometers).
The main installation is completed and the first commissioning was achieved in
July 2002. The most original aspect of the detector is the suspension system
which reduces mirror displacements due to the seismic noise. The isolation system
includes several cascaded filters accommodated in 8.5 m high vacuum tanks. The
isolation chain attenuates the seismic noise by a factor of 2 × 10−9 at 4 Hz [35].

Six parts of this isolation system are required to reach the desired interferometer

sensitivity; four for arms mirrors, one for the power recycling mirror and one for
the beam splitter.
During the first commissioning, a reduced version of the interferometer was
tested [36]. For this test, the arms of the interferometer were 6 meter long and had
no arm cavity. A better understanding of the control system was achieved during
the commissioning, increasing the duty cycle. Also the data acquisition system
was operated, and data analysis code was finalised. At the end of 2004, the arms
cavities were successfully locked and the power recycling mirror was implemented.
1

In September 2005, the interferometer sensitivity was hd = 6 × 10−22 Hz− 2 from
300 Hz to 800 Hz [37].
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Figure 1.6: Aerial view of the VIRGO interferometer. On this photo, the two
perpendicular 3 km vacuum pipes containing the arms of the interferometer are
clearly distinct (Reproduced with permission from EGO).

1.3.2

Resonant mass detectors

Resonant bar detectors were historically the first GW detectors designed. They
consist of large metallic cylinders which have their oscillations converted into
electrical signals by a transducer. Incoming GWs excite the longitudinal resonant modes of the bar, inducing oscillations. The modes continue to vibrate
with a slow decay due to the high Q mechanical resonance factor, even after the
disappearance of the GW signal. Compared to laser interferometers, resonant
bars have a narrower bandwidth centered on the frequency resonances of the bar
(around 1 kHz). To increase their sensitivities, the bars are cooled to cryogenic
temperatures and they utilise cryogenic vibration isolation and superconductive
transducer.
Resonant bars
Five resonant bars across the world have achieved long data recording. In table
1.1 their main characteristics are reproduced [38].
Four resonant bar detectors are still undertaking major upgrades. To improve
the peak sensitivity, the mass of the bar can be increased or the temperature
lowered. The sensitivity bandwidth strongly depends on the transducer coupling
and the amplifier noise. In 2003, Explorer was equipped with a new readout
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Table 1.1: Resonant bar antennas network. The physical temperature represents
the temperature of the bar and the noise temperature is the minimum detectable
energy innovation. The bandwidth is the bandwidth for a sensitivity of 10−20
1
Hz− 2 . This table presents the characteristics of Auriga in 2004, Allegro in 2004,
Nautilus and Explorer in mid 2005. Niobe has made is final run in 2001.
Antenna

Allegro

Auriga

Explorer

Nautilus

Niobe

Location

Baton Rouge

Legnaro

CERN

Frascati

Perth

(U.S.)

(Italy)

(C.H.)

(Italy)

(Australia)

Physical temperature (K)

4.2

4.5

2.6

3.5

5

Noise temperature (mK)

3

1

2

2

2

− 12

Peak sensitivity (Hz

)

Bandwidth (Hz)

4 × 10

−21

20

2 × 10

−21

110

1 × 10

−21

40

1 × 10

−21

40

8 × 10−22
2

system [39] improving its bandwidth by one order of magnitude. The same system is due to be used for ALLEGRO and partially for Nautilus. After a long
interruption, Auriga starts its second run with an improved transducer and new
cryogenic suspension in 2003. The sensitivity and bandwidth are expected to gain
more than one order of magnitude [40]. Resonant bars have set the best upper
limit on gravitational wave burst event rates and amplitudes. However the LIGO
detectors are likely to soon supersede this limit.
Spherical resonators
For optimal coupling between the GW and the resonant bar, the polarization of
the GW must coincide with the direction of the longitudinal mode of the bar.
This feature can restrict the search for GW sources widespread over the celestial
sphere. To prevent this limitation, omnidirectional resonators have been designed:
resonant spherical detectors.
Two spherical detectors are being built: MiniGRAIL [41] in the university
of Leiden (Netherland) and the Brazilian Mario Schenberg antenna [42] in Sao
Paulo. Both detectors use a 65 cm spherical mass of CuAl6% weighing 1.15 tons
(2 times lighter than the resonant bars). The sensitivity of the Brazilian detector
is expected to reach 2 × 10−23 at 3.2 kHz over a 400 Hz bandwidth (slightly less
for MiniGRAIL). MiniGRAIL is currently testing its cryogenic envelope (best

minimum sphere temperature of 65 mK in June 2005) and its vibration isolation
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system. The first goal sensitivity is 4 × 10−21 . The Mario Schenberg antenna has

begun its first cryogenic test.

1.4

Perspectives and conclusion

1.4.1

First results of Earth based detector

Even though no GW has been detected up to the present time (middle of 2005),
scientific collaborations between detectors have already set upper limits on the
occurrence and magnitude of several GW sources. In this section, I only quote
published results.
IGEC search for GW burst
In order to facilitate the data exchange between resonant bar detectors, an international collaboration called IGEC was formed in 1997 [43]. IGEC has been
looking for GW burst by analyzing data from the 5 resonant bars collected from
1997 to 2000. Since the noise of different antennas is not correlated, coincident excitation from 2 or more detectors may indicate a detected GW signal. All events
above a certain threshold from the output of the various resonant bars have been
recorded and compared (time of arrival, Fourier analysis and amplitude). After
analysis of the 4 years of data (although all 5 detectors were not on continuous
operation) no burst greater than 4 × 10−18 has been recorded and no statistical
evidence of GW event have been detected [44]. However, the best upper limit for
the event rate of GW bursts as a function of the frequency was achieved.
LIGO science run I
During summer 2002, LIGO detectors and GEO600 and were working in coincidence for the first science run [45] (called S1). The simultaneous output of these
detectors was recorded during 17 days. The study of the data taken during S1
has resulted in various upper limit on GW amplitudes and event rates:
• An upper limit on the stochastic GW background has been set [46]. Back-

ground correlation between the LIGO detectors output signals, the upper
limit of the GW background has been reduced by a factor 2-3 compared to
previous estimates from resonant bar detectors [47].
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• A search for GW burst events has been performed on the S1 data. The
extraction of a GW burst event embedded in detector noise is very challenging. There is still some uncertainty in the predicted waveforms expected
for burst sources so the signal can therefore be mistaken for non Gaussian
noise of the detector. The upper limit stated from IGEC (Sec 1.4.1) is much
lower than the estimate from the S1 data because mainly of the S1 shorter
observation time. Whereas resonant bars effectively integrate a burst signal,
in a laser interferometer the maximum bandwidth must be used. In this
case, a particular problem is the non stationary nature of line harmonics
which can mimic a broadband burst.
• During S1, the sensitivity of the interferometers was enough to detect GW

signals from inspiralling galactic neutron stars. As such events are are very
rare, it is not surprising that no event was recorded and the upper limit on
the rate of compact stars coalescence has been estimated to be below 170
events per year per galaxy equivalent to the Milky Way [48]. This upper
limit is 26 times lower than previous estimations. The LIGO results confirm
the power of matched filtering for this type of events.

• Efficient data analysis techniques can extract a continuous GW signal from
the detector noise. This signal can come from elliptical pulsars which have

a well defined rotation frequency. A search through S1 data set an upper
limit on the amplitude of continuous GW [49]. The upper limit estimated
is 2 orders of magnitude higher than the one from resonant bars [50] (but
the resonant bar search was restricted to a narrow bandwidth). However,
the most efficient method to determine the upper limit on the ellipticity of
a pulsar is still by studying its spin down rate.
S1 has been an important test to validate interferometer stability and data
analysis techniques. The science test 2 (S2) took place at the beginning of 2003
for 8 weeks and included TAMA300. Between S2 and S1, the interferometer
sensitivity was improved by 1 order of magnitude for the LIGO detectors. After
the data analysis have been performed on the S2 data, the previous upper limit
derived from S1 have been significantly improved. This is a consequence of a
better data quality and progresses in data analysis techniques. For example
between S1 and S2 the upper limit on the rate of GW burst has been reduced
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by a factor 6 [51]. The GW stain upper limit from known pulsars was lower by
a factor 10 [52]. A gamma ray burst have been optically detected during S2. By
analysising the Handford LIGO detectors output around this event, the strain
amplitude associated with the gamma ray burst has been calculated to be less
than 6 × 10−21 [53].

At the time of writing this thesis, data from the third science run (S3) which

took place from the end of 2003 to the beginning of 2004 during 70 days are
still be analysed. Similarly the fourth science run happened at the beginning of
2005. Without doubt, the data from those 2 runs will one more time substantially
decreased the GW strain upper limit on astrophysical sources.
Other searches
Independently of IGEC or LIGO science runs, several initiatives have been taken
to look for GWs.
• In 2001, a GW burst search by coincidence between Explorer and Nautilus,
both cryogenic resonant bar detectors, was performed for 90 days. An excess

of coincidence was found when the 2 detectors were favorably oriented with
respect to the Galactic plane [54]. This excess is not fully understood and
the investigations continue [55]. However the excess seems not to have been
observed in more recent runs.
• Correlation between gamma ray burst and excitation of resonant bars has
also been investigated, resulting on an upper limit on the associated GW
burst amplitude [56].
• Several searches for GW signal in the data of TAMA300 have been performed. Although no evidence for GW signals from GW burst [57], inspi-

ralling of compact binaries [58] or black hole ringdowns [59] were found,
the different searches consolidated data analysis techniques. In particular,
the robustness of the procedures to eliminate false alarms has been demonstrated.

1.4.2

Research effort

Even as the Earth based detectors are making considerable gains in sensitivity,
the second generation of detectors is being investigated and designed.
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Advanced interferometers
Advanced LIGO is a major upgrade of the current LIGO interferometers [60].
The input laser source will be upgraded to a 180 W laser and up to 800 kW of optical power will circulate in the arm cavities of the interferometers. The substrate
of the mirror will be in fused silica like the initial LIGO. The seismic isolation
chain will be replaced. The new system will lower the cutoff seismic frequency
and reduce the magnitude of the non Gaussian noise mirror displacement. The
sensitivity of the interferometer will be one order of magnitude higher than for
LIGOI and will be quantum noise limited over a large bandwidth. Signal recycling (such as that demonstrated by GEO600) will be added at the output of the
interferometer. This will enable tuning of the frequency of the sensitivity peak
1

(for example 1 × 10−24 Hz− 2 at 600 Hz) according to the observation goals.

Advanced LIGO will probe a volume of space 1000 times larger than LIGOI,

assuring the detection of known source of GWs. Advanced LIGO drives an intense
research programm and international collaborations. The new system is set to be
installed in the present LIGO installation by 2013 to start coincidence observation
in 2014 [61].
LCGT for Large Scale Cryogenic Gravitational wave Telescope is a Japanese
initiative to build TAMA300’s successor [62]. The project entails building two
3 km long Michelson interferometers in the Kamioka mine in Japan, a site with
very low seismic activity. The interferometer will be equipped with both power
and signal recycling mirrors to maximise the light life time in the interferometer.
A 300 W input laser will generate 400 kW in the arm cavity. The most promising
innovation of the LCGT is its mirror temperature of only 20 K. Working at a
low temperature has several advantages: excellent reduction of the thermal noise
and the negative effects of optical absorption in the mirrors become negligible
1

[63]. The sensitivity goal of the interferometer is 3 × 10−24 Hz− 2 at 100 Hz. The

LCGT construction will begin in 2006 to be operational by 2009 [64].

Since large scale cryogenic interferometers have never been operated before,
a prototype has been build to demonstrate the feasibility of the project. CLIO
(Cryogenic Laser Interferometer Observatory) is a cryogenic Michelson interferometer with 100 m arm length, under construction in the Kamioka mine [65]. The
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interferometer will start working in 2005 and will study amongst other things,
mirror cooling techniques and mirror behaviour at 20 K.
AIGO the Australian Consortium for Interferometric Gravitational Astronomy
(ACIGA) [66] has built a high optical power test facility [67] to help in the design
of advanced interferometers. This facility is intended to be the first stage of a
full scale observatory called AIGO. The facility is currently studying techniques
to handle the high circulating power in optical cavities. Different tests will investigate the stability of optical cavities and the effects of optical absorptions with
a single 80 m Fabry Perot cavity and up to 400 kW of circulating power. Then
another arm will be added, perpendicular to the first one, in order to form a
Michelson interferometer. This new interferometer will be the foundation stone
of the Australian International Gravitational Observatory (AIGO). AIGO aims
to be a major part of the network of advanced interferometer due its privileged
position in the southern hemisphere. It will be extended to a km length size
interferometer in the future.
GEO and VIRGO are also planning the creation of advanced interferometers
but are for the present focusing their research effort on improving their respective
interferometers.
DECIGO-BBO is a space interferometer using a similar design to LISA (Sec
1.2.2). Its main goal will be to study GW within the gap frequency between
LISA and advanced Earth based interferometers [68]. DECIGO (Deci-hertz Interferometer Gravitational Wave Observatory) will have its peak sensitivity of
1

1 × 10−23 Hz− 2 at 0.1 Hz and will detect GWs between 0.01 Hz and 10 Hz. Its
second acronym BBO (given by the NASA) comes to its ability to detect GW from

the period of inflation [69] (BBO stands for Big Bang Observatory). DECIGOBBO will consist of 3 spacecraft separated by 5 × 103 km, the power of the laser

beam will be 300 W and a 3.5 m mirror will collect the light from the opposing
spacecraft. The project may be achieved by 2020.
Dual resonant detectors
A system of two concentric resonant cylinders has been proposed for an advanced
resonant bar detector [70]. An optical readout has been proposed to monitor
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the separation between the two cylinders. The system is designed in such a way
that the GW response of the 2 cylinders is summed by the readout system whilst
other noise are canceled. It has been theoretically shown that such design can
1

have a flat bandwidth from 1.5 to 4 kHz with a sensitivity below 1 × 10−23 Hz− 2 .

The dual resonant system can also be spherical rather than cylindrical in order
to gain the omnidirectionality peculiar to spherical detectors [71]. However there
are many practical difficulties with this scheme in particular that of mechanical
impedance matching of the readout system.

1.4.3

Conclusion

Gravitational wave astronomy is at a turning point in its existence. Theoretical
work will soon be complemented by experimental results. With present detectors, resonant bars and laser interferometers, we may be lucky to catch sight of
galactic cataclysmic astrophysical events. Unfortunately the occurrence of such
events are rare. Advanced detectors with improved sensitivity will probe larger
volumes of space, including clusters of galaxies. They will detect an abundance
of gravitational wave signals, opening a new window to study the universe. This
thesis focus on developing part of the technology required to achieve that aim.
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Chapter 2
The thermal lensing issue
2.1

Advanced interferometers

Even if the effect of the optical absorption in the test mass can already be noticed
in the first generation of interferometers, thermal lensing will become a major issue for advanced interferometers due to their extremely high optical circulating
power. In this chapter, the characteristics of advanced interferometers are presented. Some simple models to demonstrate the effects of the optical absorption
are derived and thermal lensing consequences on the cavity are explained. Finally, we compare two test mass materials, sapphire and fused silica, in terms of
time evolution and magnitude of thermal lensing. The performance of a radiative
heating ring around the test mass to compensate thermal lensing is also discussed.

2.1.1

Main Characteristics

Advanced interferometers represent a substantial upgrade from the current detectors. They are planned to achieved a strain spectral density one order of
magnitude lower than the present generation of laser interferometers. This will
increase the volume of space probed for GW by a factor 1000! Advanced interferometers sensitivity is planned to be mainly limited by quantum noise from 10 Hz
to 5 kHz. This will be achieved by the following steps:
Increase the laser power and reducing the optical loss. The power of the
input laser will be upgraded from 10 W to 180 W. As a result for Advanced
LIGO, 3 kW of optical power is expected to circulate in the power recycling cavity and up to 800 kW in the arm cavities. Tight specifications on
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the mirror polishing, high reflective coatings as well as high quality mirror
substrates will provide the required high finesse cavities.
Increase the size of the test mass. Bigger test mass presents three main advantages: reducing the thermal noise which is inversely proportional to the
mass of the mirror, increasing the size of the laser beam and lowering the
radiation pressure noise. Moreover a large laser beam allows a better averaging of the test mass surface fluctuations due to thermal noise. Thus
a large beam reduces further more the test mass thermal noise. The dependency of thermal noise to the mass of the test mass and the size of the
beam is presented in table 2.1. Like explained further in this chapter, a
large beam size can also reduce the thermal lensing magnitude. It is worth
nothing that one drawback of increasing the laser beam radius on the test
mass is also to increase the sensitivity of the cavity to thermal lensing perturbations [72]. This may be a concern for the power recycling cavity due
to the strong thermal lens in the substrate of the input test mass.
Reduce the seismic noise LIGO is currently testing a new seismic isolator
system. Reducing the seismic noise enables a better sensitivity at low frequency and a more stable locking of the optical cavities.
Add a signal recycling mirror (SRM) At the detection port of the interferometer a new mirror is inserted. This mirror is used to reinject in the
interferometer any leaking GW sidebands providing a frequency dependent
amplification of the GW signal [73]. Depending on the mirror reflectivity
and position, the signal recycling mirror can be used in two different ways.
In the first method the SRM is tuned to decrease the shot noise limited sensitivity in a narrow frequency band. This region is choose in the detection
spectrum according to its astrophysical importance. For example the SRM
can be tuned to increase the interferometer sensitivity in a frequency band
where some known rotating pulsars are expected to be strong GW sources.
In the second method called resonant sideband extraction [74], the signal
recycling cavity is used to decrease the storage time of the GW sidebands
in the high finesse arm optical cavities. This configuration allows a relatively low circulating power in the Power Recycling Cavity (PRC) but still
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Table 2.1: Dependency of the thermal noise with the size of the laser beam w
and the mass m of the test mass. The dependency stated is relative to the power
spectral density of the thermal noise.
Thermal noise

Dependence in the
laser beam radius w

Dependence in the
mass m of the test mass

1
w
1
w3
1
w2
1
w2
1
w4

1
m

[75]

none

[76]

none

[77]

none

[78]

none

[76]

Substrate Brownian
Substrate thermo-elastic
Coating structural damping
Coating thermo-elastic
Photo thermal noise

Reference

achieves the same sensitivity of an interferometer with higher PRC finesse
and no SRM.
The optical configuration of advanced interferometers is basically a Michelson
interferometer with Fabry Perot arm cavities. A power recycling cavity and signal
recycling cavity are added to respectively increase the optical circulating power
and tune the interferometer sensitivity.

2.1.2

Sensitivity goals

The strain sensitivity goal for the two main projects of advanced interferometers
Advanced LIGO and LCGT are plotted in figure 2.1. Both projects achieve
similar sensitivity but with different approaches. Advanced LIGO will use a room
temperature interferometer with large test mass and high optical power whereas
LCGT will be a cryogenic interferometer with relatively low optical power in
√
the PRC. Advanced LIGO will achieve its peak sensitivity of 2 × 1024 / Hz at

around 200 Hz in broadband recycling mode. LCGT strain sensitivity will also
√
be 2 × 1024 / Hz but at 130 Hz. The sensitivity of LCGT will be limited by the
optical noises, radiation pressure noise and shot noise. Likewise Advanced LIGO

will be limited by optical noises but also by the coating thermal noise from 70 Hz
to 300 Hz.
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Figure 2.1: Comparison of the strain sensitivity goals between the first and second
generation of laser interferometers. The goal sensitivity of Advanced LIGO (left)
and LCGT (right) have the same profile even if they use different techniques to
lower their sensitivities.

2.2

Consequences of optical absorption

The advanced interferometer configurations are based on a Michelson interferometer with power recycling cavity, signal recycling cavity and Fabry Perot cavities
in place of the arms as shown in figure 2.2. Thanks to this design which includes
several coupled optical cavities, very high power can be generated (up to 800 kW
for Advanced LIGO) with only a 180 W laser. The drawback of this technique is
the dangerous cohabitation of high optical power with transmissive optics. Indeed
several kiloWatts of optical power can circulate in the beam splitter or trough
the substrate of the ITM.
The optical substrates used in laser interferometers are usually made of fused
silica or sapphire. They are not only good optics in terms of absorption, purity, uniformity or mechanical properties, they are usually the best that can be
achieved with the present technology. But sometimes the best available is still not
good enough. Indeed the very low residual optical absorption inside the optical
substrate is non negligible in presence of high optical power. Typically the optical
absorption is few ppm/cm for fused silica and few tens of ppm/cm for sapphire.
Recently, a fused silica sample has been measured with a very low absorption of
0.5 ppm/cm [79].
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Figure 2.2: Optical layout of advanced laser interferometers for GW detection.
BS stands for beamsplitter, ITM input test mass, ETM end test mass, PRM
power recycling mirror and SRM signal recycling mirror. The Fabry Perot arm
cavities are usually 3 or 4 kilometers long cavities. The length of the power and
signal recycling cavity are around ten meters. The amount of circulating power
inside the cavity will be unprecedented: several kw for the Power Recycling Cavity
(PRC) and up to hundreds of kilowatts inside the arm cavities.

2.2.1

A simple model

In this section, some simple models are derived to understand the consequences
of the residual absorption in the substrate and coating of the optics.
Effect of substrate absorption
Let’s now consider a very high optical power laser beam passing trough a transmissive optical substrate. This situation usually happens in the PRC of laser
interferometer where the laser beam passes through the beamsplitter or the substrate of the arm cavity input mirror. However for this thesis, we only consider
the thermal lensing occurring in the test mass substrate and not in the beamsplitter. This reflects the fact that no beamsplitter will be used in the Gingin
first tests. These tests are the main focus of this thesis and are described in the
next chapters.
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From a simple thermal model and assuming a test mass with an infinite radius,
the temperature profile due to the absorption of a Gaussian laser beam of beam
radius1 w and power P is [80]:
∞
Abssub P X (−2)n wr
∆T (r) =
4πkth 1
nn!

2n

(2.1)

with Abssub the linear coefficient of absorption and kth the substrate thermal conductivity. ∆T (r) represents the temperature difference between the center of the
optic and a point at a distance r from the center. Because the refractive index is
temperature dependent, a gradient of temperature induces a gradient of refractive
index. The coefficient of proportionality β between the temperature change and
the refractive index change is called the thermo-optic coefficient (usually positive) [81]. The refractive index gradient inside the test mass substrate can be
expressed as:
∆n(r) = β∆T (r)
∞
βAbssub P X (−2)n wr
=
4πkth
nn!
1

2n

(2.2)

so for the passing laser beam, the test mass is no longer homogenous. The optical
path length difference from the center of the optics to a point at a distance r from
the center is:
∆OP L(r) = l∆n(r)
∞
lβAbssub P X (−2)n wr
=
4πk
nn!
1

2n

(2.3)

with l the thickness of the test mass along the optical axis. In the first approximation we do not include the effect of the thermal expansion on the side of
the optics in the optical path. This approximation can be justified by the fact
that the thermal expansion is smaller than the thermo-optic coefficient. The optical path difference has a similar profile to that of a convergent lens. Indeed,
for a convergent lens with convex surfaces, the optical path becomes shorter as
the light passes further from the lens center. Thus we can conclude that a test
1

distance from the beam center at which the beam intensity has fallen of 1/e2 of its peak
value
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mass crossed by a laser beam is equivalent to a convergent lens. By keeping the
quadratic terms in equation 2.3 we can deduce the focal length of the induced
thermal lens:

πkth w2
ftl =
Pabs β

(2.4)

where Pabs = lAbssub P is the total optical power absorbed in the substrate. We
begin to glimpse the effect of optical absorption in the test mass substrate: it
changes the optical properties of the test mass. In this example, a flat-flat test
mass which is supposed to induce no wavefront distortion becomes a convergent
lens.
Effect of coating absorption
Similarly, all optical coatings exhibit a certain absorption. Usually this absorption
is extremely low of the order of the ppm and could usually be neglected except in
presence of very high power greater than 100 kW. Such high power can only be
found in the arm Fabry Perot cavities of the interferometer. A simple model to
calculate the effects of the coating absorption has been developed by Winkler et al.
[82]. The optical power absorbed by the coating is converted to heat, producing
a gradient of temperature inside the substrate. Due to thermal expansion, the
temperature gradient changes the profile of the reflective surface. If Pabs is the
optical power absorbed by the reflective coating of a flat mirror, the sagitta δs
measured at the beam radius w of the beam changes from 0 to:
δs =

αPabs
4πkth

(2.5)

with α the linear coefficient of thermal expansion of the substrate. This is equivalent to have a mirror with a radius of curvature of:
R=

4πkth w2
2αPabs

(2.6)

As for the substrate absorption, the coating absorption also induces a wavefront distortion for the reflected light.
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Combine effects of substrate and coating absorptions
For the two simple models previously explained, we used a strong assumption.
We suppose that the optical power absorbed in the substrate only cause thermorefractive effect and does not induce thermal expansion of the optics surfaces.
Likewise, for the optical power absorbed in the coating, we just calculate the
effect of the thermal expansion (thermo-elastic effect) of the surface of the test
mass and we do not deal with the change of refractive index in the substrate. In
reality, of course, the thermo-refractive effect and thermo-elastic effect happen
simultaneously due to the temperature gradient in the substrate. For example,
the focal length of a transmissive substrate where a power PPsub
abs is absorbed within
the substrate and a power PPcoat
abs is absorbed by the coating can be approximated
by:
ftl =

2.2.2

πkth w2
coat
(PPsub
abs + PP abs )β

(2.7)

Thermal lensing consequences

As it was seen in the previous section, the effect of the optical absorption in the
substrate or the coating changes the optical properties of the test mass. This is
the so called thermal lensing effect. Laser interferometers GW detectors are a
complex system of coupled optical cavities. Any non expected changes (like the
one due to thermal lensing) from the designed specifications of the optics induce
potential optical loss which ultimately increase the shot noise. To explain this
assumption, we can study the effect of thermal lensing on the power recycling
cavity (PRC) of laser interferometer.
The power recycling cavity is composed by the power recycling mirror as
input mirror and the two ITMs of the arm cavities. The overcoupled arm cavities
being resonant for the carrier, the ITM can be seen to be like a perfectly reflective
mirror from the point of view of the carrier light circulating in the PRC, assuming
the losses in the arms are small and the ETM is almost totally reflective. If we
suppose the inline and perpendicular arms of the PRC to be symmetric, the PRC
can be considered to be a normal two mirror Fabry Perot cavity as shown in
figure 2.3. This is a natural assumption since the two ITMs are assumed to be
identical mirrors and the length asymmetry (∼ 20 cm) in PRC is negligible in
relation to the cavity length (∼ 10 m).
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Figure 2.3: The PRC of a laser interferometer can be seen for the carrier as a
simple Fabry Perot cavity. This assumption helps to understand the behaviour
of the PRC in presence of thermal lensing.
circ
If we suppose a circulating power inside the PRC of PPcirc
RC , the power PP RC /2

does a round trip across each ITM substrate. Thus the ITM substrate is equivalent to a convergent lens of focal length fIT M according to the equation (2.7)
with:
fIT M =

πkth w2
Pabs ∗ β

(2.8)

with Pabs the total power absorbed in the ITM, Pabs = 2 ∗ lIT M ∗ PPcirc
RC /2 ∗

Abssub + PPcoat
abs with lIT M the length of the ITM along the optical axis. The
IT M
IT M
radius of curvature of the ITM view from the PRC changes from Rcold
to Rhot

according to:

1
IT M
Rhot

=

1
IT M
Rcold

+

1
fIT M

(2.9)

We can neglect the coating absorption in the PRM since the power absorbed
is usually 40 times less than that absorbed inside the ITM substrate. Since the
apparent radius of curvature of the ITM mirror changes, the size of the PRC waist
also changes from wcold to whot . The waist position measured from the PRM also
shifts from zcold to zhot according to:
whot = wcold +
IT M
IT M
IT M 2
1 l(Rcold
) + 2l2 ) 1
) − 2l(RP RM + Rcold
) (RP RM − l)(RP RM (RP RM + Rcold
3
IT M
4
fIT M
(RP RM + Rcold
− 2l)

(2.10)

zhot


IT M 2
Rcold
(zcold − l)
1
(zcold − l)
= zcold + P RM
IT M
fIT M
R
+ Rcold − 2l

(2.11)

with l the length of the power recycling cavity and RP RM the radius of curvature
of the power recycling mirror. These equations are derived from the appendix
A.2 using a first order series expansion in 1/fIT M .
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In the optimal condition, the mode of the input laser beam is perfectly
matched to the PRC mode: the waist of the input laser beam and that of the
cavity are coincident. This is no longer the case in presence of thermal lensing
which changes the cavity mode. As shown in appendix A.3 when the input laser
no longer matches the cavity, the coupling coefficient between the laser TEM00
and the cavity TEM00 is less than one. Part of the fundamental mode of the input laser is converted into the cavity higher order modes. The carrier high order
modes are eliminated thanks to the high finesse and non degeneracy of the arm
cavities. The problem is more serious for the higher order modes in the control
sidebands which only resonate in the degenerate power recycling cavity. In this
case the higher order mode sidebands may exit the interferometer by the dark
port, increasing the shot noise. That explains the recent research effort to design
stable (ie. non degenerate) power recycling cavity [83].
A detailed study of the effects of thermal lensing on the interferometer can
be found in the thesis of Lawrence [84]. Thermal lensing reduces the circulating
power of the interferometer carrier but it has even more tragic effect on the control
sidebands. Non uniform absorption between the two arms can also significantly
reduced the signal to noise ratio at the output as shown by Hello and Vinet [85].
In some extreme cases, by deforming the mirror, thermal lensing can make the
cavities unstable [86].
A quick numerical example to understand the effect of thermal lensing on a
power recycling cavity can be derived. If we consider the case of Advanced LIGO
with 3 kW of power circulating inside the PRC and 800 kW in the arms. Around
0.048 W will be absorbed within the fused silica ITM substrate and coating (as
detailed in table 6.1). In this case the ITM substrate will be equivalent to a
convergent lens with a 3.3 km focal length. Due to the apparent change of the
ITM radius of curvature seen from the PRC, the PRC cavity waist will be reduced
by a factor 2 and the position of the waist will be shifted of 1 km toward the
ITM. The PRC cavity waist will no longer be coincident with the arm cavity
waist, reducing the coupling efficiency between the 2 cavities.
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2.3

Finite element modelling of thermal lensing

Finite Element Modelling (FEM) is a valuable tool because of its ability to manage irregular shapes and inhomogeneous or anisotropic materials. Here we explain
the application of FEM to thermal lensing problems. We include both thermal
conduction and radiation to determine the temperature profile inside an optical
component due to the absorption of a Gaussian beam. From the temperature distribution inside the optical substrate we can then calculate the thermal expansion
of the surface parallel to the optical axis.

2.3.1

FEM approach

To describe thermal lensing inside the material, we need to handle the heat equation with non-uniform heating because of the Gaussian shape of the laser beam
and the radiative process on the test mass surface. A direct calculation is very
tedious and has already be done by Hello and Vinet [87]. For this thesis we will
use a numerical simulation based on finite element theory to determine the dynamic behaviour of the optics. This method has been successfully used to solve
complex mechanics problems for the last 20 years, and is also well adapted for
heat problems. The basic principle is to divide a complex shape into a large
number of simple elements such as triangles or quadrilaterals defined by theirs
nodes. After the discretisation stage, the properties of each node (for example
temperature) is linked to the properties of the neighbouring nodes by a polynomial equation characterizing the physical equations (e.g. heat conduction and
thermal radiation) and the boundary conditions. Thus, an approximate system
of equations is formed for the whole structure. Then the system of equations
involving the unknown quantities at each node is solved numerically. We make
just one assumption. This is that the sample is effectively opaque to thermal
radiation and has emissivity of 1. This is a very good assumption as long as the
thermal radiation temperature is less than 650 K.
The three different steps used in the FEM simulations, model meshing, temperature distribution calculation and thermal expansion calculation are represented in figure 2.4, 2.5 and 2.6.
The simulation was performed with the software ANSYS 8.1. We discretise the
sample into more than 25000 nodes using an automatic meshing. The radiation
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solver uses an iterative method and the tolerance for the solution is set at 10−8 .
The method and results were verified by comparison with the analytic model [87].
The simulation results fit well with the theory with an error less than 1% within
the waist of the laser beam.

2.3.2

Calculation of the wavefront distortion

The wavefront distortion induced by thermal lensing is calculating using the data
from ANSYS such as the test mass temperature profile and the thermal expansion
of the test mass surface. The wavefront distortion is characterised by the optical
path length difference ∆OP L between the center of the optics and a distance r
from the center. Thanks to the cylindrical symmetry of the problem ∆OP L only
dependents of the the radius r. For transmissive optics ∆OP L(r) has mainly
two components: one due to the non uniform temperature and one due to the
non-uniform thermal expansion.
∆OP L(r) = β

Z

0

L

∆T (r, z)dz + 2(n − 1)∆L(r)

(2.12)

where ∆T (r, z) represents the temperature gradient from the center of the topics
and ∆L(r) the thermal expansion of the TM surface along the optical axis as
showed in figure 2.7. The contribution of the elastooptic effect [88] to the optical path length difference is usually less than 2% for fused silica and sapphire
according to our simulations of strain within the test mass. Due to the small
contribution of this effect, for the remaining of this thesis, the elastooptic effect
is no longer included in our simulations. The possible partial depolarization of
the input laser beam occurring in the input test mass is also not considered in
this thesis .
Since the test mass has higher temperature in the center where the laser beam
is absorbed, ∆OP L(r) is negative. One example of ∆OP L(r) for a Gingin size
test mass is presented in figure 2.8 for fused silica and sapphire test mass and
for 1 W of light absorbed in the substrate. For the same absorbed power, the
optical path difference is more than 20 times larger for fused silica than for sapphire. This difference of magnitude is due to the fact that thermal lensing level is
proportional to the ratio between the thermo-optic coefficient β and the thermal
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Figure 2.4: During the first step
the geometry of the model is defined, the meshing is performed
and the boundary conditions are
applied. Note that the meshing is
denser in the central region of the
test mass where the laser beam
passes.

Figure 2.5: During the second
step the temperature profile of
the test mass is calculated

Figure 2.6: Finally from the temperature distribution of the test
mass substrate, the mechanical
deformation of the reflective coating along the optical axis are calculated.

47

Figure 2.7: Example of the temperature profile ∆T (r, z) and thermal expansion
∆L(r) of a test mass crosses by a laser beam. ∆T and ∆L are results directly
imported from the finite element modelling package ANSYS.
conductivity kth as shown in equation 2.4.
From the parameters found in appendix A3:
silica sapphire
kth
f used silica sapphire
kth
β

β f used

≃ 26

(2.13)

This ratio is a little bit larger than expected (26 against the simulated 20)
since we did not include the effect of the test mass thermal expansion in our
simple model. For transmissive optics such as shown in figure 2.8, the thermal
expansion effect is negligible compared to the thermo-optic effect in the case of
fused silica but not for sapphire. For sapphire substrates, the contribution of the
thermal expansion to the optical path difference is 20%, the remaining 80% being
due to the thermo-optic effect.
For reflective optics the optical path length difference is simply:
∆OP L(r) = 2∆L(r)

(2.14)

The optical path length difference due to thermal lensing is not simply a
quadratic polynomial (i.e. ∆OP L(r) 6= ar2 ) but it contains higher order terms.

However for the simplicity of calculation, we often use a quadratic fit of ∆OP L(r).

To represent the fact that the most important part of ∆OP L(r) is the part within
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Figure 2.8: Optical path difference for 1 W of absorbed power in a Gingin size
test mass. The sapphire substrate is represented on the left plot and the fused
silica on the right one. It is important to notice that the vertical scale is different
for the two plots.
the beam radius of the laser beam, the fit is weighted according to the laser beam
power distribution. This means that the fit of ∆OP L depends slightly on the
size of the laser beam.
The use of a quadratic fit makes possible the use of optical simulation packages
which can only include spherical deformations of the mirror. During this PhD we
have mainly used the software FINESSE developed by Andreas Freise to simulate
the behaviour of optical cavities.
The exact profile of ∆OP L is taken into account further in this thesis (in the
chapter 4) by using an FFT propagation code. In this part we will show that
the quadratic fit is a good approximation to represent the wavefront distortion
induced by thermal lensing.

2.4

Thermal lensing comparison of fused silica
and sapphire substrates

2.4.1

Parameters used

Using the parameters of the Gingin first test, we modeled a 2 kW Gaussian beam
of beam radius w = 8.75 mm passing through a 50 mm long test mass with a
radius of 50 mm. We chose the value optical power of 2 kW, as it corresponds to
typical power level expected in power recycling cavities. The substrate materials
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considered are fused silica and sapphire at initially 300 K. The material properties
used in this simulation are summarized in the appendix A3. Standard properties
of the materials are used except for the sapphire bulk absorption which was
considered to be equal to 50 ppm/cm. This value is higher than the one expected
for advanced interferometers which is usually 30 ppm/cm. However 50 ppm/cm
is a realistic value for the Gingin test masses. Absorption maps of similar test
masses were done by LMA Lyon giving an average value for the absorption of
47 ppm/cm [89].

2.4.2

Results

Below we present data on the temperature evolution of the test mass core. The
results show an interesting difference between the the time constants for the core
temperature and for thermal lensing. Core temperature takes hours to come to
equilibrium while the thermal lensing largely equilibrates in less than 5 minutes.
Temperature evolution
The temperature increase of the test mass due to the absorption of a laser beam
is presented in figure 2.9 for both sapphire and fused silica substrates. The core
temperature of the sapphire test mass is only stabilized after more than 5 hours
around the temperature of 302.3 K with a time constant (time when 63% of the
equilibrium temperature is reached) τ of 100 minutes. For the fused silica test
mass its lower absorption level produces a final temperature of 300.2 K with a
time constant of 33 minutes. To reach its equilibrium, the fused silica test mass
mainly radiates the absorbed heat from two hot spots (radius ≈ 30 mm, average

temperature ≈ 300.16 K) centered on both sides. The sapphire high thermal

conductivity avoids having hot points on its surface. Equilibrium is only reached

when all the area of the surface test mass reach the average value of 302.3 K,
which takes longer time.
The steady state temperatures of the test masses are geometry dependent.
The larger the radius of the test mass, the lower the average temperature. Indeed,
for large optics, the heat produced in the middle of the optics is cleared by
conduction inside the cylinder and a large surface assures efficient cooling by
radiation.
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Figure 2.9: Evolution of the temperature in the core materials (hottest point)
versus time for a Gingin size test mass. The input laser beam has a power of
2 kW. The power absorbed in the test mass is 0.02 W for the fused silica substrate
and 0.5 W for the sapphire substrate.
Optical path length dynamics
For thermal lensing characterisation, we define ∆OP L(w) as the difference of the
optical path length between the center and the beam radius w of the Gaussian
beam. The plots of ∆OP L(w) for fused silica and sapphire are shown in figure
2.10 as a function of time. Although the absorption of sapphire is twenty times
greater than for fused silica, the thermal lensing magnitude in this material is
only 30% higher thanks to its high thermal conductivity. High conductivity, by
equalizing the temperature faster, limits the optical path distortion. Moreover it
allows thermal equilibrium to be reached faster, making closed loop corrections
more effective. The time constant for the thermal lens is 5 s for sapphire and 30 s
for fused silica. These times are much shorter than the time constant for the test
mass temperature rise.

2.5

Compensation using a heating ring

In high power interferometers, thermal lensing will have the consequences of reduction of the contrast and possibly causing cavities to become unstable [86].
Thus thermal lensing limits the maximum optical power in the arms of an inter-
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Figure 2.10: Difference of the optical path length (inversely proportional to the
focal length) versus the time for fused silica and sapphire substrates. The input
optical power is 2 kW. It is interesting to note that the optical path difference
measured at the the beam radius of the laser beam is independent of the radius
of the beam as it can be seen from equation 2.1. However the focal length of the
thermal lens (∼ ∆OP L(w)/2 ∗ w2 ) is highly dependent of the size of the beam
(from equation 2.4).
ferometer. Correcting this effect is indispensable if the expected sensitivity goals
are to be reached.
The main idea to limit thermal lensing is to reduce the thermal gradient inside
the optics. This scheme was investigated by Ryan Lawrence, Mike Zucker and
the LIGO team at MIT. They propose the use of heating rings for axial compensation and a scanning CO2 laser, for adaptive correction [90]. The first wavefront
correction experiment using a scanning laser was achieved by Lück et al. [91]. In
this section, we consider only the simplest heating ring compensator, consisting
of a device close to the material which heats the sample by radiation. Physical
contact, although more efficient for heat transfer is not considered because it
degrades the thermal noise of the test mass.
To have a meaningful effect, the expected temperature of the heater will need
to reach 600K. For radiation at this temperature the optics are opaque and a
calculation of the penetration depth [92] reveals that 90 % of the radiation is absorbed in the first 13 mm for fused silica and 8 mm for sapphire. The temperature
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Figure 2.11: Position of the heating ring (darker part) for a Gingin size test mass.
The edge of the ring is 5 mm in front of the test mass. In this example the radius
RHR of the ring is 1.4 larger than the test mass radius.
of the heater is determined by observing the wave front distortion. A positive
value of the thermal focal length leads to an increase in the heater’s temperature.

2.5.1

Heating ring design

To compensate thermal lensing in the test mass, we model a toroidal heating ring
inserted in front of the optics as shown in figure 2.11. The distance between the
heating ring and the test mass is 5 mm. This distance is small due to the existence
of an off axis laser beam used to probe the wavefront distortion induced by the
test mass. To prevent the heating ring from blocking a large diameter probe
beam it is necessary for the ring to be as close as possible from the test mass.
The ‘small’ radius rHR of the heating ring is set to be 5 mm. The parameter rHR
determines the final temperature of the heating ring but it does not influence the
quality of the thermal compensation.
One essential parameter to optimise is the radius RHR of the ring. To find the
most efficient geometry of the heating ring, the test mass wavefront distortion
induced by the heating ring alone (no thermal lensing) ∆OP L(w) was analysed.
For a constant heating power the optical path ∆OP LHR (w) as a function of the
radius RHR is plotted in figure 2.12. In plot 2.12 the optical path is normalised by
the test mass average temperature. This is important since we want to achieve a
thermal lensing correction with the minimum possible heat absorbed by the test
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mass to not increase unnecessary its temperature.
Two regions can be delimited in the figure 2.12: for small radius of the heating
ring ∆OP LHR (w) is negative, it means the optical path profile is equivalent
to a convergent lens. On the other hand, for large radius of the heating ring
∆OP LHR (w) is positive. In this case thermal lensing can be compensated. When
the heating ring has a small radius RHR the thermal lensing effect is increased.
This phenomena can be understood by looking at the temperature profile of the
test mass shown in figure 2.13. In half of the test mass (from 0 to 20mm in
the plot), the temperature is similar to the one consequent to the laser beam
absorption (hotter in the middle than on the edge). However if the radius RHR is
above 45 mm, ∆OP LHR (w) is positive, and thermal lensing can be compensated.
A temperature profile for RHR = 70mm is presented in figure 2.14 with the
corresponding optical path difference. We decide for our simulations to set the
radius of the heating ring RHR to be equal to 70 mm to compensate thermal
lensing in a sapphire test mass. This dimension of the heating ring allows the
most efficient thermal compensation. The same optmisation process was also
done for a fused silica test mass and the optimal radius RHR of the heating ring
is 65 mm.

∆OPL(w) / ∆T (pm/K)

100

50

0

-50

-100
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Figure 2.12: Optimisation of the radius RHR of the heating ring to create the maximum optical path length difference measured at the beam radius (∆OP L(w)) in
a sapphire test mass. ∆OP L(w) is normalised with the test mass temperature
increase. For this plot the heating power of the heating ring is 80 W, radiated in
all directions. The best efficiency of the heating ring is found for a radius of 70
mm.
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Figure 2.13: Temperature distribution in a sapphire test mass heated by a radiative heating ring (left side). For this plot the radius of the heating ring RHR
is 40 mm. The optical path length induced by this temperature distribution is
shown on the right. The optical path length difference is negative, like the one
due to the central absorption of a laser beam. The power radiated in all space
direction by the heating ring is 80 W
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Figure 2.14: Same plot as the figure 2.13 above with one exception: the heating
ring radius RHR is now equal to 70 mm. For this radius, the optical path difference
shown on the right is positive. Thermal lensing can be compensated using this
heating ring configuration. The average temperature of the test mass is lower
than in figure 2.13 simply because the heating ring is further apart from the test
mass.
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2.5.2

Thermal lensing compensation

By using a radiative heating ring facing the test mass, we try to flatten the
optical path distortion induced by thermal lensing. In the case of a perfect
compensation ∆OP L representing the wavefront distortion is equal to zero. To
characterise the quality of the thermal lensing correction, we define an error
function MOP L to quantify the deviation of the test mass optical path from the
ideal compensation case. We also introduce a weight function in MOP L to express
the relative importance of the correction in the center of the Gaussian beam
compared to the edges. So we defined MOP L as:
Z L
r 2
2
(∆OP L(w))2 e−2( w ) dr
MOP L =

(2.15)

0

2
MOP
L can be seen as a the square of the L-2 norm [93] for the wavefront

distortion induced by ∆OP L. This function does not have any physical meaning
and is only one of the possible error function. For reference, a more physical
error function proportional to the amount of scattered light into higher order
mode could have been:
WF
MOP
L

=

Z

L

e−i( λ ∆OP L(w)) e−2( w ) rdr
2π

r 2

(2.16)

0

However, the different error functions gave both similar results and do not
2
change any of the conclusions of this chapter. Using the error function MOP
L

defined by 2.15, we found the optimal heating power to minimise the optical path
difference induced by the absorption of a laser beam. The optimal total power
for the heating ring to compensate thermal lensing is 690 W for a sapphire test
mass and only 23 W for fused silica. However the heat absorbed by the test mass
is much lower since in our simulations the heating ring radiated in all the space
directions. For the optimal compensation, 40 W of heating power is absorbed by
sapphire and 2 W by fused silica. For this power, the average core temperature
for the fused silica optics is only 307 K, with the hot points (located on the
surface of the optics just in front the heating ring) at 311 K. For sapphire, its
higher thermal conductivity allows a more uniform temperature, thus the average
temperature is 416 K and the hot points are at 419 K.
Thermal compensation results are shown in figure 2.15. The optical path
length difference after compensation is less than λ/800 within the beam radius
for both sapphire and fused silica test masses. Even if the thermal lensing com-
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Figure 2.15: Optical path length comparison with and without thermal lensing
compensation for fused silica (left) and sapphire (right). Using a radiative heating
ring to compensate thermal lensing, the optical path difference can be reduced up
to λ/800 within the beam radius. Due to the heating the temperature increase
for fused silica is 7◦ and for sapphire 116◦ . The input laser is 2 kW with a beam
radius of 8.8 mm.

pensation using a heating ring seems working for both sapphire and fused silica,
this solution is not practical for sapphire test mass due to the unavoidable large
temperature increase of the substrate inherent to this method.

2.6

Conclusion

We have presented a numerical technique which allows accurate estimation of
thermal lensing in transmissive optics. The FEM method confirms the time dependence previously expected from analytical estimates. Our results show that
test masses will take many hours to reach thermal equilibrium in almost all thermal lensing situations. The thermal lensing time constant can be much more
rapid, occurring in less than 2 minutes for both sapphire and fused silica. For the
geometry we have investigated, thermal lensing can be effectively compensated
to within λ/800 over a beam radius of 8.8 mm using a radiative heating ring.
Compared to fused silica, sapphire requires much higher heating power for
the heating ring to obtain good compensation because its absorption is higher.
Moreover, one drawback of sapphire is the larger transparency window compared
with silica which limits the temperature range of the heater. However, when a
new generation of sapphire, with lower absorption is available, we can expect that
the temperature of the heating ring will be reduced substantially.
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Chapter 3
The Gingin high optical power
tests
As demonstrated in the chapter 2, the residual optical absorption in the test
mass can have some tragic consequences for the functioning of advanced interferometers. To study in details the effects of thermal lensing, the Australian
Consortium for Interferometric Gravitational Astronomy (ACIGA) in collaboration with LIGO has built a new research facility in Gingin, 80 km north of Perth
(Australia). This new laboratory will study the behaviour of Fabry Perot cavities
with very high optical circulating power. A series of three tests will demonstrate
the effects of thermal lensing on high power cavities and experiments will test
different thermal lensing correction systems.

3.1
3.1.1

The Gingin HOPTF
Presentation

The Gingin High Optical Power Test Facility (HOPTF) (also casually known
simply as ’Gingin’ for the GW community) is designed to be developed into an
80 m Michelson interferometer. The facility consists of a central laboratory linked
by two perpendicular vacuum pipes to two end stations. An aerial view of the
different buildings on the site is shown in figure 3.1. The central building contains
a clean environment where sits the vacuum tanks accommodating the input test
masses. A photo of the interior of the central lab is presented in figure 3.2. In the
central lab, a laser enclosure of cleanliness class 100 houses the 10W laser as well
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Figure 3.1: Aerial view of the high optical power test facility in Gingin. The
central lab is linked to the two smaller end stations by two perpendicular vacuum
pipes. The building on the left contains the mechanical workshop as well as the
accommodation block.

Figure 3.2: Inside the central lab in the middle of 2005. The laser enclosure is
the room in the top right corner of the photo. The mode matching telescope is
sitting on an optical table between the laser enclosure and the vacuum tank in
the middle of the picture. The vacuum tank is 3.2 m high and contains the input
test mass. The clean tent at the bottom of the photo is used to assemble the
different stages of the UWA seismic isolator. (photo credit: P. Barriga)
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as part of the input optics. The end stations are also designed as clean rooms and
contain clean tents for assembly of optics to be installed in the vacuum tanks.

3.1.2

The three first tests

Before the Michelson interferometer will be fully operational in the Gingin facility,
a series of three high optical power tests will be conducted using one arm of the
future interferometer. In this section, a brief overview of the three Gingin tests
is presented. To know the detailed thermal lensing issues associated with each
test, the reader is invited to go to the corresponding sections.
Test 1 The first test consists of a 80 m suspended Fabry Perot cavity with 5 kW
of optical circulating power. The sapphire substrate of the input mirror
is placed inside the cavity inducing a strong thermal lens in the test mass
substrate. Methods to compensate the effects of thermal lensing are experimented during this test.
Test 2 For the second test, the same cavity as the Test 1 is used but the input mirror substrate is now outside the cavity. After the upgrade of the
input laser, the circulating power is expected to reach 100 kW. This test
demonstrates the effect of thermal lensing induced by the coating optical
absorption.
Test 3 During the third test, a power recycling mirror is added to the Test 2
cavity. A 100 W input laser generates 4 kW of circulating power in the
power recycling cavity and up to 200 kW in the arm cavity. A strong
thermal lens appears in the substrate of the input mirror of the arm leading
to a dangerous drop in the control sidebands circulating power. This effect
is compensated by adding a suspended compensation plate heated by a
radiative heating ring in front of the input mirror substrate.
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Figure 3.3: The optical setup for the Gingin Test 1. The sapphire substrate of
the input mirror (ITM) is inside the cavity. The optical power circulating inside
the cavity is 4 kW.

3.2

Simulations of thermal lensing compensation for the Test 1

3.2.1

Presentation of the first high optical power test

The High Optical Power Test Facility (HOPTF) first test consists of a 80 m long
Fabry Perot cavity with a finesse of 2100. The Input Test Mass (ITM) is flat and
the End Test Mass (ETM) has a radius of curvature of 720 m. This configuration
leads to a stable cavity with a g-factor of 0.89. The significance of this test relates
to the position of the substrate of the ITM which is placed inside the cavity as
shown in figure 3.3. Hence, the high optical power circulating inside the cavity
also circulates through the ITM substrate, creating a strong thermal lens. The
end mirror is almost totally reflective (power transmission of less than 5 ppm) to
increase the cavity finesse. The sapphire test mass absorptions are expected to
be 50 ppm/cm for the substrate and 1 ppm for the coating.
The laser wavelength is 1064 nm delivering 10 W of power, but due to the
loss of the input optics (especially the modulator and pre-mode cleaner) the laser
power entering the cavity is only 5 W. The circulating power in the cavity is
expected to be 4 kW with a cavity round trip loss around 3000 ppm. The round
trip loss of 3000 ppm is the sum of the ITM transmission of 1850 ppm and the
various losses inside the cavity as detailed in section 5.1.1. The main thermal
lensing effect is found in the ITM sapphire substrate. The absorption induced
thermal lens in the ITM substrate has a focal length of 560 m. The focal length
given is the focal length of the equivalent lens for one pass in the substrate. From
the cavity circulating light point of view, this is equivalent to change the ITM
from a flat mirror to a mirror with a radius of curvature of 560 m (remember the
cavity light does a round trip in the ITM, so it is like it passes two times through
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the substrate lens). Thermal lensing effect is more subtle for the ETM with its
radius of curvature increasing from 720 m to 720.5 m.
Due to thermal lensing, the size of the cavity waist decreases by 17% (from
8.75 mm to 7.23 mm) and the waist position is shifted 45 m toward the ETM.
Under these circumstances, the circulating optical power of the fundamental mode
is expected to drop by 2.3% inside the cavity.

3.2.2

Thermal lensing compensation

Since thermal lensing is unavoidable at room temperature (but becomes negligible
at cryogenic temperatures [63]), several solutions have already been investigated
to limit the consequences of the optical absorption. The main idea is to reduce the
thermal lens magnitude by attenuating the substrate temperature gradient. Two
methods were experimented for the LIGO interferometer to generate the required
heat in the Test Mass (TM) edges: a CO2 laser [94] and a radiative heating ring
[95]. It has also been experimentally demonstrated that a Nd-Yag laser can be
used to dynamically change the profile of the reflective surface of a mirror [91].
These robust methods have yet a disadvantage. They act directly on the TM
by heating the substrate. Thus, only weak thermal lensing can be corrected in
order for the TM temperature to remain in an acceptable range. Moreover, the
CO2 laser can also introduce extra noise due to its power fluctuations. At the
end of chapter, 2 using the Gingin tests parameters, we showed that a radial
heating of the test mass to compensate thermal lensing is not a practical solution
for sapphire substrates due to the consequent large increase of the test mass
temperature.
Here, we simulate two different methods to compensate the negative effect of
thermal lensing which do not act on the test mass: a compensation plate (first
proposed by Lawrence [90]) and an adaptive mode matching system. For the first
high optical power test in Gingin, the position of both systems relative to the
cavity are shown in figure 3.4.

3.2.3

Compensation plate

The modeled Compensation Plate (CP) is a fused silica window encircled with
a heating ring. For the first high optical power test the plate is heated by conduction. The heating ring produces a temperature gradient in the plate opposite
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Figure 3.4: Position of the proposed compensation plate and adaptive mode
matching telescope for the Gingin Test 1. The compensation plate is used to
dynamically change the size and position of the cavity waist and the adaptive
mode matching changes the input laser beam profile.
to the one in the test mass. The plate behaves like a divergent lens to counterbalance the convergent thermal lens of the ITM. The compensation plate is placed
inside the Fabry Perot cavity of the Test 1, in front of the ITM substrate. The
plate heating power is adjusted in order to achieve minimum wavefront distortion
induced by the pair ITM/CP. The temperature profile and thermal expansion of
the plate is simulated with ANSYS using the same techniques described in the
previous chapter. For the CP simulations, the substrate absorption of fused silica
is 2 ppm/cm and the coating absorption 1 ppm. The modeled CP has a radius
of 50 mm (same radius as the test mass) and a thickness of 20 mm.
For the HOPTF Test 1 the heating power required for the compensation plate
to achieve the ITM thermal lensing correction is found to be 16 W. Almost on
third of this power is in fact used to compensate the plate’s own thermal lens.
This is a limitation of the CP, the absorption in the plate itself limits the efficiency
range of this method. When very high optical power is circulating in the cavity the
benefit of the CP appears only after the plate thermal lens is first corrected (and
so only after the plate has already been heated to a certain temperature). If we
assume the average temperature of the plate should not exceed 100◦ C, the plate’s
thermal lens can only be fully corrected if the circulating power is less than 20 kW.
Only below this circulating power of 20 kW, the CP can begin to compensate the
ITM thermal lens for the HOPTF Test 1. This limit is strongly dependent on the
plate dimensions and the laser beam spot size. Another important consideration
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concerning the CP is the quality of the plate Anti Reflection (AR) coating and
the scattering surface losses. Indeed, all the laser beam light reflected by the plate
will be non resonant in the cavity and so can be considered as lost1 . For our tests,
it was pessimistically estimated that the plate increases the cavity round trip loss
by 500 ppm (detail of the calculations can be found in Chapter 5), which can not
be neglected for high finesse cavities. These features show the CP is suitable for
placement in the power recycling cavity of gravitational wave interferometers but
is impracticable for the arm cavities.

3.2.4

Adaptive mode matching

To have the correct laser beam shape entering the cavity, a mode matching system
is essential. Indeed, to maximize the cavity circulating power the laser beam profile must spatially match the resonant mode of the cavity. The correct laser waist
size and position are achieved by a mode matching telescope whose schematic
is shown in figure 3.5. This telescope consists of three curved mirrors that alter
the beam shape coming from the laser before its entry into the cavity. Since
thermal lensing changes the mode of the cavity, we can design a system which
dynamically changes the laser beam profile to constantly match the distorted
fundamental mode of the cavity. This solution can be achieved by constantly
changing the Radius of Curvature (RofC) of the mirrors constituting the mode
matching telescope.
Two special mirror mounts with a heating device were modeled with ANSYS
for two mirrors of the telescope. The mirrors simulated have a radius of 25 mm
and are 15 mm thick. The substrate of the mirror is in BK7. Due to the substrate’s thermal expansion, heating the mirror by the wall or in the center of the
reflective coating can respectively increase or decrease the RofC. To achieve good
mode matching between the input laser beam and the hot cavity, two laser beam
parameters require to be adjusted; the size and the position of the waist of the
input laser beam. In other words it is necessary to act on at least two mirrors of
the mode matching telescope. We have investigated the case where one mirror is
made more convergent and another more divergent. Mirror mechanical deformations induced by heating are more perceptible on a mirror with a large radius of
1

The compensation plate is not tilted but the light reflected by it is lost just because it will
have a non resonant phase round trip inside the high finesse cavity.
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Figure 3.5: Configuration of the mode matching telescope for the HOPTF Test
1 [96]. The diameter of the laser beam coming from the laser is around 2 mm.
At the end of the telescope (on the mirror M4) the beam is magnified 9 times.
M0 and M4 are flat mirrors, M1 is a convex mirror (RofC -2 m), M2 and M3 are
concave mirrors with RofC of 8 and 20 m respectively. The distance M1-M2 is
1.8 m and M2-M3 1.5 m. Between the mirror M3 and the ITM, the optical path
length is 4 m. Before entering the cavity, the laser passes also through a set of
beam steering mirrors and the auto-alignment system (not represented here).
curvature (because of its small initial sagitta). Therefore, we decide naturally to
act on the mirrors M2 and M3 of the mode matching telescope (mirrors with the
largest RofC) to have the most effect.
A better approach could have been to redesigned the mode matching telescope.
It is possible that increasing the distance between mirrors could have significant
effect on the input beam waist. However, in this thesis I try to adjust the existing
configuration which is already installed in Gingin. It was too late to redesign the
mode matching telescope, and we have to use the mirrors that we already have.
Moreover having to rearrange the input telescope means a complete redesign of
the input optical table which is crowded with some other large optical systems
on it (for example: the auto-alignment system and the Hartman sensor).
According to our simulation results, the best configuration is found by increasing M2 RofC and decreasing M3 RofC. In figure 3.6 the position and size of
the laser beam waist can be found for different heating powers of the mirrors M2
and M3. The first thing to notice on these plots is that the waist size contours
are almost parallel to the waist position contours (respectively the left and right
plot). This means, the size and the position of the waist can not be chosen independently with this method. For a given size of the laser waist, the position of
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the waist is essentially constant under application of reasonable heating power to
the mirrors.
Two reasons can explain this conclusion: only small change in the RofC of
the mirrors can be obtained by heating, and the distance between the mirrors
is relatively small (1 meter) compared to the radius of curvature of the mirrors.
By deforming the mirrors in opposite directions, both effects cancel each other.
As a result, instead of having two deformable mirrors in the mode matching
telescope one is enough to achieve equivalent results. For the HOPTF Test 1
the simulations show that the best result is achieved by acting on the mirror M3.
When heating this concave mirror on the edge, the M3 RofC can be changed from
20 m to 19 m with a heating power around 16 W (maximum heating power used
for our simulations). The size and position of the input laser waist in figure 3.6
is taken just before the ITM for clarity. So to represent the characteristics of the
input laser waist inside the cavity, we must also take into account the fact that
the input laser passes through the ITM thermal lens when entering the cavity.
The size and position of the input laser waist inside the cavity is presented in
figure 3.7 when only the mirror M3 is heated.
When the mirror M3 is heated up to 16 W, the waist size of the input laser
beam is decreased from 8.4 mm to 4.8 mm and the waist position is shifted by
100 m toward the ETM. In this case the beam waist is outside the cavity.
One drawback of having a single adaptive mirror is that perfect mode matching can not be achieved. With only one tunable mirror, it is not possible to
independently set the size and position of the input laser beam waist. Thus, the
laser beam can not perfectly match any configurations of the cavity waist. For
example from figure 3.7, we can see that the size of the waist of the input laser
can match the size of the hot cavity for a M3 heating power of 4.9 W. However
the positions of both waists are not coincident in this case. Consequently, it is
expected that the full circulating power inside the hot cavity can not be restored
by this method. This raises an interesting question about the optimal configuration with only one adaptive mirror. Should we match the waist size of the cavity
and the laser or try favor coincidence between the two waist positions (if it is
possible)? or a compromise between these two configurations? This question will
be empirically answered in the next section.
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Figure 3.6: Input laser beam waist size (left) and position (right) as functions of
the heating power applied to mirrors M2 and M3. The waist size and position of
the input laser are represented just before the ITM. So the input laser has not
crossed the thermal lens in the ITM. By increasing the heating power, the RofC
of M2 increases and that of M3 decreases. The waist position is measured from
the ITM, a positive distance meaning a waist inside the cavity. The initial laser
waist (point 0,0) is matched with the cold cavity mode, the waist size is 8.75 mm
and the waist position is at the ITM.

16

Figure 3.7: Size and position of the waist of the input laser inside the cavity when
the mirror M3 is heated. The size of the waist is represented by the continuous
line with the scale on the left vertical axis. The position of the waist is represented
by the dashed line with the scale on the right vertical axis. The waist position is
inside the cavity and the distance is measured from the ITM. The position and
size of the hot cavity waist are indicated by the upper and lower horizontal line
respectively. The size of the waist of the hot cavity is 7.23 mm and its position
is 45 m from the ITM inside the cavity.
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3.2.5

Results from compensation plate and adaptive mirror

The results from the compensation plate and the adaptive mirror on the cavity
gain are shown in figure 3.8 when 4 kW circulate inside the cavity. The CP
system manages to restore the initial cold cavity gain inside the cavity but the
adaptive mirror system does not reach the initial gain. The adaptive mirror
system provides a negligible benefit by increasing the cavity gain from 0.975 to
0.978. The main reason for not having 100 % of the initial gain is because one
mirror can not achieve the perfect mode matching as described in the previous
section. However, the performance of this method can be improved by designing
a specific mode matching telescope with adaptive mirrors. The optimal RofC for
the mirror M3 does not correspond to the case of perfect waist size matching
between the laser and the cavity (M3 heating power of 4.9 W) nor waist position
matching (that we can not achieve with the mirror M3), but rather a compromise.
The top plot in figure 3.8 shows two interesting properties of the compensation
plate. First, if the plate is not heated enough (left part of the curve), the situation
is worse than in the case without the CP. The cavity circulating power decreases
by 2.3 % without the plate and by more than 4.3 % when the plate is inserted
in the cavity. This aggravation of the situation is due to the plate’s own thermal
lensing which exists in addition to the thermal lensing of the ITM (as suspected
in the section 3.2.3). Secondly, it can be noticed that if the CP is heated more
than necessary the circulating power drops drastically. This drop is due to the
combined waist and position mismatch of the input beam relative to the cavity.
In this part of the curve, the pair ITM-CP is no longer equivalent to a flat mirror
(optimal case) but behaves like a convex mirror. The g-factor of the cavity
becomes closer to 1 and the cavity tends to become unstable.

3.2.6

Practical considerations

The compensation plate is a fused silica optical window. The physical properties
of fused silica make this substrate material the most suitable for our application.
It has extremely low optical absorption and low thermal conductivity, making a
substantial temperature gradient easy to achieve. The plate diameter must be at
least the same as the test mass diameter to avoid introducing diffraction losses.
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Figure 3.8: Comparison of the the compensation plate system (top) and the
adaptive mirror (bottom) used to compensate thermal lensing when 4 kW circulate inside the cavity. The mirror M3 of the mode matching telescope is used to
change the profile of the input laser beam. These two plots are specific to the
HOPTF Test 1 with the parameters described in section 3.2.1. The cavity gain
was calculated using the software Finesse.
Moreover, to limit additional loss the polishing and coating of the plate must
reach the same specifications as the test mass.
The adaptive mirror is planned to be a 50 mm diameter curved mirror with
a BK7 substrate. As shown in the previous section, the adaptive mirror has
lower performance compared to the compensation plate. Yet, the adaptive mirror
system is also 30 times cheaper to construct compared to the compensation plate.
Indeed the specifications (substrate absorption, coating quality and polishing)
for the adaptive mirror are less critical than for the compensation plate. Both
systems were tested in the ACIGA lab at UWA and are the subject of the next
section.

70

3.3

Small scale actuators tests

The two actuators the adaptive mirror and the compensation plate proposed in
the previous section were tested using some smaller scale models. In this section
we present our experimental results regarding these two systems.

3.3.1

Model and practical design

Both adaptive mirror and compensation plate rely on the same principle. The
cylindrical optics are heated by the wall to create a temperature gradient perpendicular to the optical axis. This temperature gradient induces a non uniform
thermal expansion of the mirror changing its radius of curvature. Similarly, the
temperature gradient inside the compensation plate generates a refractive index
gradient due to the thermo-optic effect. This latter produces a lens like wavefront
distortion in the transmissive plate.
To quantify the tunable mirror and lens performance, a simple model can be
derived. If a cylindrical plate of radius R and thickness l is heated by its wall
by a power P, the cylindrical temperature distribution inside the plate is (when
neglecting the end effects) [97]:
T (r) − T0 =

P
r2
2πRl 2kth R

(3.1)

Where T (r) − T0 is the temperature difference within the centre of the optic

and a point at a distance r from it and kth is the thermal conductivity. The
temperature distribution described by equation 3.1 induces a non uniform thermal
expansion of the substrate. If the mirror is initially flat, the apparent radius of
curvature of the reflective surface is:
Rof Cinduced =

4πkth R2
αP

(3.2)

With α the thermal expansion of the substrate. For the transmissive plate,
the substrate gradient of temperature induces a gradient of refractive index due
to the thermo-optic effect. In this case, the apparent focal length of the plate is:
finduced =

2πkth R2
βP
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(3.3)

Figure 3.9: Adaptive mirror cross section (left) and photo of the small scale compensation plate (right). The role of the different parts and materials are described
in the text. For both systems a thermistor was inserted in the aluminium heating
mount to monitor the temperature of the plate.
With β the thermo-optic coefficient. These quick numerical models are correct
qualitatively but may be quantitatively erroneous. For our simple models, we
consider the theoretical temperature gradient of an infinite long cylindrical optics
which is not the case of the mirror or the plate used where the diameter is greater
than the thickness.
To assist the mechanical design of the tunable mirror and lens proposed, an
extensive simulation work was performed. Likewise for thermal lensing simulations, our numerical simulation is based on the finite element modelling and used
the software ANSYS. Temperature distributions and mechanical deformations of
the optic substrate for different heating configurations were simulated. The simulations results were essential to choose the optimal heating pattern as well as
the substrate material.
The adaptive mirror prototype is based on a 50 mm diameter BK7 mirror.
BK7 is the most suitable substrate material for this application: it combines low
thermal conductivity with high thermal expansion. The mirror is clamped in an
aluminium ring which has an inner diameter 1 mm smaller than the mirror. This
ensures an optimal contact between the aluminium ring and the mirror despite
the expected larger thermal expansion of the aluminium ring. A screw is used
to distort slightly (i.e. open) the aluminium ring and facilitate the insertion of
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the mirror. A nichrome wire is encircled on the aluminium ring to produce the
desired heat. A teflon layer is added between the heating wire and the aluminium
ring for electric isolation. Finally a high temperature resistant plastic is placed
between the kinematic mount and the aluminium ring. This outer plastic ring is
used for thermal isolation and prevent the heat to escape through the mount. A
drawing of the adaptive mirror is shown in the left part of the figure 3.9.
The compensation plate heating mount is based on the same design as the
adaptive mirror but without the outer plastic ring and adjustable mount. The
heating ring for the 50.2 mm diameter transmissive window is directly encircled
outside a home-made aluminium mount. Ceramic spacers are inserted between
the heating ring and the stand for thermal isolation. The transmissive plate is
made of fused silica, material suitable to high optical power application due to its
extremely low absorption (around 2 ppm/cm). Moreover its low thermal conductivity (compared to sapphire) makes a substantial temperature gradient within
the substrate of the plate easier to achieve. The plate is heated by thermal conduction, but for advanced interferometers, the plate will be heated by radiation.
To simulate a radiative heating ring in front of the plate, the heating aluminium
ring length is made smaller than the plate thickness. A photo of the small scale
compensation plate is shown in the right part of the figure 3.9.
Two different experimental setups were completed to measure the spherical
wavefront distortion induced by the adaptive mirror and the tunable lens. The
experimental results are presented in the next two sections.

3.3.2

Adaptive mirror test

To measure the mirror deformation as a function of the heating power, a straight
forward approach is used. The mirror Radius of Curvature (RofC) change is measured by recording the change in the radius of the laser beam which is reflected
by the tunable mirror. The optical layout of the experiment is presented in figure
3.10. A beam expander is used to optimize the laser beam radius with the size
of the CCD ship. The laser beam radius on the CCD can be measured with an
accuracy of 0.005 mm.
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Figure 3.10: Optical layout of the experiment used to measure the radius of
curvature of the tunable mirror. The laser is a 5 mW helium neon laser. BF
stands for spatial Beam Filter, BE for Beam Expander and AM for Adaptive
Mirror. The Power Supply (PS) and the CCD are both linked to a computer
(PC) with a Labview control interface. The distance between the adaptive mirror
and the CCD is maximised within the optical table limit and is 1.3 m.
The evolution of the laser beam waist as measured on the CCD is presented
in figure 3.11 for 3.85 W of heating power. The time constant of the mirror
deformations is relatively short. More than 90% of the final radius of curvature
is achieved in 10 minutes. However the steady state temperature of the heating
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Figure 3.11: Evolution of the laser beam radius as recorded on the CCD camera.
A 3.85 W step heating power is used. Due to the change of the mirror radius of
curvature, the size of the laser beam is decreased by 12 µm. For this example,
the steady state temperature of the mirror is 27◦ above the room temperature.
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Figure 3.12: Inverse of the adaptive mirror radius of curvature as a function of the
heating power. The fit is from the ANSYS simulations with a simple convection
model, hS being the parameters fitted (see text). The error bars represent one
standard deviation.
The inverse of the steady state radius of curvature of the mirror as a function
of the heating power is presented in figure 3.12. For heating power greater than
5 W, the FEM simulations no longer matches the experimental results. This
discrepancy comes from the difficulty in simulating correctly the heating loss due
to air convection and conduction. To simulate the heat loss at the interface mirror/air we have derived a simple model using Newton’s law of cooling. The heat
exchange ∆Q between the mirror at temperature Tm and the environment at
temperature T0 is given by ∆Q = hS(Tm − T0 ) with h the thin film coefficient

and S the contact area. Only an estimate of the thin film coefficient can be found
in the literature and only for some particular conditions. Since we used relatively
low heating power, the temperature of the mirror Tm remains less than 50◦ C. In

this condition for simplification, we suppose that Tm increases linearly with the
heating power Pheat . Thus the loss convection can be represented as an additional
loss depending linearly of the heating power. Using this simple model, we have
modified the ANSYS simulations and tried to matched the experimental curves.
The fit is presented also in figure 3.12, still a certain deviation remains for high
heating power.
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The mirror maximum deformation is limited by the mechanical properties of
the substrate and coating. For heating power greater than 8 W, a temperature
gradient of more than 20 K is generated inside the substrate, resulting in the
appearance of cracks in the BK7 mirror substrate due to high thermal stress. At
higher power, fractures appear on the edge of the reflective coating due to the
mismatched thermal expansion between the coating and the substrate.
One problem associated with the use of the adaptive mirror is the increase
of the beam jitter due to air turbulence near the hot mirror surface. As we
increase the heating power of the mirror, a clear degradation in the beam pointing
stability is observed. To analyse the turbulence effects, the spectrum of the beam
jitter is recorded using the CCD. In order to increase the speed of the CCD
image acquisition up to 22 frames per second, the resolution of the beam pictures
acquired is reduced by a factor 4. To quantify the beam jitter spectrum, we
record the centroid position of the laser beam on the CCD at 22 Hz. Then with
this measurement, the angular deviation is calculated and finally we derive the
power spectral density of the angular deviation. The result of the beam jitter
spectrum without heating the mirror is represented as the bottom dashed blue
curve in figure 3.13.
To reduce the air convection in front of the mirror, a series of different hoods
is tested. The hood is simply a hollow cylinder made of black cardboard and is
placed as close as possible from reflective surface of the mirror. The best result
is obtained with a hood which has a diameter similar to the one of the mirror.
Small size hoods do not reduce significantly the beam jitter. The effect of a 50 mm
diameter hood corresponds to the plain green curve in figure 3.13. With the hood,
the beam jitter power spectral density is reduced by one order of magnitude from
1 Hz to 10 Hz.
The measurement of the beam jitter was done using a CCD camera. This
was not the most suitable device for our purpose since it has high noise and
low bandwidth. A simple position device (photodiode) must have been more
practical. With the hood, we are confident that the beam jitter induced by the
heating of the adaptive mirror can be corrected by the auto-alignement system
which has a bandwidth of 100 Hz.
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Figure 3.13: Beam jitter spectrum of the laser beam being reflected by the adaptive mirror. The beam jitter without heating the adaptive mirror is compared
with the beam jitter when the mirror is heated with 10 W. With our designed
hood, the beam jitter can be reduced by one order of magnitude from 1 Hz to
8 Hz. The noise floor of the measurement is 10−15 rad2 /Hz.
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Figure 3.14: Optical layout of the experiment used to measure the wavefront
distortion induced by the compensation plate. The setup is a Mach Zehnder interferometer which measures the phase difference between a beam passing trough
the center of the plate and a beam passing at 20 mm from the center. The laser
is a 5 mW helium neon laser. BF stands for spatial Beam Filter and CP for
compensation plate. The Power Supply (PS) used to heat the plate and the CCD
are both control by a computer using Labview. The pressure in the vacuum tank
is 10−5 mbar.

3.3.3

Compensation plate tests

Contrary to the adaptive mirror, the compensation plate is tested inside a vacuum
tank. This presents two main advantages: it eliminates the difficulties to simulate
air convection and it also reproduces the planned operating environment of the
plate.
A Mach Zehnder interferometer is used to measure the time evolution of the
focal length of the compensation plate. The optical setup is presented on figure
3.14. The focal length is deduced by measuring the optical path length different
between the center of the lens and a point 20 mm apart from the center.
The evolution of the optical path difference for a heating power of 2 W is
represented in figure 3.15. As for the adaptive mirror, the response of the plate
to the heating is relatively fast thanks to its small diameter. In 2 minutes, the
optical path difference reached 90% of its steady state value. Then the optical
path decreases slightly over the next 40 minutes as the average temperature of
the plate keeps increasing. Indeed, the temperature of the plate still increases
over more than one hour even the temperature gradient inside the plate has
already reached its steady state. As the plate temperature increases, the substrate
thermal conductivity also increases reducing slightly the optical path difference.
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Figure 3.15: Evolution of the optical path difference between the middle of the
plate and 20 mm from the center. The heating step power is 2 W. From this
optical path difference the focal length of the plate can be derived.
A second interesting effect is after switching off the heating power, the optical
path difference does not go back directly to zero but passes first through a negative
value as shown in the right part of figure 3.15. This effect was quickly understood
by looking at the fem simulations of the temperature profile of the plate. After
switching the heating power, the plate does not cool down uniformly. The heat
escapes by radiation from the edge of the plate rather than from the center of
the face. The evolution of the temperature profile of the plate after the power is
switched off is presented in figure 3.16.
The focal length of the plate versus the heating power is presented in figure
3.17. For the range of heating power used the focal length of the plate is inversely
proportional to the heating power as expected from equation 3.3. For a heating
power of 8 W, the focal length of the plate is -210 m. Compared with our ideal
simulation case, we noticed that 20% of the heating power is not transfered to
the plate and is lost through the electrical wiring or escapes by radiation.
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Figure 3.16: Evolution of the temperature profile of the plate when the power is
switched off at time t = 0 s. The plate was previously heated during 10 minutes
with a heating power of 2 W. We can notice that between the first picture (t = 0 s)
and the last one (t = 10 minutes), the gradient of temperature inside the plate
is inverted as the plate cools down.
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Figure 3.17: Optical path difference of the compensation plate for different heating powers. The optical path is taken after 400 s, when the steady state of the
gradient of temperature inside the plate substrate is reached. For the simulations
plotted here, we consider that 20% of the heating power is lost.

3.3.4

Conclusion

An adaptive mirror which can dynamically change the input laser beam profile
was tested. Based on the same principle, a tunable lens to be inserted in an
optical cavity has also been investigated. These two systems can be valuable
tools for laser GW interferometers since they can partially correct mode matching
imperfection due to thermal lensing. According to our experimental tests of small
scale beam shape actuators, the compensation plate shows better performance
and reliability than the adaptive mirror. The adaptive mirror can be tuned from
flat to a radius of curvature of 800 m for 7 W of heating power. On the other
hand, the compensation plate can achieve a focal length of up to -230 m for a
heating power of 8 W.
In parallel to our research a tunable lens was also developed by the University
of Florida for LIGO [98]. By using a high power laser a strong thermal lens is
created in a glass window. This window is equivalent to a convergent lens for
a passing probe beam (which has a different wavelength and size than the high
power beam). By varying the power of the high power laser beam, the focal
length of the window can be tuned up to 1.2 m for a heating power of 6 W.
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Figure 3.18: The optical setup for the Gingin second high optical power test.
Around 100 kW is expected to circulate inside the cavity.

3.4
3.4.1

Beyond the Gingin Test 1
The second Gingin test

The second Gingin test uses the same cavity as the first test with the same sapphire optics, however with two important exceptions. First, the input test mass
substrate is reversed so it is now outside the cavity. Second, the compensation
plate is removed from inside the cavity. A schematic of the optical setup for the
second high optical power test is presented in figure 3.18.
For the second high optical power test, thanks to a laser upgrade the output
power of the laser increases from 10 W to 50 W. The finesse of the cavity is expected to be 3200 and 100 kW of optical power circulates inside the cavity. This
test demonstrates the influence of optical coating absorption in high power cavity.
The power absorbed by the coating is 0.1 W for each test mass. The ITM
profile changes from a flat mirror to a convex mirror with a radius of curvature
of −27 km. The ETM radius of curvature increases from 720 m to 740 m. Due

this change in the mirror radius of curvature, the cavity waist size increases by
4% and the waist position is shifted by 2 m inside the cavity.

In these conditions, the cavity gain is expected to decrease by less than 0.1%
which may be extremely difficult to detect due to the laser power fluctuations
and the beam jitter noise which affects the cavity circulating power. Since the
effects of the coating optical absorption are relatively small, no thermal lensing
compensation is planned to be installed for this test. However the possible size
in the cavity waist may be noticed using a CCD camera monitoring the output
cavity beam.
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Figure 3.19: The optical setup for the Gingin third high optical power test.
PRM stands for Power Recycling Mirror and CP for Compensation Plate. This
test presents thermal lensing effects greater than the two previous tests due to
extremely high circulating power and because of the presence of two coupled
cavities.

3.4.2

Adding the PRC: the Gingin test 3

For the Gingin test 3, a power recycling mirror is added to the Gingin test 2
cavity as shown in figure 3.19. A system of coupled cavities with a power recycling
cavity and an arm cavity is formed. This test reproduces the optical conditions of
advanced interferometers with very high circulating power. For this test the input
laser is upgraded to 100 W. The circulating power in the power recycling cavity
is 4 kW and up to 200 kW is expected to circulate in the arm cavity. Due to
the sapphire absorption, the ITM substrate becomes equivalent to a convergent
lens with a 400 m focal length. Regarding the arm cavity, the ITM reflective
surface changes from flat to a radius of -1.5 km. Due to the coating absorption
the radius of curvature of the ETM increases from 720 m to 775 m. For this test
the compensation plate is heated by radiation using a heating ring in front of the
plate. The plate has a radius of 50 mm and a thickness of 12 mm. The radius of
the heating ring is 45 mm. The dimensions of the plate are optimised to achieve
the optimal thermal lensing compensation (i.e the compensation which requires
the less heating power).
Thermal lensing effects on the sidebands
In Chapter 2, we saw how thermal lensing can degrade the carrier circulating
power in the arm cavities due to the induced mode mismatched. However during
the Test 3, we will see that thermal lensing may also affect the control sidebands
in a more tragic way. Indeed higher order modes induced by the ITM thermal lens
are perturbing less the carrier than the sidebands that are used to keep the cavity
locked. The fundamental TEM00 carrier mode is resonating inside the arm cavity
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(e.g. its phase shift after a round trip is an integer multiple of 2π). Yet, higher
order carrier modes have a different phase shift after a round trip because of the
different Gouy phase shift. Hence, when the arm cavity is made resonant for the
fundamental mode it is not resonant for higher order modes of the carrier. The
effects of thermal lensing are more serious for sidebands, resulting in a substantial
power loss [99]. Sidebands are anti-resonant in the arm cavity and circulate only
in the power recycling cavity, which is close to be a degenerate cavity (g factor
0.9999). In contrast to the carrier, no phase selection exists for the sidebands and
various spatial modes converted from the TEM00 can resonate inside the power
recycling cavity. The power in these higher modes is equal to the power removed
from the fundamental sidebands mode. The power loss of the fundamental mode
sidebands can be linked directly to a decrease in the interferometer sensitivity
[84]. It is always possible to compensate the sideband losses by increasing the
modulation depth but to the detriment of the carrier arm power. Unfortunately,
increasing the sideband modulation depth can induce distortions in the sidebands
which can degrade the interferometer control.
In this section, we only consider the power recycling cavity. However in advanced interferometers, the signal recycling cavity is also subject to thermal abberation which can reduce the efficiency of the extraction of the GW signal from
the arms to the output port.
Test 3 thermal lensing compensation
As for the Test 1, a compensation plate is proposed to be used in the test 3 to
compensate the thermal lensing occurring in the input test mass. The plate is
inserted inside the power recycling cavity in front of the ITM substrate. The fused
silica plate is suspended and heated using a radiative heating ring. According to
our simulations, the optimal correction is achieved when 18 W of heating power
is absorbed inside the compensation plate. The compensation plate reduces the
optical path length difference induced by the ITM from 80 nm to less than 5 nm
within the beam waist. Thus, the original cold mode of the power recycling cavity
is restored and the sidebands gain is recovered as shown in figure 3.20.
Two comments can be made regarding the thermal lensing correction with the
compensation plate. First, like for the Gingin Test 1 when there is no heating of
the plate, the plate thermal lensing adds to that of the ITM, making the situation
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Figure 3.20: Gain inside the Power Recycling Cavity for both the carrier (continue
line) and the sidebands (dashed line) function of the heating power absorbed by
the compensation plate. For this plot we suppose that all the power radiated
by the heating ring is absorbed by the compensation plate. This simulation has
been done with the software Finesse.
slightly worse. The sideband power decreases by 90% instead of 85% without the
plate. The first 5 W of heating power absorbed by the plate are in fact used to
compensate the thermal lensing inside the plate itself. Secondly, if the plate is
heated more than 18 W the cavity becomes unstable. Because the power recycling
cavity is close to a flat-flat cavity, the combination of the compensation plate and
the input test mass should never be equivalent to a divergent lens, otherwise the
g-factor of the power recycling cavity would be greater than one.

3.4.3

Toward a GW detectors

The three high optical power tests described in the previous sections are only
using one of the two arms of the high optical power test facility in Gingin. The
second arm will be dedicated to test in vacuum the compact and high performance
seismic isolator designed by the UWA group [100]. In parallel, a high optical
power mode cleaner will be commissioned.
After the first three Gingin tests, the 2 arms will be recombined to investigate
the noise spectrum of a dual recycling Michelson interferometer with arm cavities.
At this stage quantum optical techniques will be tested on a real scale to tune
the interferometer sensitivity.
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Depending on the available funding, the arm length could be extended from
80 m to a long arm length of 1.8 km. The optical configuration of the possible
AIGO 2K has already been designed [101]. The GW detector would be a dual
recycling interferometer similar to Advanced LIGO or Virgo. At the time of
writing this thesis, the possibility to have 5 km long arm cavities to detect low
frequency GW has surfaced. The higher cost of building 5 km long pipe would be
compensated by having smaller diameter vacuum pipe with a new baffle system
proposed by De Salvo [102].

3.5

Conclusion

The three high optical power tests lead at Gingin are a major step to understand
and limit thermal lensing effects in advanced laser interferometers. These tests
demonstrate the benefit of using a compensation plate in the power recycling
cavity to correct the wavefront distortion induced by the input test mass.
In this chapter, our optical simulations were using the software Finesse [103]
and so only the spherical part of the thermal lens was considered. In the next
chapter the real profile of the wavefront distortion is used to simulate the Gingin
test 1 cavity with a FFT optical propagation code.
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Chapter 4
FFT simulations
In the previous chapter, we only considered test mass spherical deformations
induced by thermal lensing. This simplification allows us to use a fast optical
code based on the known propagation of higher order optical modes. In this
chapter, we present simulations of the Gingin Test 1 optical cavity using Fast
Fourier Transformation (FFT) propagation code. The advantage of the FFT
code is the possibility to simulate the effects of realistic mirror deformations. In
particular, the exact profile of the thermal lens can be used.

4.1

Principle of the FFT propagation code

FFT optical codes are important tools in optical simulations thanks to their
ability to simulate the propagation of any arbitrary electric fields. The principle
of the FFT optical propagation code is similar to the Fourier transformation
method used to calculate the response of a linear system to an arbitrary function
fi (t). The function fi (t) is expressed as a superposition of harmonic functions of
different frequencies ν:
fi (t) =

Z

∞

F (ν) exp(2πjνt)dν

(4.1)

−∞

Where F is the Fourier transform of the function fi . The function t → exp(2πjνt)
is the harmonic function of frequency ν. These are the basic functions used to
expand fi . If the response of the system is known for each elementary harmonic
function exp(2πjνt), the response of the system to the input fi can be derived
using three steps. First step, the function fi is expanded in the sum of basic
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harmonic functions by doing a Fourier transformation. Second step the response
of the system to each harmonic function is calculated. This is done simply by
a multiplication in the frequency domain. Finally, third step, the output of the
system to the input fi is derived by doing the inverse Fourier transformation of
the output harmonic functions.
The FFT optical propagation code follows exactly the principle described in
the previous paragraph. In this case the elementary functions are plane waves.
We can first calculate the propagation through free space of an elementary plane
wave u. At z = 0
u(x, y) = exp(−jkx x − jky y)

(4.2)

with kx/y the propagation constant along the x/y axis. Equation (4.2) can also
be written:
u(x, y) = exp(−j2π(νx x + νy y)) with νx = kx /(2π) and νy = ky /(2π)

(4.3)

If u is written as shown in equation (4.3), it is easy to recognise u as a harmonic
function of two variables (x, y) with spatial frequencies (νx , νy ). If we propagate
u along the z axis:
u(x, y, z) = exp(−jkx x − jky y − jkz z)

(4.4)

1

with k = (kx2 + ky2 + kz2 ) 2 = 2π/λ. If we suppose the wave to be travelling in a
direction close to the z axis (paraxial approximation), kz ≫ kx and kz ≫ ky , then
kz can be written as:

1

(kx2 + ky2 )
2k
≃ k − λπ(νx2 + νy2 )

kz = (k 2 − kx2 − ky2 ) 2 ≃ k −

(4.5)
(4.6)

So we can rewrite equation (4.4) as:
u(x, y, z) = u(x, y, 0) exp(−j(k − λπ(νx2 + νy2 ))z)

(4.7)

The equation (4.7) is the foundation of the FFT propagation code. It tells us
that the propagation of a plane wave along the z axis can simply be represented

88

by a phase shift. The function z → exp(−j(k − λπ(νx2 + νy2 ))z) could also be seen

as the propagation operator for an input plane wave travelling a distance z under
the paraxial approximation. The term exp(−j(kz)) represents the phase shift of
a plane wave propagating along the z axis and the term exp(jλπ(νx2 + νy2 )z) adds
a phase correction to take into account the fact that the wave propagates with a
small angle with respect to the z axis1 .
Interestingly equation 4.5 can also be written:
kz = 2π



1
− νx2 − νy2
λ2

 21

(4.8)

So for high spatial frequencies (νx2 + νy2 > 1/λ2 ), kz is an imaginary number. In
this case the plane wave can not propagate along the z axis, and is in fact an
evanescent wave. This demonstrates that a electromagnetic wave of wavelength
λ can not propagate carrying details smaller in size than λ.
Equation (4.7) tells us how to propagate a plane wave. So to propagate any
arbitrary electric fields E, we need to know how to expand the electric field onto
the set of plane waves exp(−j2π(νx x + νy y)). If we call E(νx , νy ) the complex
amplitude of the component of the field E with spatial frequency (νx , νy ) we have
the mathematical relationship:
E(νx , νy ) =

Z

∞

−∞

Z

∞

E(x, y) exp(j2π(νx x + νy y))dxdy

(4.9)

−∞

From equation (4.9), we may notice that E(νx , νy ) is the spatial 2D FFT
transformation of the electric field.
From all of the above, we know how to propagate in free space a transverse
electric field E from z = 0 to z = d. To calculate the resulting field after the
propagations, three steps are required:
1. Decomposition of the field E(x, y, 0) into a sum of elementary plane waves
using a 2D Fourier transformation.
1

The angle θx between the direction of propagation and the x axis is θx = sin−1 (kx /k). In
the case of small angles, it is simply θx = λνx
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E(νx , νy , 0) =

Z

∞

−∞

Z

∞

E(x, y, 0) exp(j2π(νx x + νy y))dxdy

(4.10)

−∞

2. Propagation of the plane waves, which is equivalent to adding a phase shift
in the frequency domain.
E(νx , νy , d) = E(νx , νy , 0) exp(−j(k − λπ(νx2 + νy2 ))d)

(4.11)

3. Recomposition of the electric field from the propagated plane waves using
an inverse Fourier transformation

E(x, y, d) =

Z

∞

−∞

Z

∞

E(νx , νy , d) exp(−j2π(νx x + νy y))dνx dνy

(4.12)

−∞

These three steps can easily be implemented numerically using a computer.
Most scientific data analysis softwares (Matlab, Mathematica, IGOR, . . . ) have
in-build robust and efficient codes to performed FFTs.
An example of the propagation of an arbitrary electric field using an FFT
code is presented in figure 4.1. The initial field is a theoretical square of uniform
amplitude (left plot). The resulting field after the propagation in free space over
100 m is shown in the right plot. A similar result could have been obtained based
on the propagation of Hermite Gaussian modes. However to have an accurate
representation of the initial field, a very large number of the higher order modes
must have been taken into account which requires large amount of computer
processing power. For this plot we used the software IGOR version 5 [104]. The
field is discretise on a 512 × 512 matrix. The physical size of the grid is 10 cm
× 10 cm.

4.2

Simulation of a Fabry Perot cavity

We developed our own optical FFT code to simulate the Gingin Test 1 cavity
with realistic mirror deformations. Our program is interfaced with ANSYS to
take into account the wavefront distortion induced by thermal lensing and the
compensation plate. The link with ANSYS is essential to conserve since ANSYS
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Figure 4.1: Propagation of an uniform square of light using our FFT propagation
code. The initial square light field is presented on the left plot. The field resulting
from the propagation of the initial field over 100 m is shown on the right plot.
Structures similar to the Hermitte Gaussian modes begin to emerge when the
square field propagates in free space.
can simulate a wide range of situations such as time dependent problems, nonsymmetric heating or thermal lensing due to flat beams. A new ANSYS model
can usually be developed in less than four days which allows us a great flexibility.
Several codes already exist to simulate the performances of laser interferometer with imperfect optics. For example, the program Melody is used by LIGO
to simulate the effect of thermal lensing in the interferometer [105]. The VIRGO
team has also developed their own codes called Darkf and NV [106]. We could
have used theses codes and try to modify them to read our ANSYS data. However changing codes written by other people could be a long and a frustrating
task. Moreover we only need to simulate a single Fabry Perot cavity and we do
not plan to simulate the shot noise level or sidebands behaviour. So we decided
to program our own FFT code that we called OSCAR for Optical Simulation
Containing Ansys Results.
To simulate a full optical cavity, we need to simulate not only the propagation
of the laser field inside the cavity but we also need to simulate the effect of the
mirrors or any other elements which can distort the light wavefront. Any wavefront distortion can be characterised by its induced optical path length difference
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∆OP L(x, y). The laser field Ei passing trough an element inducing a wavefront
distortion get an additional space dependent phase shift according to:
Eo = Ei exp (−jk∆OP L(x, y))

(4.13)

with Eo the laser field after the wavefront distortion. For example, a spherical mirror with a radius of curvature Rc induces an optical path difference
∆OP L(x, y) = −(x2 + y 2 )/2Rc . Another example is the wavefront distortion
induced by thermal lensing which has already been described in Chapter 2.

OSCAR used a straight forward method to simulate the resonant laser field in
the Fabry Perot cavity. The principle of the algorithm at the base of OSCAR is
presented in the figure 4.2. The algorithm follows the same method used to analytically calculate the total circulating field in an optical cavity [107]. A transient
field propagates through the cavity, bouncing back and forth between the mirrors
and decreasing its power after each round trip. Each mirror whether perfect or
not is represented by its optical path difference and the propagation of the beam
between the mirrors used the FFT code described in the previous section. The
total circulating field is the sum over all the round trips of the transient field
taken at a reference plane. Even if we take into account an infinite number of
round trip, the power of the total circulating field is always finite when the cavity
is lossy. The power of the transient field (named Ep in figure 4.2) decreased by
(1 − L) per round trip, with L the round trip cavity loss.
In OSCAR we use a 128 × 128 grid representing a space area of 10 cm × 10 cm

No appreciable benefits were found from using a larger space area or a finer
meshing. The different issues to consider when the laser field is discretised onto
a 2D finite size matrix are explained in Bochner [108] or Trigdell [109] and are
out of the scope of this thesis. To find the resonance length of the cavity, the
algorithm proposed by Fox and Li is used [110].
The results from OSCAR were compared to the results from FINESSE in case
of spherical mirrors and with mode mismatch between the input laser and the
cavity. Over a wide range of situations both simulations gave similar results with
the maximum discrepancies always less than 0.02%.
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Figure 4.2: Iterative algorithm used in OSCAR to calculate the circulating field
Ecirc in the cavity. First the length of the cavity is tuned to be on resonance.
Then we propagate the input field between the two cavity mirrors. The circulating
field Ecirc is the sum of all the transient fields Ep . In OSCAR the reference plane
where all the transient fields are summed is the plane coincident with the ITM
AR coating. The maximum number of iterations depends on the cavity finesse.
For the Gingin test 1 simulations we used 6000 iterations.
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The first version of OSCAR used to simulate an optical cavity with realistic
thermal lensing distortions was first written by myself using the software IGOR.
This code was then translated to Matlab and used to calculate diffraction losses
by my colleague Pablo Barriga. Finally, I re-wrote and optimised part of the
Matlab code to substantially decrease the OSCAR computational time. A full
FFT simulation of the Gingin cavity using the mirror deformations imported from
Ansys takes around two hours on a PC with a P4 microprocessor at 3.2 GHz.
For the Gingin Test 1 FFT simulations, the cavity is 80 m long and the two
mirrors have a diameter of 10 cm. The ITM is flat and the ETM has a radius
of curvature of 720 m. The compensation plate has a diameter of 160 mm and a
thickness of 17 mm (same dimensions as the real compensation plate used in our
experiments). The plate is heated by conduction.

4.3

Thermal lensing comparison: spherical approximation vs exact profile

All the calculations of the thermal lensing effects in the previous chapter were
achieved assuming the sphericity of thermal lens induced by the optical absorption. Using OSCAR, we can check the validity of this assumption. The advantage
of using an FFT optical code is the possibility to include realistic deformations
of the mirrors in our optical cavity simulations. The key question is this: how do
the results from OSCAR differ from the case where only spherical deformations
of the mirrors are used? The goal of this section is to answer this question.
We address the case of the Gingin Test 1. The exact optical path difference
of the ITM thermal lens and the best spherical fit is presented in figure 4.3 for
an absorbed power inside the substrate of 2 W. Three points are interesting to
notice regarding this plot:
The spherical fit is good within the waist. This is expected since to do the
fit the optical path data are weighted according to the laser power distribution. Within the waist the deviation of the spherical fit from the exact
profile is less than two nanometers. For comparison, the RMS surface error
of the ITM after polishing must be less than two nanometers according to
the specifications.
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Figure 4.3: Comparison between the real optical path length difference and its
quadratic fit. This curve is for the ITM sapphire test mass of the Gingin test 1.
The cavity input power is 5 W and 4 kW of optical power circulates inside the
ITM substrate. The optical power absorbed in the ITM is 2 W.
The spherical fit induces higher distortion. The difference between the exact optical path and the quadratic fit is negative outside the waist. This
means that the wavefront distortion from the fit is slightly greater than that
from the exact profile.
The spherical fit is a very poor representation outside the waist. Indeed
the further we are from the center of the optics, the larger the divergence
is between the spherical fit and the exact profile.
To understand the importance of the three previous points, we can simulate
the Gingin Test 1 cavity using OSCAR in two cases. In the first case the mirror
deformations due to the optical absorption are considered to be spherical using
the quadratic fit as described previously. In the second case, the realistic mirror
deformations are used.
These two cases (spherical deformations and exact deformations) are compared using the Gingin Test 1 configuration for varying input laser power. By
increasing the cavity input power, the magnitude of the ITM thermal lens is also
increased. This degrades the mode matching between the input laser beam and
the cavity and it reduces the cavity circulating power. The cavity gain as a function of the input power is presented in figure 4.4 for both spherical and realistic
mirror deformations. Both cases give similar results. This confirms that using

95

Gain of the cavity

820

Cavity gain for the Gingin Test 1
Real mirror deformations
Spherical deformations

810

800

790

780
0

2

4
6
Input power (W)

8

10

Figure 4.4: Cavity gain as function of the input power for the mirrors with real
profiles and for the mirrors when only the spherical deformations are taken into
account.
a spherical fit for the mirror deformations is a good approximation in terms of
cavity gain. It is surprising that the cavity with spherical mirrors has a slightly
lower gain than the one with realistic mirror. This discrepancy is due to the fact
that the wavefront distortion from the spherical fit is greater than the real one
beyond the waist (remember the second point deduced from figure 4.3) so the
mode mismatch is more important.
The FFT simulations yields to a very interesting result. I n the case of the
real mirrors, at 4.5 W of input power, the cavity circulating power seems lower
than expected. The explanation is that at this power, the cavity is detuned such
that a higher order optical mode is resonant at the same time as the fundamental
one. This particular case and its consequences are discussed further in the last
section of this chapter.
The spectrum of the cavity optical modes with spherical mirrors and with
realistic mirrors can also be compared. An example of the spectrum of optical
modes is presented in figure 4.5. The cavity length is scan over a distance of half a
wavelength in order to sequentially make the higher order optical modes resonant.
Due to the cylindrical symmetry of the problem, only the circular Laguerre modes
are excited.
Figure 4.5 confirms that the spherical fit of the wavefront distortion is a good
approximation for the cavity fundamental mode. Indeed in both cases with spherical mirrors and with real mirrors, the fundamental mode has the same frequency.
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Figure 4.5: Cavity spectrum of the Gingin Test 1 cavity for the mirrors with
realistic deformations and for the mirrors with only spherical deformations. Each
peak in the spectrum is due to the resonance of one optical mode inside the cavity.
When the real profile of the mirrors is used more higher order modes are excited.
In the case of the spherical deformations of the mirrors, the higher order modes
are excited due to the mode mismatched between the input laser and the cavity.
The frequencies of the higher order optical modes are distinctive since the Gingin
test 1 cavity is non-degenerate.
This indicates that the fundamental mode has the same profile (same waist) for
both cases. However the frequency difference for the same higher order mode
between our two cases can be non negligible. The higher order of the mode,
the larger the frequency difference. This discrepancy can again be explained by
looking at the figure 4.3. The higher order modes have different spatial extend.
Hence they are affected by different parts of the wavefront distortion induced
by the ITM compared to the fundamental mode. For example, the fundamental mode depends mainly on the ITM optical path difference within the beam
waist. On the other hand the higher the order of the optical mode, the larger
the area of the ITM wavefront that is probed. Remember that for large distances
from the center of the test mass, the divergence between the spherical fit and the
real wavefront profile becomes important. That is why the shape of higher order
modes are different in the spherical mirror case compared to the realistic mirror
case. Similarly their frequencies are also different.
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4.4

Thermal lensing compensation: the perfect
case

In this section, we use OSCAR to simulate the Gingin test 1 cavity with a compensation plate used to correct the effects of the optical absorption inside the
ITM. The circulating power inside the cavity is 2.4 kW, corresponding to an input power of 3 W and the focal length of the ITM is approximately 970 m. As
seen in figure 4.4, for this circulating power, the cavity gain decreases from the
maximum 821 to 815 due to the mode mismatch between the input laser beam
waist and that of the hot cavity. The Compensation Plate (CP) is inserted inside
the cavity next to the ITM substrate to correct the mode mismatch. We consider
an ideal case when the absorption of the plate is null. This means that no thermal
lensing occurs inside the plate.
The plot of the cavity gain as a function of the CP heating power is presented
in figure 4.6. The red squares represent the results from OSCAR using the exact
profile of the wavefront distortion while the blue triangles refer to the results
when the spherical approximation is used. As expected when only the spherical
wavefront is considered, the cavity maximum circulating power can be restored.
This is achieved when the focal length of the CP is exactly opposite to that of
the ITM thermal lens. This situation corresponds to a flat wavefront, because
the system ITM+CP is now a perfectly compensated pair and hence is identical
to the case of the cold cavity.
However by using OSCAR and by taking into account the real wavefront distortion from the mirror and the compensation plate, we obtain a different cavity
gain curve. By heating the compensation plate, the cavity gain can be increased
but the gain never reaches its maximum value of 821.7 which corresponds to the
gain of the cold cavity. The cavity gain increases from 815.5 to a maximum of
817.5 when the plate heating power is 10 W. When the plate heating power is
greater than 10 W the cavity gain starts decreasing. This phenomena can be understood by looking at the optical path difference induced by the pair ITM+CP
as shown in figure 4.7 for different heating power. At low heating power, the ITM
and the CP induces a wavefront distortion similar to a convergent lens. As the
heating power of the compensation plate is increased, this profile becomes flatter
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Figure 4.6: Cavity gain of the Gingin test 1 cavity as a function of the compensation plate heating power. The input laser power is 3 W and the cavity circulating
power is 2.4 kW. When using OSCAR with the real wavefront distortions, we notice that the compensation plate can not restore the initial cavity gain of 821.7.
The cavity gain for the CP heating power of 16 W is removed due the interferences with high order modes for this specific heating power value. This issue is
detailed in the next section.
and flatter within the waist as expected. However for the part of the laser beam
falling outside the waist, the pair ITM+CP looks like a divergent lens. And the
more the plate is heated, the more divergent the profile is.
The part of the laser beam falling where the optical path of the couple
ITM+CP is positive diverges. After propagating in the cavity, the divergent
part of the laser beam may not reach the finite size ETM and so be lost. To
validate this explanation, we can look at the diffraction loss of the cavity fundamental mode as a function of the CP heating power. The calculation of the
diffraction loss is done by OSCAR. The diffraction loss is the loss per round trip
of the cavity fundamental mode when the two mirrors (of finite sizes) have a perfect reflectivity of 1. The diffraction loss per round trip for the resonant optical
mode is presented in figure 4.8. As expected by heating the compensation plate,
the diffraction loss of the cavity resonant mode is dramatically increased. Due to
the increase in the diffraction loss, the cavity circulating power decreases as the
CP heating power increased.
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Figure 4.7: Wavefront distortions induced by the pair ITM+CP for different
heating power of the compensation plate. The more the compensation plate is
heated, the more the wavefront is similar to that of a divergent lens.
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Figure 4.8: Diffraction loss as a function of the compensation plate heating power.
The diffraction loss is per round trip and for the cavity fundamental mode. The
diffraction loss is increased as the compensation plate is heated. The increase of
the diffraction loss is mainly due to the divergent profile of the pair ITM+CP
outside the waist. The increase of the diffraction loss due to the increase in the
laser beam size is negligible since the ITM radius is around 6 times larger than
the beam waist.
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The diffraction losses are even more important for higher order modes compared to the fundamental mode since they have larger spatial extend and more
power lies outside the waist.
In a laser GW interferometer, the waist of the Power Recycling Cavity (PRC)
is coincident with the waist of the arm cavity. Both cavities are optimally coupled.
But due to the thermal lensing occurring in the ITM, the PRC waist is shifted
inducing a mode mismatch with the arm cavity. Is it possible restore the position
and the size of the PRC waist by using the compensation plate? We discuss this
question below.
The size and position of the cavity waist for the Gingin test 1 is presented in
figure 4.9 for different CP heating powers. For the case when only the spherical
deformations are considered, the circulating power is maximal when the cavity
waist is on the ITM and with a size of 8.75 mm (cold cavity case). By taking the
real mirror deformations into account the situation is different. No CP heating
power can be found for which the hot cavity waist is ideally corrected. Either the
position of the cavity waist can be restored to its cold place or either the waist
size can be restored but both can not happen for the same heating power. For
the CP heating power corresponding to the maximal circulating power neither
the waist size nor the waist position are similar to the cold case. To have the
same waist size of the hot cavity as the cold cavity case, the CP requires 28 W
of heating power. However no benefit for this heating power can be seen on the
cavity power gain due to the increase in the diffraction loss of the fundamental
mode.
The cavity spectrum induced by the compensation plate is presented in figure
4.10. For this figure the heating power of the compensation plate is 40 W. For
this heating power, the frequency of the cavity fundamental mode is the same as
the cold case. We can compare this figure with the spectrum in figure 4.5 and
notice how the compensation plate has tuned the frequencies of the higher optical
modes relative to the fundamental mode.
In the case of a thermally distorted PRC coupled to an arm cavity, we can
wonder how to choose the optical heating power. Shall we maximise the gain of
the PRC or the mode matching between the PRC and the arm cavity ? Unfortunately, we can not answer this question since in the case of coupled cavities
OSCAR required a very long computational time on a single workstation.
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Figure 4.9: Size (left) and position (right) of the Gingin Test 1 cavity waist
as the compensation plate is heated. The position of the waist is measured
from the ITM, the cavity waist being inside the cavity. As expected, when the
compensation plate is heated, the waist size increases and the waist position shifts
toward the ITM. The waist size for the cold cavity is 8.75 mm and the waist is
on the ITM.
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Figure 4.10: Cavity spectrum of the Gingin Test 1 with the compensation plate.
The input power is 3 W and the heating power of the compensation plate is 40 W.
The compensation plate can achieve a good correction for the fundamental mode
in term of frequency. However even for the optimal thermal lensing correction,
the compensation plate induces higher order modes in the cavity.
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Figure 4.11: Cavity gain as a function of the compensation plate heating power
when strong thermal lensing compensation is required. The drop in the cavity
gain is due to the presence of resonant higher order modes in the cavity as the
same time as the fundamental one. The cold cavity gain is 821.7 and the hot
cavity gain without the compensation plate is 802.

4.5

Compensation of a strong thermal lens

In this section, we consider the Gingin Test 1 optical cavity but now with 5 kW
of circulating power inside the cavity. We also suppose that the fused silica
compensation plate has relatively high optical absorption. The absorption of the
plate substrate is set to be 4 ppm/cm and the coating absorption 2 ppm. The
substrate absorption of the sapphire ITM remains at 50 ppm/cm.
A plot of the cavity gain as a function of the compensation plate heating
power is shown in figure 4.11. The compensation plate can not correct thermal
lensing and it even degrades the circulating power. Indeed with the CP inside the
cavity, the circulating power is always lower than the circulating power without
compensation plate. This feature is a direct consequence of the thermal lensing
of the plate itself. The more the the CP is heated, the lower the circulating. This
is direct consequence of the increase in the diffraction loss of the fundamental
mode as the CP is heated, as explained in the previous section.
One unexpected characteristic of the curve of the cavity circulating power
from figure 4.11 is the sharp drop in the circulating power for certain heating
powers of the CP. For example at 18 W of CP heating power, the cavity circulating power is three times lower than the expected value. This drop in the power
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Figure 4.12: Optical frequency difference between the higher order optical modes
and the fundamental one as a function of the compensation plate heating power.
The frequency difference is normalised with the cavity free spectral range (FSR).
The horizontal dashed lines represent the resonant frequencies of the cavity. Every time one higher order mode has a frequency difference a multiple of the free
spectral range, this mode is resonant in the cavity as the same time as the fundamental one. Due to the increase in the diffraction loss of higher order optical
modes as the compensation plate is heated, their frequencies become difficult to
be measured.
is associated with the presence of resonant higher order optical modes inside the
cavity. By looking at the cavity spectrum when we shift one mirror over a distance λ/2, we can deduce the position of the higher order optical modes relative
to the fundamental mode. A typical cavity spectrum has already been previously
shown in figure 4.5. A plot of the frequency difference between higher order optical mode and the fundamental mode is presented in figure 4.12 as a function
of the CP heating power. We can see that every drop in the cavity circulating
power can be correlated with the resonance of one higher order optical modes.
For example for 18 W of heating power, the mode LG40 is resonant in the cavity
at the same time as the fundamental one. For 40 W, it is the mode LG50 which
is resonant.
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Figure 4.13: Zoom on the cavity spectrum around the resonant fundamental
mode. Two higher modes are also resonating, the mode LG40 and the mode
LG90 . For test mass diameters of 10 cm, the mode LG90 has very high diffraction
loss. In this case it is difficult to discern this mode in the cavity spectrum (left
figure). However for larger diameter mirrors, the mode LG90 clearly appears in
the spectrum.

4.5.1

Case study: PCP = 18 W

In this section we study thoughtfully what happens when the heating power of
the compensation plate is 18 W. By inspecting the figure 4.12, we already know
that for that heating power, the optical mode LG40 is resonant in the cavity at
the same time as the fundamental one. In fact by studying more carefully the
cavity spectrum we found that in addition to the mode LG40 , the mode LG90
is also resonating inside the cavity. A detail of the cavity spectrum around the
fundamental mode is presented in figure 4.13.
To understand the decrease in the cavity circulating power, when one higher
order mode is resonant, we must first remember how the cavity circulating power
is calculated in OSCAR. As explained in the section 4.2, the circulating field
Ecirc inside the cavity is the sum of all the transient field Ep . In the case of mode
mismatch between the input laser and the cavity mode, the profile of the transient
field Ep changes after each cavity round trip, resulting in different diffraction
losses. Thus the cavity loss L associated with the field Ep may be a function of
p, the iteration number (i.e. number of cavity round trip already done by the
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Figure 4.14: Loss per round trip of the transient field Ep as a function of the number of iteration p. For a CP heating power of 12 W, when only the fundamental
mode is resonant inside the cavity the loss per round trip is constant and is equal
to 3000 ppm. For a CP heating power of 18 W, the mode LG90 and LG40 are
also resonant inside the cavity and so the high diffraction loss of this mode adds
to the cavity loss per round trip. It is interesting to note that the pseudo-period
of the diffraction loss (∼ 110 iterations), is directly related to the Gouy phase
difference between the fundamental mode and the higher order mode responsible
for the high diffraction loss. The Gouy phase difference can be easily deduced by
inspecting the peak in figure 4.13.
transient field). This situation is particularly relevant to the cavity higher order
modes since they have higher diffraction loss than the fundamental one.
The cavity round trip loss as a function of the number of iteration p is presented in figure 4.14 for two heating powers of the compensation plate 12 W and
18 W. For the case of 12 W of heating power, only the fundamental mode TEM00
is resonant inside the cavity. The loss of the transient field Ep is constant, independent of iteration number. For this case, the total loss per round trip is equal
to 3000 ppm, this is the expected cavity round trip loss, the diffraction loss of
the resonant fundamental mode is negligible.
However for a CP heating power of 18 W, the mode LG90 and LG40 are
resonant in the cavity at the same time as the fundamental one. For this case,
the round trip loss of the transient field Ep varies from 7000 ppm to 3000 ppm.
In this situation due to the mode mismatch, both modes LG00 , LG40 and LG90
are excited and resonant. LG90 has high diffraction loss and can not even retain
its shape after being reflected by the mirrors.
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Figure 4.15: Intensity profile of the circulating field Ecirc inside the cavity when
the mode LG90 and is LG40 are resonant at the same time as the fundamental
one.
For the Gingin Test 1 and for a compensation plate heating power of 18 W,
after a few round trips in the cavity the spatial profile of the transient field Ep
is expanding as the mode LG90 tries to build up. However the finite size of the
mirror acts as an aperture, every part of the field Ep falling outside the mirror is
simply lost. So as the field Ep propagates inside the cavity, round trips after round
trips, Ep converges to a profile with minimal diffraction loss. This process can
be understood by looking at the set of plots in figure 4.16. Each plot represents
a cross section of the intensity of the field Ep after a certain number p of round
trips in the cavity. We first notice the decrease in power as the mode Ep circulates
inside the cavity. For the first few thousand round trips Ep is not stable and still
has high diffraction loss. After 4000 iterations, Ep becomes closer to the cavity
eigen mode LG10 , which has low diffraction loss. However after 2000 iterations
each field Ep carries such a low power that it has no longer influence on the shape
of the total circulating field Ecirc inside the cavity. The total circulating field Ecirc
is presented in figure 4.15 for the compensation plate heated with 18 W. The total
circulating field is mainly Gaussian with some wings due to the presence of the
distorted LG40 and LG90 .
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Figure 4.16: Intensity profile of the transient field Ep every 1000 iterations when
the compensation is heated with 18 W. As the field Ep propagates back and forth
between the two mirrors of the cavity, its energy on the wings due to the resonant
mode LG90 is progressively attenuated. The radius of the mirror is 50 mm. The
loss of the resonant mode LG40 are negligible in front of the cavity round trip
loss.
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4.5.2

A few words about the non orthogonality of the optical modes

It could be surprising that the cavity circulating power decreases when one higher
order mode resonates at the same time as the fundamental one. The opposite
behavior is usually expected as we explain it in the following lines.
Let’s consider an input laser beam |Einput i which can be expended into the

normalised cavity eigen modes |LGm0 i2 .

|Einput i = a0 |LG00 i + a1 |LG10 i + a2 |LG20 i + . . .

(4.14)

The complex coefficients ai only dependent of the mirror profiles, the length
of the cavity and the profile of the input mode. The coefficients can be calculated
using an overlap integral between the input mode and the eigen optical modes of
the cavity. If the input beam is perfectly matched to the cavity a0 = 1 and the
coefficients ai,

i>0

are nil. Each optical mode has a different amplitude gains Gi

inside the cavity. So, the total circulating field inside the cavity |Ecirc i can be

written as:

|Ecirc i = G0 a0 |LG00 i + G1 a1 |LG10 i + G2 a2 LG20 i + . . .

(4.15)

The amplitude cavity gain Gi depend on the specific cavity loss and resonance
condition for each eigen mode. Due to the orthogonality of the optical modes
|LGm0 i, the total circulating power Pcirc inside the cavity is simply:
Pcirc = G20 |a0 |2 + G21 |a1 |2 + G22 |a2 |2 + . . .

(4.16)

Usually, only the fundamental mode LG00 is resonant inside the cavity, so
Gi,

i>o

≃ 0 and Pcirc ≃ G20 |a0 |2 . If the higher order mode LGm0 is resonant at the

same time as the fundamental one, we have Pcirc = G20 |a0 |2 + G2m |am |2 . So, when

one higher order mode is also resonant inside the cavity, the total circulating
power can only increase.
However, an opposite behavior has been observed in our simulations. According to the results of our FFT code, when one higher order mode is resonant at the
2

We consider that the input beam is aligned with the cavity optical axis, so only the cavity
eigen modes which are circularly symmetric are excited
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Table 4.1: Results of the overlap integral between the cavity fundamental mode
LG
R R00 and the mode2 LGm0 for m smaller than 5. The overlap integral is
|
LG00 LGm0 dxdy| . If the higher order modes are orthogonal with the fundamental mode, the overlap integral is nil (or less than 10−5 for our FFT code). For
this calculation, the compensation plate heating power is 32 W. At this power, no
higher order mode resonates inside the cavity at the same time as the fundamental
mode.
Optical mode

Overlap integral with LG00
2.9 × 10−4

LG10

7.4 × 10−4

LG20
LG30

0.0018

LG40

0.0061

LG50

0.10

same time as the fundamental one, the total cavity circulating power decreases.
That indicates that the cavity optical modes are no longer orthogonal. To check
this result, we can calculate the overlap integral between the cavity fundamental
mode and the first five higher order modes. The overlap integral results is presented in table 4.1. According to this table, we can notice that the orthogonality
condition is no longer valid. The orthogonality of the cavity modes is broken due
to the non spherical profile of the pair ITM+CP. Similar results have already been
observed. For example, the non-orthogonality of cavity modes has already been
noticed in cavities with high diffraction loss [111]. The output power of a laser
cavity has also been observed to drop when one higher order mode is resonant at
the same time as the fundamental one [112].
So if the simultaneous resonance of one higher order mode with the fundamental mode decreases the cavity circulating power (’stealing’ power from the
fundamental mode), it may be possible to cancel this effect by attenuating the
resonant higher order mode. This can be done by reducing the mirror diameter
and so jeopardizing the existence of the higher order mode.
The cavity circulating power as a function of the mirrors diameter is presented
in figure 4.17 for a compensation heating power of 18 W. For mirrors with large
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Figure 4.17: Circulating power inside the cavity as a function of the mirrors
diameter. For this plot the compensation plate is heated with 18 W. In this plot,
the two local minimums at 6.3 cm and 8.7 cm are due to the presence of the
resonating mode LG40 and LG90 .
diameter (diameter larger than 11 cm), the fundamental mode and the modes
LG40 and LG90 resonate inside the cavity with extremely low diffraction loss.
Then as the mirror diameter decreases, the cavity circulating power also decreases
due to the increase of the diffraction loss of the mode LG90 . The cavity circulating
power has a local maxima for mirrors diameter of 7 cm. It is when the mode LG90
can no longer exist in the cavity and the mode LG40 has still small diffraction
loss. For small diameter mirrors (less than 3 cm), the loss of the fundamental
mode is the predominant effect.

4.6

Conclusion

We have developed OSCAR an FFT optical propagation code to simulate optical
cavities such as the Gingin Test 1 with the exact wavefront distortions induced
by thermal lensing. We have seen that the quadratic fit of the thermal lens is a
good approximation only when the fundamental mode is involved and no thermal
lensing compensation is required. With our FFT code we discovered that when
strong thermal lensing compensation is necessary, the compensation plate brings
no benefit to the cavity and can only degrade the cavity circulating power. We
showed the importance of considering the cavity higher order optical modes and
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their frequency detuning as they can substantially affect the cavity circulating
power.
All the modellings in this chapter have assumed an uniform circumferential
heating of the compensation plate. If the compensation was heated by an appropriate CO2 laser profile, it might be possible to obtain an improved thermal
compensation. Also we have only considered cylindrically symmetric higher order modes. In real situations, it may be necessary to spatially tune the heating
pattern to compensate for inhomogeneous absorption in the test masses.
We did not simulate the configuration of the Gingin test 3 which is composed
of two coupled cavity due to the required increase in computational power. So it
is relatively risky to extrapolate our conclusions to the case of a degenerate power
recycling cavity. However, it is clear that the compensation plate can always tune
the waist size and position of the PRC cavity, and optimise the mode matching
with the arm cavity, at the price of an increase in the diffraction loss inside the
PRC.
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Chapter 5
Experimental results of the first
high optical power test
In this chapter we detail the first high optical power test at Gingin. The role of
the different optical systems and their characteristics are presented. The control
system used is also briefly introduced as well as the design of the compensation
plate inside the cavity. Results are presented that allow the absorption of the
test mass and the compensation plate to be determined. Finally we report the
successful compensation of the thermal lens of the sapphire ITM substrate when
1 kW of optical circulate inside the cavity. The experiments presented in this
chapter were done under the supervision of Dr. Zhao in Gingin.

5.1
5.1.1

Presentation of the experiment
Optical setup

In this section, the optical setup of the Gingin high optical power facility is
detailed as it is at the end of 2005. This setup has been progressively installed
and commissioned principally over the last two years. The driving force on site
was Dr. Bram Slagmolen and now it is Dr. Chunnong Zhao. The experiment is
the result of a fruitful collaborative work, and numerous people from the ACIGA
consortium and LIGO have helped during the complex installation.
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Fabry Perot cavity
As already seen in the previous chapters, the Gingin Test 1 consists of an 80 meters Fabry Perot cavity. To enhance thermal lensing effects, the sapphire substrate
of the input mirror lies inside the cavity. A fused silica plate is inserted inside
the cavity, in front of the substrate of the input test mass, to compensate the
expected thermal lensing. The principle of the thermal lensing compensation is
explained in the chapter 3 of this thesis.
The two mirrors of the cavity have different sizes. The input mirror is an
A-axis sapphire of diameter 100 mm and thickness 46 mm. The end mirror is an
M-axis sapphire of diameter of 150 mm and thickness of 80 mm. The two cavity
mirrors have different sizes because that is what was available when the project
has been defined. The sapphire mirror substrates were made by Crystal System
[113] and polished and coated by Research Electro Optic [114].
The transmissions of the High Reflection (HR) coating and the reflections of
the Anti Reflection (AR) coating for the input Test Mass (ITM) and the End
Test Mass (ETM) are shown in table 5.1. Since for the Gingin test 1, the ITM
substrate is inside the cavity, the reflection of the AR coating of the ITM is a
crucial parameter.
The both surfaces of the ITM are specified to be flat with a radius of curvature
greater than 5.5 km. The specification for the radius of curvature of the ETM is
720m ± 20m. The surface of the ETM outside the cavity is specified to be flat.
Table 5.1: Specified and measured transmission of the HR and AR coatings for
the ITM and ETM. The transmissions and reflections of the different coatings
were measured by the manufacturer REO.
Coating transmission
Specified
Measured

Coating
HR ITM
HR ETM

(ppm)
(ppm)

1800 ± 400
< 50

1840 ± 100
20 ± 20

Coating reflection
Specified
Measured

Coating
AR ITM

(ppm)

< 100

AR ETM

(ppm)

< 300
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29 ± 20
12 ± 12

Table 5.2: Estimated cavity losses per round trip. The factor 2 in front of some
losses is due to the fact that the light does a round trip inside the cavity. The
loss of the surface scattering can be found in the Gingin test mass specifications
[115].
Loss origin

Loss per round trip (ppm)

ITM optical absorption
ITM AR coating

2 × 250
2 × 30

ITM surface scattering
CP optical absorption

3 × 15
2× 5

CP AR coating
CP surface scattering

2 × 2 × 100
2 × 2 × 15

ETM surface scattering

15

ITM transmission
ETM transmission

1840
20

Total loss per round trip

2950

To our knowledge no measurement of the radius of curvature of the ITM and
ETM were made after the polishing of the substrates. So from these theoretical
values for the radii of curvature of the test masses, the cavity parameters can be
derived. The cavity is not degenerate and has a g factor of 0.89. The waist of
the cavity is on the ITM and its size is 8.8 mm.
Before the experiment, the different internal losses of the cavity were estimated. The internal losses are due to surface scattering, absorption and imperfect AR coating of the compensation plate. The internal losses not including the
transmission of the test masses are estimated to be 1100 ppm as detailed in the
table 5.2. In this case the total loss per round trip is around 3000 ppm. With
these losses, the cavity Finesse is 2100 and the power gain around 800.
This cavity is designed to be equivalent to the Power Recycling Cavity (PRC)
of GW laser interferometers where the substrate of the input mirrors of the arm
cavities are inside the PRC. However two main differences must be underlined.
First, unlike the PRC of advanced interferometers, the Gingin cavity is not degenerate. Second the Gingin cavity is much longer (80 m) than the power recycling
cavity which is usually around 10 m. Both test masses as well as the 80 m pipe

115

Cavity transmitted power (u.a.)

2.5
2.0
Cavity
unlocked

1.5
1.0
0.5

0.0

0.2

0.4

0.6

0.8

1.0

Time (ms)

Figure 5.1: Time decay of the transmitted power of the Gingin cavity. At t =
0.25 µs the cavity is unlocked. The time constant of the decay is 0.118 ms.
linking the two mirrors of the cavity is kept in high vacuum during the experiments with a pressure, a few times 10−6 mbars.
Measure of the cavity finesse
During the preliminary tests of the Gingin cavity, the cavity finesse was determined by measuring the photon life time inside the cavity. The photo life time
was measured by recording the time decay of the cavity output power when the
cavity was suddenly unlocked. The cavity finesse was found to be equal to 1400.
This corresponds to a round trip loss of 3700 ppm, that is 700 ppm higher than the
predicted value. The additional loss may be due to a possible dust contamination
of the test masses during their installations inside the vacuum tanks.
10W laser
The 1064 nm input laser was developed by the University of Adelaide. The laser
can provide 10 W of optical power in the fundamental mode and with a M2 factor
less than 1.05 [116]. To minimise the laser noise a low power commercial laser
(build by InnoLight, model Mephisto) is injection locked into the resonator of the
10 W laser. This resonator is a Nd:Yag slab side pumped with laser diodes. The
top and bottom of the slab are cooled by forced air convection. Using 40 W of
pump power, the multimode output power of the laser can reach 15.9 W.
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During the Test 1, the laser is set to constant power ∼ 10 W. A polariser and

a polarising beam splitter at the output of the laser are used to decreases when
necessary the laser power.
Input optics

At the output of the laser, an 18 Mhz modulator is placed to add control sidebands to the laser beam. This modulator has a large cross-section to reduce the
power density of the incident laser. The beam coming from the laser enclosure
passes through a mode matching telescope composed of three mirrors (as already
described in figure 3.5) before reaching the input mirror of the cavity. From the
output of the laser to the ITM, the laser power is attenuated by two due to the
losses of the different optical components and also because part of the laser beam
is deviated as a reference beam for different control systems.
Wavefront measurement
During the different Gingin tests, the wavefront distortion induced by the input
test mass and the Compensation Plate (CP) is planed to be monitored using an
off axis Hartmann sensor [117]. The knowledge of the wavefront distortion can
provide valuable feedback to control the heating power of the compensation plate.
The Hartmann sensor used an external green laser at 512 nm. This wavelength
was chosen to take advantage of a theoretical minimum in the reflectivity AR
coatings of the ITM, compensation plate and tank windows which are primarily
designed for 1064 nm. After a set of lenses, the diameter of the Hartmann beam
is expanded to 8 cm and enters in the ITM vacuum tank. Then the beam passes
successively through the ITM and the CP with an angle of 15◦ with respect to
the cavity optical axis. The distorted Hartmann beam is then analysed using
a Hartmann plate in front of a CCD camera. The Hartmann plate is a opaque
plate composed of 1200 holes of 0.15 mm diameter hexagonally spaced, creating
an array of points on the CCD. However only 40% of these holes are covered by
the illuminating beam. The wavefront distortion induced by the ITM and the CP
is derived by calculating the relative displacement of the points on the CCD. A
resolution of 2 nm can be achieved in the optical path length difference measured
by the Hartmann sensor.
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Like the 10W laser, the Hartmann sensor is provided by the University of
Adelaide and is the subject of the PhD thesis of Aidan Brooks.
Test mass suspensions
The test mass suspension is based on the Small Optics Suspension (SOS) initially
used in the LIGO project. The test mass is suspended from a metal frame by
steel wire. It has the seismic isolation equivalent to a single pendulum isolator.
The test mass displacement is locally damped using electro magnetic actuators
and a set of magnets glued on the test mass. Shadow sensors placed around the
test mass are used to monitor the test mass motion.
The DC offset of the pitch and yaw of the test masses are controlled by DSP
boards from Sheldon Instruments and plugged into a PC. The software used to
program the DSP board is the LabView 6.1 from National Instruments together
with the real time software accelerator for LabView developed by Sheldon Instruments.
Cavity controls
To lock the cavity on resonance for the fundamental mode, the Pound Drever
Hall technique [118] is used. The frequency of the laser is dynamically tuned to
keep the fundamental mode resonant inside the cavity. For low frequency adjustment of the laser frequency (below 1 Hz), the temperature of the laser crystal is
changed. For higher frequency tuning, the error signal from the cavity is feedback
to a piezo electric transducer which can modulate the laser cavity length.
The auto-alignment system for Gingin [119] was designed by the ACIGA group
in the Australian National University and installed in Gingin in the middle of
2004. The the auto-alignment system can reduce by 50 dB the fluctuation in the
alignment for frequency lower than 50 Hz [120].
A full diagram of the control system can be found in the ACIGA presentation
given during the March 2005 LSC meetings [121].
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5.1.2

Design of the compensation plate

The Gingin test 1 is designed to asses the possibility of thermal lensing compensation using a fused silica compensation plate. the plate is inserted inside
the cavity in front of the ITM substrate. Since the transmissive plate is inserted
inside a high optical power cavity, the plate substrate must have extremely low
absorption. Indeed the plate must not significantly increase the cavity losses and
also must not introduce excessive thermal lensing. The most suitable material
for the plate was found to be fused silica thanks to its very low absorption, high
homogeneity and excellent isotropy. The plate was manufactured by Heraeus
[122] in fused silica 311SV, the same material used for the test masses of Virgo
and GEO. The plate was polished flat on both sides by High Plain Optics [123]
and AR coated by Advanced Thin Film [124]. The reflectivity of the AR coating
of the plate under normal incidence is less than 60 ppm at 1064 nm as measured
by Advanced Thin Film.
Plate dimensions
The plate diameter must be greater or equal to the diameter of the test mass
to not increase the diffraction loss. For the Gingin Test 1, another constraint
placed on the plate aperture is due to the presence of the 8 cm diameter off axis
Hartmann beam. The compensation plate was inserted as close as possible of
the ITM, but due to the suspension frame of the ITM, the minimum distance
ITM-CP was around 15 cm. Two schematic views of the ITM, CP and off axis
probe beam is presented in figure 5.2. Because of the presence of the probe beam
the plate diameter must be greater than 15 cm. To include a safety margin, the
Gingin CP has a physical aperture of 160 mm in diameter. However the diameter
of the AR coating is only 150 mm.
A thin plate may seem advantageous since it induces lower cavity loss than
a thicker plate. However to compensate the same ITM thermal lensing, the
temperature gradient of the thin plate must be higher than that of the thick
plate. If heated by radiation, the thickness of the plate can be optimised by
a method that we further described in section 6.1. The plate thickness is a
parameter with few constraints for the first Gingin Test since we are heating the
plate by conduction. In our experiment the plate thickness is 17 mm as proposed
by the manufacturer.
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Figure 5.2: Isometric view (left) and top view (right) of the input test mass,
compensation plate and the off axis Hartmann probe beam. The probe beam has
a diameter 8 cm and the angle between the cavity axis and the beam probe axis
is 15◦ . The distance between the test mass and the compensation plate is 15 cm.
Heating system
For the first Gingin test, we chose to heat the fused silica compensation plate
by conduction using a design similar to the small scale compensation plate in
section 3.3. Heating the plate by conduction presents two main advantages: it
required less power than a radiative heating ring and it simplifies the design of the
heating mount. The plate is clamped in an aluminium ring of the same thickness
as the plate. A nichrome heating wire is encircled around the aluminium ring
to produce the heat. Grooves are engraved in the aluminium ring to allow the
heating ring to be wound five times around the plate. To eliminate electrical short
circuits, a teflon layer was added between the heating wire and the aluminium
ring. A thermistor was inserted inside the aluminium ring to monitor the plate
temperature. The resistivity and length of the heating wire was chosen to deliver
80 W of heating power with a maximum intensity of 10 Amps. Indeed, 10 Amps
is the maximum current rating for the electrical feed through at the air-vacuum
interface.
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Radiative heating ring
After the first tests of the compensation plate described in the following section
5.4, we realised that the heat transfer between the aluminium heating ring and
the plate may not be uniform. At that time, the decision was taken to build also
a radiative heating ring to heat the compensation plate.
The radiative heating ring was made from a hollow copper tube of 12 mm
diameter. The copper tube was bent to form a ring of 130 mm diameter. Inside
the copper ring a tungsten wire twisted like a spring was inserted. For electric
isolation, the tungsten wire was threaded into ceramic beads as shown in the
figure 5.3.
On the side of the radiative heating ring opposite to the compensation plate,
an aluminium heat shield was added. This shield prevents the heat from being
radiated in all the space directions. The side of the shield facing the radiative ring
was polished and has a theoretical reflectivity of 97% for the infrared radiation
from 2 µm to 10 µm (equivalent to a gold coating) [125]. The heating ring can
be centered in the middle of the shield by three adjustable stainless steel screws.
A ceramic connector is used to connect the heating tungsten wire to the main
power supply. A photo of the assembled heating ring is showed in figure 5.4.
Plate installation
After testing the heating mount in the air (but without the fused silica plate) the
different parts of the compensation plate mount were cleaned and baked. At the
same time, possible dust were removed on AR coating of the fused silica plate
using a CO2 gun (photo in figure 5.5). The fused silica window was installed in
its mount in the clean room and then transferred to the ITM vacuum tank. The
compensation plate was clamped on the same optical table as the ITM frame
around 15 cm from the test mass. First the radiative heating was not installed,
so the plate was only heated by conduction. A photograph of the plate sitting in
the vacuum tank is shown in figure 5.6.
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Figure 5.3: Detailed of the heating wire to be placed in the hollow copper tube of
the radiative heating ring. The heating wire is first inserted inside ceramic beads
for electrical isolation purpose. The ceramic beads are called ‘fish spine beads’
because they are cylindrical with a convex surface on one end and concave on the
other. In this photo, the ruler used to give the scale is graduated in millimeters.

Figure 5.4: Photo of the radiative heating ring plugs to the power supply. For
this example the heating power is 107 W. For this heating power and in the air,
the temperature of the ring is 240◦ C. However, the temperature of the heat shield
is only 100◦ C.
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Figure 5.5: Checking the dust on the compensation plate with a 1000 W lamp.
This photograph was taken inside the clean room of the laser enclosure.

Figure 5.6: Photo of the compensation plate sitting in the input test mass vacuum
tank. The compensation plate is inserted inside the cavity, around 15 cm in front
of the input test mass. In this picture, we can also notice three 15 cm diameter
mirrors with their black mounts. These are the steering mirrors used to direct
the Hartmann probe beam through the input test mass and compensation plate.
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5.2

Thermal lensing compensation

Two preliminary tests were completed before achieving the compensation of thermal lensing inside the high power cavity using the compensation plate. First using
low circulating power we showed that the compensation can tune the cavity waist.
Second, using 1 kW of circulating power we observed the time evolution of thermal lensing, and derived the power absorbed in the sapphire input test mass and
fused silica compensation plate.

5.2.1

Compensation plate test

The efficiency of the compensation was first tested using low circulating power
inside the optical cavity. The optical setup for this preliminary test is similar to
the high optical power setup presented in figure 5.14. These preliminary tests
were able to confirm that the compensation plate can dynamically change the
cavity mode. After locking the cavity, the plate was heated and the size of the
transmitted laser beam was recorded at the output of the cavity using a CCD
camera. An example of the evolution of the size of the transmitted beam is
presented in figure 5.7 when the CP was heated with 15 W and then switched off.
As the CP was heated, the plate became equivalent to a divergent lens, increasing
the size of the cavity waist. Due to the low thermal conductivity and the large
diameter of the plate the plate response was relatively slow. The cavity waist
only began to change 10 minutes after we started heating the plate.
After 20 minutes of heating the CP, we noticed that the cavity circulating
power decreased as shown in the top plot of figure 5.8. Moreover we also noticed
at this stage that the cavity lock was becoming less stable. It was first believed
that the cavity was becoming unstable. Indeed by heating the plate, the g factor
of the cavity was increased. As the cavity g factor became close to 1, the cavity
started being unstable. However, according to our simulations, the cavity should
not have been unstable after 20 minutes, but only after 1 hour of CP heating.
After 20 minutes of heating the compensation plate focal length was still too long
to make the cavity unstable.
On top of this enigma, another problem appeared. The compensation plate
created a strong astigmatism inside the cavity as shown in the bottom plot of
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Figure 5.7: Evolution of the radius of the transmitted beam as the compensation
plate is heated and then cooled down. The FEM simulation is also shown and
agrees well with the experimental results. Yet, a small discrepancy can be found,
as the plate is heated an unexpected delay of one minute exists in the experimental
data compared to the theoretical result. This delay may be due to the time
required for the heating wire to become hot since in our simulation we consider
the heat capacity of the wire to be zero. The size of the beam radius shown in
this plot is measured along the vertical axis.
figure 5.8. After heating the plate, the waist size difference between the horizontal and vertical axis was more than 12%. Our first hypothesis was that the
astigmatism was caused by an imperfect contact between the heating mount and
the fused silica plate plate. The non uniform heating of the plate was responsible
for different focal lengths along the horizontal and vertical axis of the plate. At
this stage we were ready to open the ITM vacuum tank and install the radiative
heating ring to produce a more uniform heating pattern on the plate.
However after a careful investigation, it was discovered that the two problems,
1) the cavity becoming instable too early and 2) the astigmatism induced by the
plate, had in fact, the same cause. The problem was due to a misalignment of
the cavity optical axis. Since the beam was not in the middle of the CP, the CP
was not equivalent to a divergent lens but was in fact equivalent to a prism. Due
to the misalignment, as we were heating the plate, the laser beam was moving
horizontally on the test mass and the plate. The displacement of the laser beam
on the CP was as much as 1.5 cm before the cavity became unstable. The cavity
became unstable because the cavity optical axis was becoming strongly offset
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Figure 5.8: Evolution of the cavity circulating power (top plot) and evolution of
the radius of the transmitted beam in both vertical and horizontal axis. During
this measurement the cavity is keep locked. The plate heating started at time
t = 0 min with a constant power of 15 W. Interestingly, the circulating power was
first increased due to the compensation plate. This may suggest that initially the
mode matching between the cavity and the input laser was not optimal. Possibly
also this indicates that the cavity was not properly aligned at this time. After
20 minutes of heating the plate, the cavity circulating power started decreasing.
As shown in the bottom plot, the use the compensation at this stage increased
the cavity astigmatism from less than 2% to more than 12%. Moreover the transmitted beam size data became more and more erratic as the plate was becoming
more divergent.
The decrease in the cavity circulating power and the cavity waist fluctuations
indicated that the cavity was becoming unstable as the compensation plate was
heated.
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Figure 5.9: Evolution of the radius of the transmitted beam in both horizontal
and vertical axis as the compensation plate is heated. Compared to figure 5.8,
the optical axis of the cavity has been realigned and pass now in the middle
of the compensation plate, reducing the astigmatism. An initial astigmatism is
involuntary introduced by a tilted CCD camera at the output of the cavity. To
not show this effect we decided to display two different scales for the horizontal
and vertical direction. The scale of the beam radius in the horizontal direction is
on the left of the plot (red colour). The scale of the beam radius in the vertical
direction is on the right of the plot (blue colour).
from the input laser beam as the compensation plate was heated. Since the laser
beam was no longer in the center of the plate, it was probing different gradients
of refractive index in the vertical and horizontal direction and thus the cavity
became astigmatic.
After cavity realignment, the cavity was much more stable and the astigmatism was reduced to 2% as shown in figure 5.9.

5.2.2

Optical absorption measurement

By measuring the change in the size of the cavity transmitted beam between the
cold case with low circulating power and the hot case with high circulating power,
it is possible to calculate the absorption inside the optics. Two main sources of
thermal lensing coexist inside the Gingin test 1 cavity: first the sapphire substrate
of the ITM and second the fused silica compensation plate. The heat absorbed
by the ITM and ETM coating is negligible. By analysing the change in waist
between the cold and hot case in the steady state regime, the thermal lensing

127

Transmitted beam radius (mm)

Cavity
power (a.u.)

Cavity is locked
6
4
2
0
Beam radius
Horizontal direction
Vertical direction

0.98
0.96
0.94
0.92
0.90
0.88
0

20

40

60

80

Time (s)

Figure 5.10: Evolution of the radius of the transmitted beam as the cavity is
locked. The plot of cavity circulating power is shown on the top of the figure.
For this plot, the cavity input power is 2.7 W and the circulating is expected to be
1 kW. The cavity astigmatism between low power and high power with thermal
lensing is constant and is less than 2%. The time resolution for this measurement
is 0.15 s.
from the ITM can not be differentiated from the thermal lensing of the CP. One
way to separate the contribution of both optics (ITM and CP) for the total cavity
thermal lensing is to study the time evolution of thermal lensing. Indeed at the
end of the chapter 2 we saw that the thermal lensing time constants for sapphire
is 10 times smaller than that of fused silica.
To record the time evolution of thermal lensing inside the cavity, we first
unlock the cavity and wait for any previous thermal gradients in the optics to
disappear. Then we relock the cavity and measure the evolution of the size of
the output beam. A plot of the evolution of the size of the cavity output beam
is presented in figure 5.10.
We want to use the data of figure 5.10 to deduce the power absorbed by ITM
and CP. The first step to achieve this goal is to numerically characterise thermal
lensing evolution for both sapphire and fused silica substrates. An analytical
model has already been derived by Hello and Vinet [126] for the transient thermal
lensing but the complexity of this model makes it tedious to use. For this thesis,
we simulate the time evolution of thermal lensing using finite element modelling
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Figure 5.11: Fit of the thermal lens for both ITM (left) and CP (right) from
the theocratical FEM simulations data. The fitting function is the sum of two
exponentials. For both plots, the error between the FEM data and the fitting
function is less than 2% for time greater than 5 s. For this fit the power absorbed
in the ITM is 0.5 W and in the CP is 0.0176 W.
in the sapphire ITM and fused silica CP. The inverse of the focal length of the
thermal lens for the ITM for 1 W of power absorbed and for the CP for 0.011 W
of power absorbed is presented in figure 5.11.
For these two plots, the power absorbed in the optics is calculated assuming
a circulating power of 1 kW inside the cavity and the standard absorption: 50
ppm/cm for the sapphire substrate, 2 ppm/cm for the fused silica substrate and
1 ppm for the coating absorption.
The time evolution of thermal lensing is successfully fitted using the sum of
two exponential of time constant τ1 and τ2 for both the ITM and the CP. In
fact, we fit the inverse of the thermal lens focal length instead of the focal length
itself to avoid the problem of having an infinite value a t = 0s. This fit function
is found empirically and is a very good approximation for the time evolution of
thermal lensing. Moreover the fitting function is coherent with the model of Hello
and Vinet, since their analytical model of thermal lensing showed that the time
evolution of the thermal lens can be represented as an infinite sum of exponentials.
The good quality of the fit is shown in figure 5.11 for both ITM and CP. A
fit using the sum of three exponential functions was also tried but brought no
benefit. For the sapphire ITM τ1 = 0.76 s and τ2 = 5.91 s while for the fused
silica CP τ1 = 7.40 s and τ2 = 50.1 s. It is interesting to note that the value of
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the time constants τ1 and τ2 are slightly depend on the optics geometry and so
are only valid for the Gingin Test 1 cavity.
Now we can successfully fit the evolution of the size of the transmitted beam
with only two parameters: the power absorbed by the ITM and the power absorbed by the CP. The best fit for a cavity circulating power of 1 kW is presented
in figure 5.12 for the horizontal axis. The fit function is for an ITM absorbed
power of 0.53 W and for a CP absorbed power of 0.018 W. So the sapphire substrate absorption can be calculated and found equal to 51 ppm/cm. We estimate
the error in our measurement to be around +/ − 15%. The main uncertainty on
the substrate absorption is due to the uncertainty on the cavity circulating power.

Due to the poor quality of the input beam, we don’t know what percentage of the
input laser beam is really coupled into the cavity. Also, we know the finesse of
the cavity but the transmission of the ITM and ETM have never been carefully
measured.
For the fused silica CP, the coating and substrate absorption can not be distinguished since they have the same order of magnitude. The total power absorbed of
0.018 W for the CP which can correspond to a substrate absorption of 2 ppm/cm
and a coating absorption of 1 ppm.
The evolution of the size of the cavity transmitted beam can be fitted in both
horizontal and vertical axis. Both axis gave the same absorbed power for the
ITM and CP within 5%.
To have an idea of the accuracy of our measurement, we can plot different
evolutions of the beam radius of the transmitted beam for different absorptions
of sapphire and fused silica. As shown in figure 5.13, we can see that our measurement is quite sensitive to the absorption inside the optics even if the cavity
circulating power is only 1 kW.
A method similar to that presented here was also developed by the LIGO
group to measure the optical absorption in the test masses [127]. However, instead
of using the main cavity beam like us to deduce the absorption, they use an
external probe beam which passes several times through the substrate of the
optics.
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Figure 5.12: Evolution of the size of the transmitted beam after the locking of the
high optical power cavity in the horizontal axis. The cavity input power 2.7 W
and the circulating 1 kW. The best fit for the evolution of the beam size is also
represented on this plot. The fitting parameters are the power absorbed in the
ITM and the power absorbed in the CP.
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Figure 5.13: Different evolutions of the beam radius of the transmitted beam for
different absorptions. In the left plot, the ITM sapphire absorption is changed
by +/− 10%, the CP fused silica absorption is unchanged. In the right plot, the
fused silica absorption of the CP is changed by +/− 20%, the sapphire absorption
is unchanged.
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5.2.3

Thermal lensing compensation

The optical setup for the first Gingin high optical power test is illustrated in figure
5.14. For this set up the auto alignment system and the Hartman sensor were not
used. Indeed, the poor quality of the input laser beam made the auto alignment
system unstable and the accuracy of the Hartmann sensor was degraded due to
the presence of fringes modulating the probe beam. The probe Hartmann beam
laser is planned to be replaced by a super luminous diode with short coherence
length. Although interesting issues, the problems due the input beam profile and
the Hartman are out of the scope of this thesis and are not discussed further.
For the first experiment on thermal lensing compensation 1 kW of optical
power was circulating in the Gingin cavity. A time trace of a typical experiment
is presented in figure 5.15.
The steady state hot cavity with thermal lensing inside the ITM and CP is
reached 5 minutes after the high power starts circulating. After 7.5 minutes we
switch on the heating power of the compensation plate to restore the cold cavity
waist. Figure 5.15 shows a plot of the size of the output beam as a function of
time as the plate is heated. The compensation plate was heated with 10 W which
was 5% lower than optimal heating power shown in figure 5.15. As expected
the size the cavity waist increased and returned to its initial value of 1.045 m
corresponding to the beam size of the cold cavity. This demonstrates that thermal
lensing in a sapphire substrate can be compensated in high optical power cavity.
We manually set the heating power of the compensation plate. In the future the heating power of the compensation should be controlled automatically
according to the error signal from the Hartmann wavefront sensor or from the

Figure 5.14: Optical setup for the Gingin Test 1. The size of the transmitted
beam is measured with a CCD camera at the output of the cavity. Thermal
lensing effects are observed in the change of the size of the transmitted beam
size. The tuning of the laser frequency to keep the cavity on resonance is acting
on the frequency of the master laser.
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beam profile measurement. As the CP was heated we did not see the increase in
the cavity circulating power as the mode mismatched was reduced. This was because the cavity circulating was not stable. due to laser power fluctuation mainly
and also do to the lack of auto alignment system. Due to the action of the CP, the
circulating power was expected to increase by 1 %. During our measurements,
the typical power fluctuation in the cavity was around 15%.
During our thermal lensing compensation experiments, to maintain the high
optical power circulating in the cavity, the cavity was manually realigned several
times. This can be seen in figure 5.15 at t = 19 min. Each realignment produces
steps in the measurement of the transmitted beam size. Unfortunately, the steady
state size of the cavity waist in presence of thermal lensing was also changed.

Transmitted beam size (mm)

1.10

Beam size measurement
Simulation data
Initial cold beam size

1.05

1.00

0.95

0.90
0

20

Start heating CP
t = 7.5 min

40
Time (min)

60

80

100

120

Stop heating CP
t = 67.1 min

Figure 5.15: Size of the cavity transmitted beam as the compensation plate heating power is switched on and then switched off. Without compensation, due to
the cavity thermal lensing the size of the transmitted beam is decreased from
1.045 mm to 0.945 mm. By using the compensation plate, the cold cavity beam
size can be restored. This means the effect of the optical absorption in the ITM
and CP can be canceled. For this measurement the cavity circulating power is
1 kW and the heating power of the compensation plate is constant and equal
to 10 W. The data from the FEM simulation of the compensation plate heating
(blue square) agrees well with the experimental results. Several times during
the measurement (t = 39 min, t = 46 min, t = 61 min and t = 67 min) the cavity was out of lock and the relocked within 2 seconds.
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That is why the hot cavity beam size without compensation is different from
t < 10 min (beam size: 0.92 mm) and t > 110 min (beam size: 0.95 mm). Since
we suspected that the cavity waist was changed during the early realignment at
t = 19 min, we considered for our simulations that the uncompensated hot beam
size is the one measured at the end of our experiment when the compensation
plate is switched off. Due a vacuum problem, we were not able to repeat the
experiment within the time frame of my PhD.

5.3

Conclusion

In this chapter, the first experimental results of the Gingin high optical power
tests were presented. We showed that using a compensation plate inside the cavity, the cavity waist size can be tuned. We also described a method to measure
simultaneously the sapphire test mass absorption and the fused silica compensation plate absorption. This technique was simply achieved by measuring the
evolution of the size of the cavity transmitted power as the high optical power
started circulating inside the cavity. Finally we reported the first thermal lensing
compensation of a sapphire test mass inside a high optical power cavity with
1 kW of circulating power.
In this experiment, the focal length of the sapphire ITM due to the optical
absorption with 1 kW of circulating power was 2.4 km. For comparison, in the
next chapter we will see that the Advanced LIGO thermal lens in the fused silica
ITM substrate will be 4.9 km.
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Chapter 6
Design of the compensation plate
for advanced interferometers and
the compensation plate noise
issue
In this chapter, the compensation plate for Advanced LIGO is partly optimised
in order to minise the ITM wavefront distortion. Some estimates about the noises
introduced by the compensation plate are also derived.

6.1

Design of the compensation plate

In the case of Advanced LIGO, the Compensation Plate (CP) will be inserted
into the power recycling cavity to correct the thermal lensing of the Input Test
Mass (ITM) substrate. Both substrates of the ITM and the CP will be in fused
silica. The parameters used to simulate the Advanced LIGO interferometer are
detailed in the table 6.1.
The compensation plate will be heated with a radiative heating ring as illustrated in figure 6.1. In the chapter 4 of this thesis, we showed that special
attention must be paid to the wavefront profile of the compensation plate. For
an effective thermal lensing compensation, the wavefront distortion of the pair
ITM+CP must be flat within the beam radius of the laser beam but also outside
of the beam radius. To optimise the plate wavefront profile two parameters are
important: the plate dimensions and the heating pattern. In the next two sections, the plate thickness and the distance plate-heating ring will be adjusted to
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Table 6.1: Parameters used to simulate the ITM thermal lens and the compensation plate of Advanced LIGO. It is interesting to note that the ITM thermal
lens of Advanced LIGO is mainly due to the HR coating absorption. The power
absorbed by the CP and the focal length are given for a plate thickness of 9 cm.
Advanced LIGO parameters

ITM

CP

Radius

(cm)

15

16

Thickness
Power absorbed in the substrate

(cm)
(W)

13
0.078

To be adjusted
0.108

Power absorbed by the coating
Thermal lens focal length

(W)
(km)

0.4
4.9

0.003
24 (without heating)

Circulating power PRC

(kW)

Circulating power Arm
Fused silica substrate absorption
Coating absorption
Laser beam radius

3

(kW)
(ppm/cm)

800
2

(ppm)
(cm)

0.5
6

Figure 6.1: Position of the compensation plate in respect to the radiative heating
ring. The plate radius is 160 mm. The geometry of the heating ring is fixed with
RHR = 150 mm and rHR = 10 mm. The two parameters that we will optimise
are: the thickness of the compensation plate tCP and the distance between the
heating ring and the compensation plate dHR . The temperature gradients inside
the ITM and CP are also represented in this plot. For this plot the thickness
tCP of the CP is 90 mm and the heating power absorbed by the plate is 20 W.
The temperature profile of the ITM is mainly due to the coating absorption. The
optical powers which are absorbed in the substrate and by the coating of the ITM
are detailed in table 6.1.
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guarantee an optimal thermal lensing compensation of the ITM. The dimensions
of the heating ring are fixed and described in the caption of the figure 6.1.
To quantify the quality of the wavefront correction due to the compensation
plate an error function must be defined. The wavefront distortion of the pair
ITM-CP is minimal when the function S is minimal with:
4
S =1− 2 2
π w0

Z

0

∞



r2
exp −2 2
w0



2π
exp (i ∆OP LIT M +CP (r))2πrdr
λ

2

(6.1)

Where w0 is the radius of the laser beam and ∆OP LIT M +CP (r) the total
optical path length difference of the pair ITM and CP. The function S was first
introduced by Lawrence [84] and was also used to quantify the performance of
different thermal lensing compensation techniques. The origin of the function S
and the discussion about its physical meaning are presented in appendix A.3.3.
For the thermal lensing occurring in the substrate of the Advanced LIGO ITM,
S is equal to 0.34.

6.1.1

Optimisation of the plate thickness

For this section, the distance between the heating ring and the compensation
plate dHR is fixed to 4 cm. So the heating pattern on the compensation plate is
fixed. We adjust the compensation plate thickness to obtain the optimal thermal
lensing compensation as defined by a minimum in the function S. The plot of
the function S as a function of the plate thickness is presented in figure 6.2. For
this plot the power of the heating ring is always tuned in order to reach the
minima of the function S. The best compensation is achieved when the plate
thickness is greater than 9 cm. Yey it is wise to choose the minimum acceptable
thickness for the plate, since a thicker plate leads to higher loss inside the PRC
and also requires higher heating power to achieve the same compensation. For
the remaining part of this chapter, we consider the plate thickness to be 9 cm.

6.1.2

Optimisation of the distance heating ring - compensation plate

In this part, the distance between the heating ring and the compensation is tuned.
The plate thickness is 9 cm. The plot of the error function S for different distance dHR is shown in figure 6.3. Like in the previous section, the power of the
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Figure 6.2: The error function S as a function of the plate thickness tCP . The
minimum in the function S is found for a plate thickness of 9 cm. The dimensions
of the heating ring are described in the legend of figure 6.1. The distance between
the heating ring and the plate is constant and equal to 4 cm. For each thickness
of the plate, the power of the heating is adjusted to obtain the minimum of the
function S. Without compensation, the error function S is equal to 0.34.
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Figure 6.3: The error function S as a function of the distance between the heating
and the compensation plate dHR . For this plot the thickness of the compensation
is equal to 9 cm. The dimensions of the heating ring are fixed and the heating
power is tuned for each value of dHR to reach the minimum of the function S.
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heating ring is always adjusted to achieve the minimum of the function S. The
best compensation is found for a distance dHR of 4.5 cm. For this distance, the
best thermal lensing correction is achieved when the heating power absorbed by
the compensation is 20 W.
By comparing the figures 6.2 and 6.3, we can notice that the distance dHR has
much more influence on the quality of the thermal lensing compensation than the
plate thickness dHR . It confirms the importance of optimising the heating pattern
on the compensation plate to achieve the optimal thermal lensing compensation.

6.1.3

Conclusion

Using the parameters of Advanced LIGO, we found the optimal dimensions for
the compensation plate as well as the optimal distance between the compensation plate and the radiative heating ring. Thanks to the compensation plate,
the error function S of the ITM wavefront distortion can be reduced by a factor
80. The resulting optical path difference of the ITM and CP for the optimised
compensation is shown in figure 6.4. Within a radius of two times the waist the
optical path difference is less than 30 nm. This result is satisfactory when it is
compared to the best profile of the compensation plate we get without optimisation and when the compensation plate is heated by conduction as shown in the
4.7 (although the optical parameters were different, the shape of the profile can
still be compared).
The dimension of the heating ring can also be optimised to yield to even better
results. The heating ring is not even required to have a thoroidal geometry as
long as the cylindrical symmetry is kept. Ryan Lawrence achieved an almost flat
compensation using a heating ring with a shield [84], however his calculations did
not include the compensation plate self thermal lensing.
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Figure 6.4: Comparison of the optical path of the ITM alone and that of the
ITM and CP. For this plot the thickness of the compensation plate is 9 cm and
the distance heating ring-compensation plate is 4.5 cm. 20 W of heating power is
required for the compensation plate to correct 0.4 W absorbed by the ITM. By
changing the geometry of the heating ring, the sharp decrease in the optical path
for radius greater than 11 cm can be eluded.
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6.2

The noise issue

The use of a compensation plate to correct thermal lensing can only be a valid
solution if the plate does not introduce excessive noise in the interferometer. Since
the plate is inserted inside the power recycling cavity, the noise requirement of
the CP is less stringent than that of the test masses forming the arm cavities.

6.2.1

Heating noise

The heating element of the radiative heating ring is usually constituted of a
resistive wire. The wire, made of nichrome or tungsten, converts electrical power
into heating power. The wire also converts the voltage noise from the power
supply into heating noise. However, due to the large radius of the fused silica,
the compensation plate behaves like a low pass filter for the heating noise when
heated by the wall of the plate.
e taken in the centre of the comFor example, the variation of temperature T
e is [97]:
pensation due to the variation of heating power P
e=
T

e
2
1
P
ρCRCP 2πf 2πRCP tCP

(6.2)

Where RCP is the radius of the compensation plate and tCP the thickness of the
plate, ρ is the density and C the specific heat. For this example we consider
the plate is heated only by the wall. For the dimensions of the Advanced LIGO
compensation plate described in this thesis (RCP = 160mm and tCP = 90mm),
e = 1.35 × 10−5 P
e at 100 Hz. The phase noise φe in transmission due to
we have T
the temperature fluctuation at the centre of the plate is:
2π
e
φe =
βtCP T
λ
e
∼ 53 T

(6.3)
(6.4)

where β is the fused silica thermo optic coefficient. For the compensation plate
to not be the source of the dominant noise in the interferometer, the upper limit
e is further derived in section 6.2.5 in page 149.
on the fluctuations of P

Recently a new noise has been identified (and observed in LIGO) due to the

fluctuations in the flexure of the compensation plate caused by fluctuations in
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Figure 6.5: Schematic of the compensation plate misalignment (left). We consider
the optical axis of the compensation plate offsets by a distance b from the optical
axis of the interferometer. The distance between the compensation plate and the
reflective coating of the ITM is dITM . A laser beam parallel to the optical axis
is reflected with an angle α by the pair ITM+CP due to the plate misalignment
(right drawing).
the heating power [128]. This noise coupling is judged not likely to be significant
in the compensation plate but requires further study [129].

6.2.2

Compensation plate motion

As the different optics constituting the interferometer, the compensation plate
will have to be suspended to minimise the noises induced by seismic excitation.
In this part we study the effects due to the plate motion in order to specify the
plate seismic isolation requirement.
First, we derive the consequences of the CP misalignment. We consider the
CP optical axis to be offset by a distance b from the PRC optical axis as shown
in figure 6.5. The distance from the plate to the reflective coating of the ITM is
called dITM . Due to the plate misalignment, an input ray parallel to the optical
axis is reflected with an angle α by the pair CP+ITM as illustrated in the left
part of the figure 6.5. Simple optical geometry consideration [130] leads us to:
α=

2b
fIT M

(6.5)

Where fIT M is the focal length of the compensation plate. To be exhaustive we
must also state that the input beam is shifted by a distance 2bdIT M /fIT M from
its original axis after reflection. So the plate motion perpendicular to the optical
axis introduces beam jitter. Indeed, a plate misaligned by a distance b from the
optical axis is equivalent to an ITM tilted with an angle b/fIT M . With this simple
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equivalence, we can deduce the seismic noise requirement for the compensation
by the knowledge of the maximum tilt requirement for the beamsplitter.
For Advanced LIGO the requirement for the tilt of the beamsplitter is [131]:
(

√
1.3 × 10−15 rad/ Hz at 10Hz
√
8.7 × 10−17 rad/ Hz at 100Hz

(6.6)

So the CP seismic isolation for the vertical and horizontal axis are (with
fIT M = 5 km):

(

√
1.4 × 10−10 m/ Hz at 10Hz
√
5 × 10−12 m/ Hz at 100Hz

(6.7)

This seismic isolation requirement is less stringent than that for the power
recycling mirror by 2 order of magnitude. So the compensation plate seismic
noise must not be an issue since only a simple seismic isolator is possibly enough.
The plate tilt and lateral displacement are not considered here because they only
produce second order effects.
A possible displacement of the radiative heating ring relative to the compensation plate must also be considered. If the heating ring is no longer centre with
the plate, the optical axis of the plate lens is shifted. However the time constant
of the induced divergent lens in the CP due to the heating is around 30 minutes. So only a low frequency seismic isolation for the heating ring may also be
required.

6.2.3

CP substrate Brownian thermal noise

A special attention must be paid to the CP substrate Brownian noise. This can
be explained by two reasons:
1. The fused silica compensation plate has a Q factor which is lower than the
test masses. The Q factor is a function of the plate geometry. In particular
the Q factor depends on the ratio of surface over volume of the plate [132].
A thin plate may have a large radius and a small thickness and therefore a
small Q factor.
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2. The frequency of the acoustic modes of the fused silica plate may be low
enough to be in the frequency detection band from 50 Hz to 5 KHz. A thin
plate has lower frequency acoustic modes than a thick plate.
The plate theoretical Q factor (calculated from [132] for a Suprasil 312 fused
silica substrate) and the frequencies of the fourth lowest acoustic modes are presented in table 6.6 for three different plate thicknesses. For the first acoustic
modes of the compensation plate to be greater than 4 kHz, the plate must be
thicker than 9 cm. For this thickness the Q factor of the plate is 4 × 106 . The

mode shapes of the first four acoustic modes are depicted in figure 6.7. The
phase noise spectrum due to the CP Brownian noise is shown in figure 6.9 for
two different thicknesses.

6.2.4

Other thermal noises

The different thermal noises derived in the literature for the test masses of the
arm cavity can also be applied to the compensation plate. Since the CP is a
transmissive optics, any displacement of the AR coating of the plate induces a
phase noise. For example if the two AR surfaces of the plate fluctuate by a displacement dz, the phase noise induced by the plate in the PRC fluctuates by
2(n − 1)kdz with k the propagation constant and n the refractive index of the

plate. There is a factor 2 since the CP has two surfaces.

For the sake of simplification if we consider the test masses of the arm cavity
to be in the same material as the CP and with the same kind of coating, the
power spectral density of the surface fluctuations of the CP is the same as that of
the test masses. This statement is true for all the thermal noises except for the
substrate Brownian noise since, as described in the previous section, the plate Q
factor is lower than that of the test masses.
If we call STz M the power spectral density of the displacement of the surface of
the test mass, the power spectral density of the phase noise of a beam reflected
by the test mass is 4k 2 STz M . Since we consider the same power spectral density
of noise for the surface of the CP, the phase noise added to a beam transmitted
through the CP is 2(n − 1)2 k 2 STz M . In the next section, we will see that because

the phase noise from the test mass is amplified by the arm cavity, the phase noise
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Figure 6.6: Q factor of the compensation plate and frequencies of the first acoustic
modes of the plate. The plate is in fused silica with a radius of 160 mm. The
plate Q factor is given at 1 kHz. The acoustic mode frequencies of the plate are
calculated with ANSYS.
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Figure 6.7: First acoustic modes shapes for the fused silica compensation plate.
The plate radius is 16 cm and the thickness 9 cm. The frequencies of the acoustic
modes as well as the mode shapes are results from ANSYS
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due to the CP becomes negligible.
The thermo-refractive noise from the substrate of the transmissive CP must
also be considered. The power spectral density of the surface displacement due
to this noise has been fully characterised for the test masses of the arm cavity.
Nonetheless it seems it has never been done for the substrate of transmissive
optic of GW detectors (to our knowledge, Rao [133] has only derived an upper
limit estimate for this noise). The substrate thermo-refractive noise can be seen
as the result of small local variation in the temperature of the plate substrate.
The variations of temperature change the refractive index of the plate due to the
thermo-optic effect, inducing a phase noise. The power spectral density of this
noise is proportional to the thickness of the optics. By adding a 90 mm thick CP
in front of a 130 mm thick test mass, the amplitude of the transmissive thermorefractive noise is increased by 30 %. As the transmissive thermo-refractive noise
due to the ITM substrate is far to be a limiting factor for Advanced LIGO (since
seldom mentioned), we believe that an increase of 30% of this noise must not be
an issue. However this situation may not be the case for all GW interferometers.
The GEO interferometer which uses delay line instead of Fabry Perot arm cavity,
has its current sensitivity limited around 100 Hz by the thermo-refractive noise
in the beam splitter [134].

6.2.5

Noise comparison

In this part, the phase noise induced by the compensation plate in the PRC
is compared to that of the beam exiting the arm cavity. The phase noise of
the beam exiting the arm cavity is a consequence of the thermal noise from the
ITM and ETM. For fused silica test masses, the material selected for Advanced
sub
LIGO, the predominant thermal noises are the substrate Brownian SBN
and the
coat
structural damping thermal noise SSN
from the coating [135]. The power spectral

density for the Brownian noise and the coating thermal noise [133] are reminded
in equation (6.8) and equation (6.9) respectively.
4kB T 1 − σ 2
3
(2π) 2 f QE0 w0


2kB T dcoat Ecoating
E0
=
φk +
φ⊥
(π)2 E0 w02 f
E0
Ecoating

sub
SBN
=

(6.8)

coat
SSN

(6.9)
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Where kB is the Boltzmann’s constant, T the compensation plate temperature, Q
the mechanical quality factor w0 the laser beam waist, dcoat the coating thickness,
Ecoating the young modulus of the coating and φk and φ⊥ the loss angles of the
mirror layers parallel and perpendicular to the mirror surface. The parameters
used for the substrate are given in Appendix 3 for a temperature of 300 K. The
parameters used to simulate the T a2 O5 /SiO2 coating can be found in Fejer et
al. [136]. The relationship of the phase noise exiting the Fabry Perot arm cavity
SφF P due to the phase noise induced by the fluctuations in the reflective coating
of the ITM SφI (f ) and ETM SφE (f ) was derived by Nakagawa [137]. The phase
noise exiting the arm cavity is:
SφF P



(1 + rI )2
=
(1 + rI2 )


−1
 E

2rI
Sφ (f ) + rI2 SφI (f )
1−
cos(4πf τ )
2
1 + rI

(6.10)

Where rI is the reflection coefficient in amplitude of the input mirror and τ = L/c.
The reflectivity of the ETM is considered to be 1. Equation (6.10) represents the
frequency dependent amplification of the ITM and ETM phase noise by the arm
cavity. The amplification of the phase noise is maximum when the noise frequency
is a multiple of the free spectral range of the cavity (ωτ = nπ with n an integer).
The square root of the phase noise gain function (6.10) is presented in figure 6.8
for the parameters of Advanced LIGO. At 100 Hz the phase noise amplitude from
the test masses is amplified by the arm cavity by a factor 100.
By combining the equations (6.8) (6.9) and (6.10), the phase noise of the laser
beam exiting the arm cavity can be derived. This phase noise is shown at the
continuous red line in figure 6.9 (top curve).
The phase noise induced by the substrate Brownian noise is compared to the
phase noise exiting the arm cavity in figure 6.9. The phase noise from two different thicknesses of the plate (5 cm and 9 cm) is represented. The power spectral
density of the Brownian phase noise of the plate is equation 6.8 multiplied by the
factor 4k 2 (n − 1)2 . To calculate the Brownian noise, we consider the temperature

of the compensation plate to be 320 K. The only thermal noise plotted here is
the substrate Brownian noise of the plate.
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We can show that other thermal noises can be neglected. If we consider the
thermal noise of a test mass with a displacement spectral power density of STz M ,
φ
the power spectral density of the phase noise Sarm
exiting the arm cavity due to

this noise is given by (6.10). For example, by supposing the STz M identical for
both ITM and ETM at 1 kHz, we have:
φ
Sarm
∼ 140 × 2(4k 2 )STz M

∼ 1120 k 2 STz M

(6.11)

The same thermal noise also excited the surface of the compensation plate.
Therefore in transmission, the power spectral density of the phase noise induced
by the plate is:
φ
SCP
∼ 2(n − 1)2 k 2 STz M

∼ 0.4 k 2 STz M

(6.12)
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Figure 6.8: Amplification of the the test masses phase noise by the Fabry Perot
arm cavities from equation (6.10). The parameters for the Advanced LIGO arm
cavities are used. The length of the cavity is 4 km, the half light round trip
time τ is 13 ms and the reflective of the input mirror rI is 0.995. This plot is
the amplitude amplification of the phase noise and so it the square root of the
equations (6.10).
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Figure 6.9: Comparison between the phase noise exiting the arm cavity and the
phase induced by the compensation plate. The radius of the compensation plate
is 16 cm. The thin plate has a thickness of 5 cm and the thick plate thickness
is 9 cm. The heating power noise
√ is from the equation 6.2 for a heating power
−6
e
fluctuation of P of 1 × 10 W/ Hz.
Hence, by comparing the power spectral density from equation (6.11) with

equation (6.12), we note that the phase noise from the arm cavity is 50 times
greater in amplitude than that of the compensation plate at 1 kHz.
In figure 6.2, we plot the phase noise from the compensation plate due to a
√
heating power noise of magnitude 1 × 10−6 W/ Hz. The phase noise is derived

from equation (6.2) and (6.3). If we consider that the noise of the heating is due
to the power supply noise, we can derive an upper limit for the voltage noise.
Since we are using a heating wire of resistivity R to produce the required amount
e is linked to the voltage noise V
e by:
of heat, the heating noise P
e = 2V V
e
P
R
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(6.13)

For example, in order to produce 60 W of heat with an heating wire of resis√
tivity 10 Ω, V ∼ 25 V. The upper limit on the voltage noise is 0.2 µV/ Hz. For
this calculation, we suppose the voltage noise is frequency independent and we
also neglect the low pass filter effect due to the heating of the wire.

6.3

Conclusion

In this chapter, the possible dimensions of the compensation plate were discussed.
For thermal lensing compensation for Advanced LIGO, we proposed a compensation plate with a radius of 16 cm and a thickness of 9 cm. According to our
phase noise estimates, the compensation plate must not introduce any significant
additional noise inside the interferometer.
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Chapter 7
The cryogenic solution
As shown in the chapter 2, the expected sensitivity of room temperature advanced
interferometers will be limited by three fundamental noise sources: the radiation
pressure noise at low frequency; thermal noise around 100 Hz and the shot noise
above 200 Hz. However, the theoretical shot noise limit can only be achieved
after implementation of complex thermal lensing compensation schemes [84]. The
current methods of thermal lensing compensation require the addition of specific
sensing schemes and actuators such the intra cavity compensation plate described
in chapter 5 or a heating laser with aperture mask [94].
The cooling of the test masses at cryogenic temperature is proposed to minimise thermal noise and eliminate thermal lensing issues. By reducing the temperature of the mirrors to 10 K, the thermal noise magnitude can be divided by
5 compared to that at room temperature. Moreover, at low temperature, the
large thermal conductivity and low thermal expansion of most considered materials nullify the consequences of optical absorption in the optics [138]. Two test
mass substrates are suggested for cryogenic interferometers: sapphire and silicon. On one hand sapphire has already been extensively characterised and tested
for both room temperature and low temperature interferometers. On the other
hand silicon is a new contestant available in large samples and it with a mature
and reliable manufacturing process. In this chapter, both candidate materials for
cryogenic test mass are compared in the context of thermal noise and thermal
lensing issues.
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7.1

Interferometer simulation

To compare the performance of sapphire and silicon test masses, we simulated
an advanced interferometer with characteristics similar to the planned Advanced
LIGO and LCGT [139]. The optical configuration is a dual recycling Michelson
interferometer with Fabry Perot arm cavities. The input laser power is 100 W and
the length of the arm 4 km. 2.6 kW circulates in the power recycling cavity and
750 kW in the arm cavities. We do not include any thermal lensing compensation
system in order to fully study the benefits of test mass cooling. This is the case
of the cryogenic LCGT but not of the room temperature Advanced LIGO.
A shot noise model previously developed by Lawrence [84] for Advanced LIGO
is used to quantify the shot noise limited sensitivity. According to this model,
the shot noise level is equal to:
r s

s
(c)
hc
2λ
λ
3
1
PDP

hshot (f ) = 
1 + 8 sb0
(c)
2
PP RC 2LGarm 2π GP RC Pi

(7.1)

In formula 7.1, f is the frequency, λ the wavelength of the laser, h the Planck
constant and c the speed of light, L the length of the arm cavities, Pi represents
(c)

the input laser power, PDP the carrier power leaking by the dark port, PPsb0
RC is the
(c)

power of the sidebands in the Power Recycling Cavity (PRC) and GP RC and Garm
are the power gain of the carrier in the PRC and arm cavities respectively. The
frequency dependency of the shot noise is due to the frequency response of the
arm cavities to the gravitational wave signal. Indeed the arm cavities behave like
a low pass filter. Equation (7.1) is an extension of the previous model developed
by Hello and Vinet [87] who took the shot noise to be inversely proportional to
√
Garm GP RC .
The magnitude of thermal lensing, namely the focal length of the input test
mass substrate and the mechanical deformations of the mirrors of the cavities
are calculated using finite element modelling. Since thermal lensing depends on
but also changes the circulating power in the interferometer cavities, an iterative
process presented in Figure 7.1 has been implemented to ensure the convergence
of the optical parameters.
To estimate the thermal noise power spectral density, we used the previously
developed and now widely accepted numerical models. The substrate and coating
thermoelastic noise have been derived by Braginsky et al. [76, 78]. Then a more
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Initial interferometer parameters
i
PPi RC and Parm
Thermal lensing calculation using fem simulations
hot
hot
=⇒ fIT M , Rof CIT
M and Rof CET M
(These results depends on the temperature of the test masses)
Calculate the interferometer response when
thermally loaded using Finesse package
f
=⇒ new PPf RC and Parm

Does the convergence
criteria is met ? i.e.
| PPf RC − PPi RC |< ǫ1
f
i
and | Parm
− Parm
|< ǫ2

no

Update the
interferometer
circulating power
PPf RC → PPi RC and
f
i
Parm
→ Parm

yes
Calculate the shot noise level hshot (f )

Figure 7.1: Flow diagram of the numerical code used to calculate the shot noise
level of an advanced interferometer in presence of thermal lensing. In this diagram
PP RC and Parm represent respectively the carrier circulating power in the power
recycling cavity and arm cavities. The focal length of the thermal lens inside the
hot
hot
input test mass substrate is called fIT M . Similarly, Rof CIT
M and Rof CET M are
the calculated new radius of curvature of the mirrors forming the arm cavities
when the effect of optical absorption is considered. The convergence criteria are
set by the user trough ǫ1 , ǫ2 . For this chapter the ǫ1 , ǫ2 are taken respectively
equal to 0.5% of the PRC and arm circulating power.
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realistic noise model with analytical solutions was proposed by Fejer et al [136].
For our simulations, the analytical model proposed by Braginsky without any
assumptions regarding the temperature range is adopted for both coating and
substrate thermoelastic noises. The bulk Brownian thermal noise was calculated
by Levin using a direct approach [75]. Then Nakagawa [140] and Harry [77]
developed a similar model for the Brownian coating noise. For both substrate
and coating Brownian noises, formulas for infinite size test mass is used.

7.2

Assumptions and limits of our model

For our simulations, we use sapphire and silicon test mass of identical size. This is
an assumption which may attenuate the advantages of using silicon test mass because silicon samples may be available in larger size than sapphire ones. Indeed, a
larger test mass diameter allows a larger laser beam radius in the interferometer.
This has two main consequences: lowering the thermal noise as well as lowering
the magnitude of the thermal lensing. In our simulations we used the same test
mass radius for both materials. This simplification keeps both the silicon and
sapphire simulated interferometers similar in order to render the comparison between both substrates more meaningful. Since sapphire and silicon have different
transparency regions in the electromagnetic spectrum, the light wavelength must
be different for sapphire and silicon interferometers. For our simulations, the
input laser wavelength is 1064 nm for the sapphire and 1550 nm for silicon.
For Brownian thermal noise calculation, the Q factor for sapphire test masses
was set to 2 × 108 (compatible with Advanced LIGO specifications) and 108

for silicon substrate [141]. The Q factor was taken to be independent of the
temperature even if, experimentally, it has been demonstrated that the material
Q factor increases when the temperature decreases [142, 143]. Yet, our main
conclusions remain valid since the substrate Brownian thermal noise is never the
limiting thermal noise. The coating loss is chosen to be equal to 4.10−4 for both
substrates and independent from the temperature as experimentally measured
[144].
The substrate optical absorption for sapphire is set to 30 ppm/cm and 5 ppm/cm
for silicon. The coating absorption for both substrates is 0.5 ppm. The absorption is considered independent of the temperature as it has already been measured
for sapphire substrate [145]. To include the possibility of different substrate ab-
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sorptions in the interferometer, one input mirror substrate is simulated with an
absorption 10 % higher than the other.
To calculate the response of the interferometer in presence of optical absorption, only the quadratic term in the wavefront distortion induced by thermal
lensing is used. This is a limitation of the software Finesse which can only handle
spherical deformations of the optics. We also assume that the power recycling
cavity acts like an output mode cleaner for the leaking carrier and sidebands [146].
Thus, only the carrier and the sidebands in the fundamental mode are assumed
to reach the output photodiode.

7.3

Thermal noise results

The strain sensitivity limited by thermal noise as a function of the test mass
temperature is presented in figure 7.2. For most temperatures, the test mass
thermal noise is lower for sapphire than for silicon. Three specific regions can
be identified in figure 7.2. For all three regions, the dominant thermal noise is
the same for both sapphire and silicon substrates. Specific plots to understand
the contributions of each source of thermal noise to the total thermal noise for
sapphire and silicon substrate is shown in figure 7.3. First, from room temperature to 100 K, the thermal noise is dominated by a combination of the substrate
thermoelastic noise and the coating Brownian noise. Then, from 100 K to 20 K,
the thermoelastic noise is the predominant source of thermal noise for both substrates. This is a consequence of the high thermal conductivity of the sapphire
and silicon materials in this temperature range. Finally, under 20 K, the coating
Brownian noise prevails. Even if we have considered similar coating loss for both
substrates, the coating noise of the sapphire substrate is lower due to the higher
Young modulus of sapphire compared to that of silicon.

7.4

Shot noise results

Using the procedure described in figure 7.1, the shot noise as a function of the
temperature has been calculated and is presented in figure 7.4. The difference of
shot noise level between sapphire and silicon is mainly due to the use of different
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Figure 7.2: Equivalent strain amplitude of the interferometer thermal noise as
a function of temperature. The thermal noise is plotted at 100 Hz, frequency
where the thermal noise has its most detrimental effect on the sensitivity of the
interferometer.
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Figure 7.3: Detailed contributions of each thermal noise to the total thermal
noise for sapphire (left) and silicon (right) as a function of temperature. The two
minima in the thermoelastic noise of the silicon substrate occur at the temperature where silicon has a zero thermal expansion coefficient. At low temperature
for both substrates, the coating thermoelastic noise increases. This is due to
the sharp decrease in the substrate thermal conductivity and specific heat for
temperature below 20 Hz.
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laser wavelengths for both materials. Even if silicon has a lower optical absorption
compared to sapphire, thermal lensing is also an issue for silicon interferometers.
Thermal lensing manifests itself in two ways in the interferometer. First a
convergent lens appears in the Input Test Mass (ITM) substrate due to the induced gradient of temperature resulting from the optical power absorbed by the
substrate. This lens changes the optical modes of the power recycling cavity and
so changes the spatial shapes of the carrier and sidebands. Secondly, the radii
of curvature of the input and End Mirror (ETM) forming the Fabry Perot arm
cavities change as well. The change of radius of curvature of the ITM is due to
both substrate and coating absorption whereas the ETM changes are only due to
the coating absorption.
Our simulations show that from room temperature to 5 K, the focal length of
the thermal lens in the ITM substrate is always shorter for silicon than sapphire.
This is true even if silicon has a lower absorption than sapphire. This is due to
the much higher thermo-optic coefficient of silicon compared to that of sapphire.
Thermal lensing effects for silicon test mass are mainly a consequence of the
thermal lens of the ITM. The change in the radius of curvature of the ETM is
negligible because of the high thermal conductivity of silicon. The situation is
different for sapphire test mass where both ITM and ETM thermal lensing effect
contribute to the increase in shot noise.
The main consequence of the residual optical absorption in the substrate and
coating of the test mass is the induced deformation of the optics surface due to
thermal expansion. This effect can be considerably reduced by cooling down the
test mass because of the temperature dependence of material properties as shown
in figure 7.6. Indeed at low temperatures, a high thermal conductivity and low
thermal expansion ensure limited mechanical deformations of the test mass. The
optics deformations can be compared to the radius of curvature specifications
of advanced interferometers1 to determine at which temperature thermal lensing
becomes negligible. It is found that no thermal lensing compensation system is
required for test mass temperature below 145 K for sapphire and below 105 K to
silicon.
Even if thermal lensing becomes insignificant at low temperature, the optical
absorption in the test mass must not be neglected. Different absorption in the
1

The sagitta tolerance for the test mass curvature is set to be ±5 % of its theoretical value.
For a mirror with a radius of curvature of 2076 m, this represents ±100m.
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Figure 7.4: Shot noise level as a function of the temperature. For clarity only the
shot noise at 0 Hz is plotted. This representation is not restrictive since the shot
1
noise for all frequency can be reconstructed: hshot (f ) = hshot (0)(1 + (4πτ f )2 )− 2
with τ the light lifetime in the arm cavities.
ITMs or inhomogeneous substrate absorption may result in an asymmetry between the two arms of the interferometer difficult to correct. This will increase
the contrast loss and ultimately will reduce the interferometer sensitivity. The
optical absorption in sapphire substrate has already been extensively studied and
3-dimensions absorption maps showing the extend of the problem are available
[89]. Unfortunately, to the knowledge of the authors, the absorption in silicon
has not yet been fully characterised.

7.5

Conclusion

The superiority of sapphire over silicon for test mass substrate for advanced interferometers has been demonstrated given the assumptions made in this paper.
For equal test mass sizes sapphire exhibits a lower thermal noise than silicon from
room temperature to cryogenic temperature. Moreover a lower shot noise level
can also be achieved with a sapphire test mass due to its lower thermal lensing
magnitude in the input test mass. For the sensitivity of the interferometer to
be limited only by the quantum noise in the frequency range between 10 Hz and
1 kHz, the optimal temperature of the mass is 20 K for sapphire and 10 K for
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Figure 7.5: Strain sensitivity comparison between an interferometer with sapphire
test mass and one with silicon test mass. Both interferometers are assumed to
have their sensitivities only limited by the quantum noise. The contributions of
the different thermal noise sources are also represented. The quantum noise curve
has been calculated using the software Bench [147].
silicon. The strain sensitivity of the interferometer as well as the different thermal
noise level is presented in figure 7.5.
For the simulated silicon interferometer, the shot noise degradation is mainly
due to the presence of the thermal lens in the input test mass. This problem can
be eliminated by using delay line arms instead of Fabry Perot cavity arms. In the
case of all reflective interferometers, silicon test mass is a promising alternative to
sapphire. At room temperature, the high thermal conductivity and low thermal
expansion of silicon make this material more suitable than sapphire for a third
generation of interferometers with all reflective optics.

7.6

Material parameters

The temperature dependence of the material properties is essential to compute
thermal noise and thermal lensing magnitude. The thermal conductivity, thermal
expansion and the specific heat data comes from the Handbook of Materials from
Touloukian [125] and are plotted in figure 7.6. The recommended values from
Touloukian [125] for the sapphire thermal conductivity used in this paper are
usually the highest available value from the (wide spread) literature. For low
temperatures, the thermal expansion data for sapphire and silicon was from White
et al. [148] and from Lyon et al. [149] respectively. The thermo-optic coefficient
for silicon has been calculated using a double oscillator model developed by Della
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Figure 7.6: Material properties used in this paper for sapphire and silicon substrate from 300K to 5K.
Corte [150]. The thermo-optic coefficient for sapphire has been derived from the
measurement of the refractive index made by Kaplan and Thomas [151]. For
the coating of the mirrors, we have assumed a 40 pairs of layers of T a2 O5 and
SiO2 for the ETM and 20 pairs layers for the ITM with material parameters from
Braginsky [78] and Rao [133].
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Chapter 8
Thermal tuning of optical cavities
for parametric instability control
8.1

Introduction

In this chapter, we study the tuning of the frequency spacing between optical
modes when the radius of curvature of one mirror of the cavity is changed. Thermal tuning of optical cavities is proposed to reduce the parametric gain of high
frequency parametric instabilities in gravitational wave detector. This thermal
tuning has already been observed in the chapter 4 when by heating the compensation plate the frequencies of the cavity optical modes were changed.
Parametric instability [152] has been recently recognized as a potential source
of dysfunction for advanced laser interferometric Gravitational Wave (GW) detectors. Parametric instability is a consequence of the surface fluctuations of the
test mass due to thermal noise. Depending on the spatial pattern at the mirror
surface, a part of the fundamental optical mode of the cavity can be scattered into
higher order modes after reflection on the test mass. In this case, the frequencies
of the higher order optical modes are shifted by an amount equal to the frequency
of the acoustic mode of the test mass responsible for the scattering. Due to this
frequency shift, the higher order optical modes can become resonant inside the
cavity and reciprocally excite the test mass acoustic mode via the optical radiation pressure force. If this situation happens, the amplitude of the higher order
optical mode will increase with time as well as the amplitude of the mirror surface
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fluctuations, jeopardizing the functionality of the interferometer.
A simplified model has been previously derived to quantify the magnitude
of the parametric instability. Following the original formalism of Braginsky[153]
and assuming a single Stokes mode, the instability occurs when the parametric
gain R exceeds unity:

R =
R0 =

R0 Λ

2 > 1
∆ω1
1 + δ1

(8.1)

2Pcirc Q1 Qm
2
mdcωm

(8.2)

Here Λ is the spatial overlap factor used to quantify the spatial coincidence
between the test mass surface displacement induced by one thermally excited
acoustic mode (corresponding to the subscript m) of frequency ωm and the scattered higher order optical mode denoted by the subscript 1. ∆ω1 is the frequency
gap between the induced higher order optical mode and its resonance and δ1 is
the optical mode bandwidth. Pcirc is the optical power circulating inside the cavity. Q1 and Qm are respectively the quality factor of the optical mode and the
mechanical quality factor of the test mass. m is the mass of the mirror, d the
length of the cavity and c the speed of light. Typical numerical values for the
parameters defining R0 are detailed in table 8.1. For Advanced LIGO, R can be

as large as 1000.

R

Table 8.1: Test mass dimension and cavity parameters.
Test mass radius (m)
0.157

l
Rm

Test mass thickness (m)
Test mass radius of curvature (m)

0.13
2076

m
d

Test mass mass (kg)
Cavity length (m)

40
4000

Pcirc
Q1

Optical arm circulating power (kW)
Optical quality factor of the higher order mode

Qm
ωm

800
5 ×106

Mechanical quality factor of the test mass
108
Angular frequency of the mechanical mode (rad/sec) 3 ×105
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Parametric instability can develop in the interferometer arm cavity when the
parametric gain R is large. This requires two conditions to be satisfied according

to equation (8.1). Firstly, the spatial overlap factor Λ between the optical higher
order mode and the test mass surface displacement must be large. Secondly, ∆ω1
must be small, indicating that the excited optical higher order mode must be
close to resonance inside the cavity.
For GW detectors, the arm cavities are designed to be solely resonant for the
fundamental TEM00 optical mode. Therefore higher order modes are usually not
resonant inside such a cavity. However, because of the test mass normal acoustic
mode vibrates at a frequency ωm , the frequency ω1 of the higher optical mode
scattered by the test mass is shifted by an amount ωm . This frequency shift can
potentially make the higher order optical mode resonant if the new frequency of
this mode ω1 − ωm is close to the frequency of the resonant fundamental mode.

So resonant scattering therefore requires that the acoustic mode frequency ωm

(several tens of kiloHertz) is close to the frequency difference between the higher
order optical mode, of frequency ω1 and the fundamental one. That can also be
written as:
∆ω1 = ωm − (ω0 − ω1 ) < δ1

(8.3)

It is important to understand that in the above equation, ∆ω1 must be considered
modulo the free spectral range of the arm cavity.
Several possible solutions [154] have been suggested to minimise the risk of
parametric instability, but none have been investigated in detail. One possibility
is to degrade the quality factor of the mirrors mechanical mode responsible for the
instability. This method, as well as various feedback techniques risk degrading
the noise performance of the detector. A method that avoids such risks consists
of the thermal tuning of the frequency spacing (ω0 − ω1 ) between optical modes.

This method achieves the proposed tuning by small adjustment of the radius
of curvature of a cavity mirror. This technique can maximise the frequency mismatch ∆ω1 , thereby preventing R from exceeding unity. Zhao et al. [154] showed
that under some circumstances such thermal tuning can eliminate the instability.

However the Zhao article did not address the practical issue associated with thermal tuning and the transient performance of fused silica and sapphire substrates
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as we do in this chapter. In general, thermal tuning allows the parametric gain
to be greatly reduced thereby reducing the demand on feedback methods.
This chapter is organized as follows. Firstly the principles of thermal tuning
of higher order modes are explained using simplified models. Then, using finite
element modelling, the mechanical deformation of the test mass due to two practical heating pattern are compared. Finally, the tuning performance difference
between fused silica and sapphire substrates is discussed for both steady state
and transient situations.

8.2

Thermal tuning principle

To reduce the potentially high parametric gain due to one excited higher order
mode, we propose to tune the cavity resonance frequency of this optical mode
away from its frequency. The cavity resonance frequency of the higher order mode
must be shifted relative to the cavity resonance frequency of the fundamental
mode in order to achieve the condition:
|∆ω1 | ≫ δ1

(8.4)

The value of ∆ω1 can be adjusted by tuning the radius of curvature of one or
both of the cavity mirrors. In this section, we describe a numerical model used to
estimate the heating power required to reduce the parametric gain R by a factor
100.

If we assume a flat cylindrical mirror heated by its wall with a power Pheat , a
radial temperature gradient ∆T will appear within its substrate[97]:
∆T (r) =

Pheat r2
2πRl 2kR

(8.5)

Here, r is the distance measured from the axis of the cylindrical mirror, R the
radius of the mirror, l its length and k the substrate thermal conductivity. The
mirror will become concave due to thermal expansion and its radius of curvature
will change from flat to Rheated with:
Rheated =

4πkR2
αP
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(8.6)

If the mirror is not initially flat but has a radius of curvature Rm , due to
heating the mirror radius of curvature will decrease from Rm to Rh , according to:
1/Rh = 1/Rm + 1/Rheated

(8.7)

The frequency difference, ∆f = (1/2π)(ω0 −ω1 ), between the cavity resonance

frequencies of the different optical modes is a function of the radius of curvature
of the cavity mirrors . If we assume a cavity formed by 2 mirrors with equal radii
of curvature Rm (as for advanced LIGO), the frequency difference ∆f between
the fundamental mode and the Hermitte Gauss mode TEMmn is:

∆f = (c/2d)[q + (m + n)Scav ]

(8.8)

Scav = π −1 cos−1 (1 − d/Rm )

(8.9)

Here q is an integer and d the cavity length. If the radius of curvature of
one cavity mirror is slightly adjusted from Rm to Rh , the frequency difference
between optical modes ∆f is shifted by δf where:
c
δf =
2d

(m + n)
d
2π (1 − (1 − d/Rm )2 )1/2

!

1
Rheated

(8.10)

To minimise the possibility of parametric instability, the thermally induced
frequency shift δf must be larger than the bandwidth of the higher order optical
mode. The technique of thermal tuning is effective if the frequency separation
between the test mass mechanical modes is larger than the cavity optical bandwidth. This hypothesis seems valid for sapphire test mass but is uncertain for
fused silica [155]. For example the frequency separation between two consecutive
mechanical modes is around 350 Hz for sapphire and 50 Hz for fused silica for
Advanced LIGO test masses. The frequency separation between normal acoustic
modes can be increased by using large size test mass and substrate material with
high Young modulus (i.e high sound velocity).
In the case of a GW interferometer, the optical bandwidth of the arm cavity modes is around 30 Hz (for low diffraction loss TEMmn optical modes with
(m+n) ≤ 2 for Advanced LIGO). Thus, to reduce the parametric gain by 2 orders
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of magnitude δf must be greater than 300 Hz (equation (8.1) with ∆ω1 /2π =
δf = 300 Hz and δ1 = 30 Hz).
This 300 Hz optical frequency shift can be obtained for Rheated = 210 km
according to equation (8.10) with (m+n) = 1 and with the arm cavity parameters
set to those of Advanced LIGO. The heating power required for this frequency
shift is 13 W for a sapphire test mass and 3.8 W for a fused silica one. The
heating power absorbed by the test mass increases the average temperature of
the test mass substrate by 7 K and 2 K for sapphire and fused silica respectively.
The optical frequency shift depends on the order of the optical mode as shown
in equation (8.10). Thus if 13 W is required for a sapphire test mass to shift the
resonance frequency of the TEM10 of 300 Hz, only 13/(m + n) W is required to
achieve the same frequency shift for the TEMmn optical mode.
In the previous scenario, the mirror radius of curvature is decreased to reduce
parametric instability gain. Of course, similar results can also be achieved if
the mirror radius of curvature is increased (equation (8.10) with 1/Rheated set to
−1/Rheated ).

The limit of the cavity thermal tuning method is set by mode matching re-

quirements. In particular, by slightly adjusting one mirror radius of curvature,
the cavity waist size and position are changed. Keeping the previous numerical
example with Rheated = 210 km, the cavity waist size is decreased by 3 % and the
cavity waist position is shifted by 10 m. This induced mode mismatch between
the input laser beam mode and the cavity mode will reduce the cavity circulating
power by less than 1%.

8.3

Difference between annular and central heating

As seen in part 8.2, tuning the frequency spacing of optical modes to reduce the
parametric gain can be achieved by changing the radius of curvature of one cavity
mirror. Experimentally the thermal tuning of the radius of curvature of a mirror
has already been demonstrated. A radiative heating ring can be implemented
to heat an annular region on the surface of the mirror [156] or a CO2 laser can
be used to heat the center [84]. A more complex heating pattern (annular or
central) can be obtained with the use of a mask aperture [94] in conjunction with
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the CO2 laser. The measurement of the resonant frequency difference between
optical modes is currently a powerful technique used to deduce in situ the mirrors
radius of curvature [157].
In this section central and annular heating patterns are compared in terms of
the change in radius of curvature of a flat mirror. The radius of curvature induced
by the temperature gradient inside the test mass is calculated from finite element
modelling using the package ANSYS 8.0. The test mass is heated on its rear
side with two different circular heating patterns. An annular heating pattern
is used to simulate either a radiative heating ring or an apertured laser and a
central heating pattern is used to represent the heating from a laser beam. In our
simulations, the heat flux is uniform across the heated region of the test mass.
For reasons explained in appendix A, the mirror is heated on its non reflective
side in our simulations.
A typical result obtained from our simulations is presented in figure 8.1, with
1/Rheated plotted as a function of the heated area for both annular and central
heating. Three important points are highlighted by this plot. Firstly both central and annular heating result in the mirror becoming convergent (1/Rheated is
positive for both curves). This result is counter-intuitive, since the temperature
gradients due to annular and central heating are opposite in half of the mirror
substrate. Although the temperature gradients are different, the substrate thermal expansions perpendicular to the cylinder axis are equivalent. This transverse
thermal expansion is more important on the heated side (which is hotter) than on
the reflective side. It induces a bending of the reflective side as shown on figure
8.2. This phenomena has already been observed by Lück et al.[158] in the case of
a test mass heated by a radiative heating ring and by Lawrence[84] in the case of
the coating absorption of a laser beam. However neither author provided a systematic study of the test mass deformation as a function of the heating pattern.
We therefore address this issue in this paper.
Secondly, the magnitude of the mirror deformation, quantified by 1/Rheated ,
is almost constant, independent of the radius and shape (annular or central)
of the heating pattern. Finally, no significant difference has been found in the
performance of the annular and central heating methods. Practically this means
that for the same amount of heat absorbed by the rear of the mirror, a heating
ring or a laser beam produce equivalent (within 4%) mechanical deformation of
the reflective side.
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Figure 8.1: Mirror deformation characterized by 1/Rheated as a function of the
surface area heated. The percentage of the surface heated is relative to the total
area of the rear side of the mirror. Rheated represents the radius of curvature
(positive for a concave mirror) of the heated mirror which is assumed to be initially flat. By conduction finite element modelling, we determine the mechanical
deformation of the mirror reflective surface when heat is applied on the rear side.
For this plot, an Advanced LIGO sapphire test mass was heated with 10 W. In
the inserts, we have included schematic views of the test mass with the different
heating patterns represented by dark color.

Figure 8.2: Cross section of the sapphire mirror temperature profile with exaggerated mechanical deformation for both annular (left) and central heating (right).
The color bar at the bottom represents the substrate temperature scale in Kelvin.
The heating power is 10 W and the room temperature is 300 K. The reflective
surface of the mirror on top of the figure is always curved in the same direction
independently of the heating pattern.
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The above results have been validated over a large range of practical heating
powers. Figure 8.1 has been plotted using a sapphire test mass but we note here
that our conclusions are also applicable to fused silica test masses.
We used uniform annular and central heating pattern to represent the heat
generated by a heating ring or a laser beam. This simplification is a valid hypothesis because of the linearity of the heat equation concerning the heating
sources [159] and the possibility for circularly symmetric heating patterns to be
expanded into the sum of simple central or annular patterns. For example, a
Gaussian heating pattern can be approximated by a finite sum of uniform central
disc of different heating powers and radius. Likewise the heating pattern due to
a heating ring can be expanded in the sum of annular heating patterns.

8.4

Influence of the test mass thickness

In the previous section we showed that both annular and central heating on
the rear side of the test mass produce a similar deformation of the reflective
side. Inspection of the figure 8.2 indicates that the result described above must
depend on the test mass thickness. Therefore, for which thicknesses of the test
mass annular and central heating give equivalent deformations of the front side
of the test mass?
The mirror’s deformations as a function of the ratio between the test mass
thickness and radius is presented in figure 8.3 for both annular and central heating.
For a thickness-to-radius ratio greater than 0.8, the central and annular heating
patterns achieve the same mirror deformation (within 5%). For the test masses
of Advanced LIGO, the thickness-to-radius ratio is equal to 0.83.

8.5

Thermal tuning performance

As demonstrated in section 8.2, the parametric gain is decreased by changing the
frequency separation between the cavity resonance frequencies of optical modes.
The tuning of mode spacing is achieved by thermally adjusting the radius of curvature of one cavity mirror. For example, the frequency difference shift between
the TEM10 mode and the fundamental TEM00 mode is presented in figure 8.4 as
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Figure 8.3: Mirror deformation characterized by 1/Rheated function of the
thickness-to-radius ratio of the test mass for both central and annular heating.
For each heating pattern, we display values obtained by heating the rear side of
the test mass using three different values for the percentage of the surface heated:
25%, 50% and 0.75% as defined for the horizontal axis of the figure 8.1. For this
plot we consider a sapphire test mass heated with 10 W. The radius of the test
mass is 13.7 cm.
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Figure 8.4: Shift of the frequency difference between the optical TEM10 mode
and TEM00 mode as a function of the heating power. For this plot, only one
mirror in the cavity is heated. As expected from equations (8.6) and (8.10), the
relationship between the frequency shift and the heating power is linear.
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a function of the heating power for both sapphire and fused silica substrates. For
the same value of heating power the frequency shift is 2.8 times larger for fused
silica than that of sapphire. This also implies that for the same frequency shift,
the average temperature rise of the test mass is around 3 times lower for fused
silica than sapphire. This average temperature increase of the test mass is relative to the room temperature, therefore it can be canceled by simply decreasing
the environment temperature around the test mass. The performance difference
is mainly a consequence of the difference between the ratio of thermal expansion
over thermal conduction for both materials. Using the material parameters listed
in Appendix C, we see that this ratio is 3.6.

8.6

Deformation time evolution and optimal time
dependent heating

Since it is not possible to predict the precise occurrence of parametric instability in
GW laser interferometers [152], dynamic control of the mirror radius of curvature
is required. If instability appears to be developing in one of the arm cavities, it
may be advisable to heat one cavity mirror to change its radius of curvature and
hopefully it will minimise the parametric gain. In section 8.3, we concluded that
the steady state mirror deformations are almost independent of the area heated.
In this section, we investigate the time evolution of the mechanical deformation
of the mirror.
The mechanical deformation evolution for different heating areas on the mirror
are presented in figure 8.5 for a sapphire test mass. This plot indicates that the
evolution of the mirror mechanical deformations depend on the heating area.
When an area corresponding to less than half of the test mass rear side is heated,
the deformations reach a maximum after 2 minutes for sapphire and 40 minutes
for fused silica test masses and then decrease (the curves for fused silica are
not shown). This behaviour indicates two different regimes of the mechanical
deformations. Firstly the test mass mechanical deformations follow a classical
exponential response with a characteristic time of 30 seconds for sapphire and
510 seconds for fused silica. Secondly, the deformations slowly decrease and
reach the steady state after 15 hours for both substrates when the test mass is in
radiative equilibrium with its environment. In this analysis we have ignored the
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Figure 8.5: Evolution of the sapphire test mass radius of curvature for 10 W
central heating power. The mirror deformation are plotted for different central
heating area. In the plot legend, the surface heating area percentage is relative to
the total area (πR2 ) of the rear of the mirror. Initially the mirror has a curvature
of 2076 m and the steady state value is 2054 m.
normally insignificant contribution to heat exchange by conduction through the
suspension wires.
If the test mass is heated using an optimised time dependent heating function
the time scale of the mechanical deformations can be significantly reduced. The
optimised time dependent heating power is derived from the inverse of the deformation response to a step input, time shifted by the system time constant. The
mirror deformation time constant is calculated according to the evolution of the
test mass deformation in response to a heat pulse.
Optimized time dependent heating is presented in figure 8.6 for sapphire and
fused silica substrates. The mechanical deformations characteristic time has been
reduced by a factor of two and is now 17 seconds for sapphire and 260 seconds
for fused silica. The long term deformations response is now more satisfactory
compared to the constant power case since the long term drift has been eliminated.
We note that the optimised heating plotted in figure 8.6 is only valid for a single
heating pattern. The optimal heating waveform depends significantly on the
heating method (central or annular) and the size of the heated surface on the test
mass.
We can now compare the optimized time constant with the time constant for
the growth of parametric instability. The parametric instability time constant
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Figure 8.6: Test mass deformations evolution for sapphire (left) and fused silica
(right) when using an optimized time dependent heating. The step input response
corresponds to the case of constant heating power. For both plots a central area
of 7 cm diameter has been heated on the rear of the test mass, this corresponding
to the 5 % heated area in figure 8.5. The optimized heating has greatly reduced
the transient time of the mechanical deformations. In these plots, the horizontal
axis time scale for sapphire is one order of magnitude smaller than that of fused
silica.
can be approximated by Qm /ωm (R −1)[160] which is in the range 10 − 100

seconds for a parametric gain R within the range 50 − 5. This time is comparable
to the thermal deformation time constant for sapphire but not for fused silica.

From a system control point of view it would appear that dynamic control of the
instability may be possible using sapphire but for the case of fused silica the time
constant is too long.
In general, mirror radius of curvature actuation is 15 times faster for sapphire
than for fused silica. A similar conclusion about the time evolution of thermal
lensing for both materials has already been described in Chapter 2. When heating is applied to a test mass (either from high laser power absorption or from
purposeful heating), the time constant of the heating phenomena is expected to
be proportional to ρC/k with ρ the density, k the thermal conductivity and C
the specific heat. This ratio, calculated from the material physical constants, is
18 times higher for fused silica than sapphire, in reasonable agreement with the
above result.
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8.7

Benefit of heating the mirror by its rear side

For this study our simulations consisted of heating the mirror by its non reflective
side and calculating the mirror deformation on the other side (the side with
the reflective coating). This choice was motivated by the fact that the thermal
expansion responsible for the deformation shows a “more spherical” profile on the
side opposite to the heated area. To quantify the sphericity of the deformation,
we fitted the mirror thermal expansion profile of the reflective coating along
the mirror surface parallel to the optical axis with a parabolic function1 . The
fit algorithm is based on the widely used Levenberg-Marquardt method[161] of
nonlinear least squares minimization. From this fit, we derived an error function
equal to the square of the deformation profile minus the fit result and which is
weighted according to the laser power distribution. When the reflective surface
of the mirror is heated this error function is 450 times larger than when the rear
side of the mirror is heated. In this example, a Gaussian heating profile has been
used. To simulate the effect of the front and back laser heating, the laser power
was adjusted to obtain the same deformations (same magnitude but of opposite
signs) of the reflective coating (front side) for both cases.
Similarly, the mirror deformation sphericity profile can also be quantified from
an optical loss point of view. In particular when the mirror does not have a perfect
parabolic shape, part of the incoming laser beam fundamental mode (TEM00 ) is
scattered into higher order optical modes. When the mirror is heated on its
reflective side the scattering loss after one reflection is 570 times higher than
when the mirror is heated on the back. Moreover, from a practical point of view
it is easier to put a heating device behind the end test mass of the cavity than in
front where part of the light arm cavity could be blocked.

8.8

Conclusion

We presented a simplified analytical model to understand the principle of the
frequency tuning of an optical cavity. This technique offers a means of reducing
the parametric gain in the arm cavities of laser interferometer gravitational wave
detectors. Thermal tuning of the cavity can be achieved by changing the radius
1

This is a very good approximation since the size of the beam radius of the laser beam is
much smaller than the mirror radius of curvature
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of curvature of one cavity mirror by applying heat. Our finite element modelling
of the mirror deformation in response to heat applied on the rear side highlighted
several essential points. Firstly, the mirror mechanical deformation are nearly
independent of the circular heating pattern (central or annular) when heat is
applied on the mirror rear. This means a heating ring or a CO2 laser gave similar
results in term of radius of curvature mirror change. Moreover when heat is
applied on the mirror rear, the radius of curvature of the concave mirror can only
be decreased. Secondly, sapphire test masses have a thermal actuation response
15 times faster than fused silica. This argument indicates a clear advantage in
using sapphire substrates if dynamic control of the frequency of the cavity optical
modes is required. On the other hand, if only static actuation is required, for the
same amount of heating power the actuation is 3 times more effective for fused
silica than for a sapphire test mass.
The technique of thermal tuning proposed in this article has some limitations.
First, the radius of curvature of the mirror can only be decreased when heated on
its rear side. That means, we can not guarantee that by heating the mirror, the
parametric gain will decrease. This problem can be overcome by centrally heating the mirror on its front side to increase its radius of curvature. This method
was not considered in our simulations because of the induced non spherical deformations of the mirror. Second, practically, only the ETM can be heated in an
interferometer. If the substrate of the ITM is heated, it can introduce a distortion
of the power recycling optical modes because of wavefront distortion induced by
the ITM substrate.
We note that the heating of one test mass to reduce the parametric gain is
not a practical solution for planned low temperature interferometers for which the
coefficient of thermal expansion is very small. In this case passive gain reduction
is possible by the introduction of surface losses on the test mass. This could
selectively reduce the quality factor of certain mechanical modes by one order
of magnitude even though the total thermal noise is only degraded by 5%[162].
Alternatively, negative feedback control may be other solution.
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Chapter 9
Conclusion and future research
directions
9.1

Results from this thesis

The residual optical absorption in the optics of advanced high power laser interferometer used to detect gravitational waves can have some tragic consequences.
We showed that thermal lensing by distorting the optimal profile of the optics
reduces the coupling efficiency between the input laser and the cavities of the
interferometer. Due to this induced optical mode mismatch, the cavities circulating power is decreased and the interferences contrast due to the excitations of
non resonant higher order optical modes is reduced.
We compared two test mass substrate candidates for advanced interferometers, sapphire and fused silica, in regard to thermal lensing. Thermal lensing
in sapphire and fused silica have almost the same magnitude despite the widely
different characteristics of both materials. From our finite element modelling
simulations two main differences were emphasised. First the time evolution of
thermal lensing is more than 10 times faster for sapphire than fused silica. Second thermal lensing correction using a radiative heating ring in front of the test
mass can be possible for a fused silica test mass but not for a sapphire one using the parameters of the Gingin high optical power tests. Due to the large
optical absorption of sapphire, the compensation of thermal lensing in sapphire
requires much higher heating power compared to fused silica. This results in an
impractical increase of the core temperature of the sapphire optic.
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To study the effects of thermal lensing and to help the design high optical
power interferometers, a series of three tests are conducted in Gingin, Western
Australia. These tests aim to reproduce the conditions of advanced interferometers by using cavities along a single arm. During the three tests the cavity
circulating power is progressively increased. According to the results from our
simulations, the three tests demonstrate successively the negative effect of the
substrate absorption, coating absorption and the effects of coupled cavities mismatching due to thermal lensing. Using the approximation of spherical wavefront
distortions, we showed how a fused silica plate inserted inside the cavities can
correct thermal lensing effects occurring inside the substrate of the sapphire test
mass.
A FFT optical propagation code called OSCAR was specially developed to
simulate the first Gingin high optical power tests with realistic mirror deformations. The FFT simulations gave us some new results. We demonstrated that the
compensation plate increases the diffraction loss and induced higher order optical
modes. So the compensation plate in the Gingin configuration can not totally
restore the cold cavity gain. Moreover these higher order modes can cause the
cavity circulating power to drop when they are resonant at the same time as the
fundamental one inside the cavity.
The experimental results of the first high optical power test in Gingin are
presented in chapter 5. By measuring the time evolution of thermal lensing
inside the cavity, we successfully and simultaneously measured the absorption of
the sapphire test mass and the fused silica compensation plate. One kiloWatt of
optical power was circulating inside the cavity, creating a strong thermal lens in
the sapphire substrate inside the cavity. By heating the fused silica compensation
plate, the cavity thermal lensing was corrected. The success of this test also
demonstrated the suitability of sapphire substrate for high optical power cavities.
Finally in the last chapter of this thesis directly related to thermal lensing,
we showed that thermal lensing becomes negligible in cryogenic interferometers.
The superiority of sapphire over silicon for test mass substrate for advanced interferometers is demonstrated given the assumptions stated.
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9.2

Improving our models

When coming close to the end of my PhD, I realised that much more work is still
to be done in the area of thermal lensing:

9.2.1

Use realistic test mass models

More realistic models of test mass could be used for our finite element modelling
simulations. First we used homogeneous isotropic sapphire which is a strong
assumption since this crystal is anisotropic. The thermal conductivity, thermal
expansion and also the thermo-optic coefficient can vary by 10% according to the
crystal axis considered [163]. Due to this anisotropy, the thermal lens induced by
the optical absorption is astigmatic and depends on the orientation of the crystal.
Such anisotropy is possible to be included in our thermal lensing simulation code
since ANSYS is designed to manage such material structure. From the experimental results of the first high optical power, no excessive astigmatism was found
in the size of the cavity transmitted beam.
Second important aspect which could be improved is the use of real inhomogeneous absorption maps with point defects for the sapphire substrate. These maps
could be loaded in ANSYS to simulate a non homogeneous absorption. However
preliminary results with simplified models show that the inhomogeneous absorbtion of sapphire may not have a great influence on the three Gingin Tests. Two
reasons may support this assumption. First the sapphire high thermal conductivity attenuates the effect of any high absorption area. Second, the size of the laser
beam for Gingin has 80% of its energy concentrated within a radius of 8 mm. The
laser beam only probes the central part of the test mass where the absorption is
relatively uniform. Large inhomogeneous structure are laying at the peripheral
of the test mass where no laser power passes. Moreover for the calculation of the
wavefront distortion induced by the thermal lens, the laser beam averages the
test mass absorption along the optical axis smoothing any inhomogeneity along
the test mass central axis.
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9.2.2

Expand OSCAR capabilities

Our FFT simulations are now limited to a single cavity but in the future, two
coupled cavities can be simulated and possibly later a whole interferometer. The
beam splitter thermal lensing with its inevitable astigmatism could also be simulated in ANSYS and then included in the FFT code. We have also begun a code
to simulate thermal lensing due to flat beams.

9.2.3

Optimised the plate heating pattern

This thesis emphasises the importance of the profile of the thermal gradient in
the compensation plate. Because of the technique used to heat the compensation
plate in the Gingin Test 1, thermal lensing effects can not be fully corrected. For
the Gingin high optical power tests, the radiative heating ring must be close to
the plate in order not to block the probe Hartmann beam, this situation produces
poor quality thermal lensing correction. However by heating the plate with a CO2
laser or by increasing the distance of the radiative heating ring to the plate, an
optimal heating profile can be found. Such work has been partially completed in
this thesis and by Lawrence [84] however it must be continued.

9.3

Final words

The residual absorption in the optics is a problem which requires attention for the
high optical power laser interferometers. We hope this thesis represents significant
progress in the comprehension of thermal lensing and how to compensate it. We
are confident that the next high optical power tests in Gingin will demonstrate the
possibility of optimal thermal lensing corrections. This must help to the design
of Advanced LIGO and to the experimentalist gravitational wave community in
general.
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and W. Winkler, “Thermal lensing in recycling interferometric gravitational
wave detectors,” Phys. Lett. A, vol. 194, 1994.
[87] P. Hello and J. Y. Vinet, “Analytical models of thermal aberrations in
massive mirrors heated by high power laser beams,” J. Phys. (France),
vol. 51, 1990.
[88] A. Yariv, Optical electronics. New York: Holt, Rinehart, and Winston,
1985.
[89] Z. Yan, L. Ju, C. Zhao, S. Gras, D. G. Blair, M. Tokunari, K. Kuroda, J. M.
Mackowski, and A. Remillieux, “Study of rayleigh scattering, absorption
and birefringence of large-size bulk single crystal,” Applied Optics, vol. 45,
p. 2631, 2005.
[90] R. Lawrence, M. Zucker, P. Fritschel, P. Marfuta, and D. Shoemaker,
“Adaptive thermal compensation of test masses in advanced LIGO,” Class.
Quantum Grav., vol. 19, 2002.
[91] H. Lück, K.-O. Müller, P. Aufmuth, and K. Danzmann, “Correction of
wavefront distortions by means of thermally adaptive optics,” Optics Communications, vol. 175, 2000.
[92] R. D. Guenther, Modern Optics. Wiley, 1990.
[93] http://mathworld.wolfram.com/L2-Norm.html.
[94] S. Ballmer, V. Frolov, R. Lawrence, W. Kells, G. Moreno, K. Mason, D. Ottaway, M. Smith, C. Vorvick, P. Willems, and M. Zucker, “Thermal compensation description,” LIGO Internal Document T050064-00-R, LIGO, 2005.

188

[95] R. Lawrence, D. Ottaway, M. Zucker, and P. Fritschel, “Active correction of
thermal lensing through external radiative thermal actuation,” Opt. Lett.,
vol. 29, 2004.
[96] B. Slagmolen, “Mode matching telescope design for AIGO,” tech. rep.,
AIGO, 2004.
[97] J. M. Hill and J. N. Dewynne, Heat conduction. Blackwell Scientific Publications, 1987. Radial flow in solid circular cylinders and sphere.
[98] V. Quetschke, J. Gleason, M. Rakhmanov, J. Lee, L. Zhang, K. Y. Franzen,
C. Leidel, G. Mueller, R. Amin, D. B. Tanner, and D. H. Reitze, “Adaptive
control of laser modal properties,” Optics Letter, vol. 31, p. 217, 2006.
Submitted to LSC.
[99] D. E. McClelland, J. Camp, J. Mason, W. Kells, and E. Whitcomb, “Arm
cavity resonant sideband control for laser interferometric gravitational wave
detectors,” Opt. Lett., vol. 24, pp. 1014–1016, 1999.
[100] J. C. Dumas, K. T. Lee, J. Winterflood., J. Jacob, D. Blair, and L. Ju,
“Testing of multi-stage low-frequency isolator using euler spring and selfdamped pendulums,” Class. Quantum Grav., vol. 21, pp. S965–S972, 2004.
[101] P. Barriga, C. Zhao, and D. Blair, “Sidebands calculations for AIGO 2K
interferometer,” tech. rep., AIGRC - UWA, 2005.
[102] R. Desalvo, “The challenge of low frequency G.W. detection,” in AustraliaItaly Workshop on Gravitational Wave Detection, (Gingin, Australia), 2005.
[103] A. Freise, G. Heinzel, H. Lück, R. Schilling, B. Willke, and K. Danzmann,
“Frequency domain interferometer simulations including higher order spatial modes,” Class. Quantum Grav., vol. 21, pp. S1067– S1074, 2004.
[104] http://www.wavemetrics.com/.
[105] A. Bullington, “Modelling of advanced ligo with melody,” LIGO Internal
Document G040372-00-Z, LIGO, 2004.
[106] V. Loriette, “Nv:
a virgo optical model,” available at:
http://wwwcascina.virgo.infn.it/commissioning/opc/talks/,
VIRGO,
2004.
[107] P. Saha, “Fast estimation of transverse fields in high-finesse optical cavities,” J. Opt. Soc. Am. A, vol. 14, pp. 2195–2202, 1998.
[108] B. Bochner, Modelling the Performance of Interferometric GravitationalWave Detectors with Realistically Imperfect Optics. PhD thesis, MIT, 1998.
[109] A. Tridgell, “A numerical model of dual recycling interferometric gravitational wave detector.” Honors thesis ANU, 1990.

189

[110] A. G. Fox and T. Li, “Computation of optical resonator modes by the
method of resonance excitation,” IEEE j. quantum electron, vol. 4, pp. 460–
465, 1968.
[111] M. Brunel, G. Ropars, A. L. Floch, and F. Bretenaker, “Transverse excess
noise factor in geometrically stable laser resonators,” Phys. Rev. A, vol. 55,
no. 6, pp. 4563–4567, 1997.
[112] H. Wu, C. Sheu, T. Chen, M. Wei, and W. Hsie, “Observation of power drop
and low threshold due to beam waist shrinkage around critical configurations in an end-pumped nd:yvo4 laser,” Optics Communications, vol. 165,
no. 4-6, pp. 225–229, 1999.
[113] http://www.crystalsystems.com/.
[114] http://www.reoinc.com/.
[115] G. Billingsley, “Coating, input test mass, gin gin experiment specifications,”
LIGO Internal Document E021063 Rev B, LIGO, 2002.
[116] D. Hosken, D. Mudge, P. Veitch, and J. Munch, “ACIGA laser development,” in Australia-Italy Workshop on Gravitational Wave Detection, (Gingin, Australia), 2005.
[117] A. Brooks, P. Veitch, J. Munch, and T. Kelly, “An off-axis hartmann sensor for the measurement of absorption-induced wavefront distortion in advanced gravitational wave interferometers,” Gen. Relativ. Gravit., vol. 37,
pp. 1575–1580, 2005.
[118] R. Drever, J. Hall, F. Kowalski, J. Hough, G. Ford, A. Munley, and
H. Ward, “An off-axis hartmann sensor for the measurement of absorptioninduced wavefront distortion in advanced gravitational wave interferometers,” Appl. Phys. B, vol. 31, pp. 1575–1580, 1983.
[119] A. Romann, D. S. Rabeling, G. de Vine, J. H. Chow, M. B. Gray, and D. E.
McClelland, “Automatic alignment of a rigid spacer cavity,” Gen. Relativ.
Gravit., vol. 37, pp. 1591–1599, 2005.
[120] B. Slagmolen, M. Barton, C. Mow-Lowry, G. de Vine, D. S. Rabeling, J. H.
Chow, A. Romann, C. Zhao, and M. B. G. . D. E. McClelland, “Alignment
locking to suspended fabry-perot cavity,” Gen. Relativ. Gravit., vol. 37,
pp. 1601–1608, 2005.
[121] J. Munch, “Aciga status report:ginginhigh power test facility,” LIGO Internal Document G050173-00-Z, ACIGA, 2005.
[122] http://www.heraeus.com/.
[123] http://www.highplainsoptics.com/.

190

[124] http://www.atfilms.com/.
[125] Y. S. Touloukian, Thermophysical properties of matter. IFI/Plenum, 1970.
[126] P. Hello and J. Y. Vinet, “Analytical models of thermal aberrations in
massive mirrors heated by high power laser beams,” J. Phys. (France),
vol. 51, 1990.
[127] D. Ottaway, J. Betzwieser, S. Ballmer, S. Waldman, and W. Kells, “Insitu measurement of absorption in high power interferometers using beam
diameter measurements,” Optics Letter, vol. 31, 2006.
[128] P. Willems, “TCS noise coupling,” LIGO Internal Document G060159-00D, LIGO, 2006.
[129] Private communication P. Willems (2006).
[130] V. Magni, “Multielement stable resonators containing a variable lens,” J.
Opt. Soc. Am. A, vol. 4, 1987.
[131] P. Willems, P. Fritschel, D. Shoemaker, M. Barton, and N. Robertson, “Cavity optics suspension subsystem design requirements document,”
LIGO Internal Document T010007-01, LIGO, 2001.
[132] S. D. Penn, A. Ageev, D. Busby, G. M. Harry, A. M. Gretarsson, K. Numata, and P. Willems, “Frequency and surface dependence of the mechanical loss in fused silica,” Phys. Rev. A., vol. 51, 2006.
[133] S. R. Rao, Mirror Thermal noise in interferometric gravitational wave detector. PhD thesis, CalTech, 2003.
[134] B. Willke, “Personal communication,” 2005.
[135] G. Harry, “Thermal noise from optical coatings,” in Tenth Marcel Grossman
Meeting, LIGO, 2003. T010007-01.
[136] M. M. Fejer, S. Rowan, G. Cagnoli, D. R. M. Crooks, A. Gretarsson, G. M.
Harry, J. Hough, S. D. Penn, P. H. Sneddon, and S. P. Vyatchanin, “Thermoelastic dissipation in inhomogeneous media: loss measurements and displacement noise in coated test masses for interferometric gravitational wave
detectors,” Phys. Rev. D., vol. 70, no. 8, p. 082003, 2004.
[137] N. Nakagawa, E. K. Gustafson, P. T. Beyersdorf, and M. M. Fejer, “Estimating the off resonance thermal noise in mirrors, fabry-perot interferometers, and delay lines: The half infinite mirror with uniform loss,” Phys.
Rev. D, vol. 65, 2002.
[138] T. Tomaru, T. Suzuki, S. Miyoki, T. Uchiyama, C. T. Taylor, A. Yamamoto,
T. Shintomi, M. Ohashi, and K. Kuroda, “Thermal lensing in cryogenic
sapphire substrates,” Class. Quantum Grav., vol. 19, pp. 2045–2049, 2002.

191

[139] T. Uchiyama, K. Kuroda, M. Ohashi, S. Miyoki, H. Ishitsuka, K. Yamamoto, H. Hayakawa, K. Kasahara, M.-K. Fujimoto, S. Kawamura,
R. Takahashi, T. Yamazaki, K. Arai, D. Tatsumi, A. Ueda, M. Fukushima,
S. Sato, Y. Tsunesada, Z.-H. Zhu, T. Shintomi, A. Yamamoto, T. Suzuki,
Y. Saito, T. Haruyama, N. Sato, Y. Higashi, T. Tomaru, K. Tsubono,
M. Ando, K. Numata, Y. Aso, K.-I. Ueda, H. Yoneda, K. Nakagawa,
M. Musha, N. Mio, S. Moriwaki, K. Somiya, A. Araya, A. Takamori,
N. Kanda, S. Telada, H. Tagoshi, T. Nakamura, M. Sasaki, T. Tanaka, K.-I.
Ohara, H. Takahashi, S. Nagano, O. Miyakawa, and M. E. Tobar, “Present
status of large-scale cryogenic gravitational wave telescope,” Classical and
Quantum Gravity, vol. 21, pp. S1161–S1172, 2004.
[140] N. Nakagawa, A. M. Gretarsson, E. K. Gustafson, and M. M. Fejer, “Thermal noise in half-infinite mirrors with nonuniform loss: A slab of excess loss
in a half-infinite mirror,” Phys. Rev. D, vol. 65, p. 102001, 2002.
[141] S. Rowan and S. Reid, “Aspects of silicon for use in the suspensions of gravitational wave detectors,” LIGO Internal Document G050054-00-Z, LIGO,
2005.
[142] T. Uchiyama, T. Tomaru, M. E. Tobar, D. Tatsumi, S. Miyoki, M. Ohashi,
K. Kuroda, T. Suzuki, N. Sato, T. Haruyama, and al., “Mechanical quality
factor of a cryogenic sapphire test mass for gravitational wave detectors,”
Phys. Lett. A, vol. 261, pp. 5–11, 1999.
[143] V. Braginsky, V. Mitrofanov, and V. Panov, Systems with small dissipation.
University of Chicago Press, 1985.
[144] K. Yamamoto, S. Miyoki, T. Uchiyama, H. Ishitsuka, M. Ohashi,
K. Kuroda, T. Tomaru, N. Sato, T. Suzuki, T. Haruyama, A. Yamamoto,
T. Shintomi, K. Numata, K. Waseda, K. Ito, and K. Watanabe, “Mechanical loss of the reflective coating and fluorite at low temperature,” Classical
and Quantum Gravity, vol. 21, no. 5, pp. S1075–S1081, 2004.
[145] T. Tomaru, T. Uchiyama, D. Tatsumi, S. Miyoki, M. Ohashi, K. Kuroda,
T. Suzuki, A. Yamamoto, and T. Shintomi, “Cryogenic measurement of
the optical absorption coefficient in sapphire crystals at 1.064(micro)m for
the large-scale cryogenic gravitational wave telescope,” Physics Letters A,
vol. 283, p. 80, 2001.
[146] B. Bochner, Modelling the Performance of Interferometric GravitationalWave Detectors with Realistically Imperfect Optics. PhD thesis, MIT, 1991.
[147] http://emvogil-3.mit.edu/bench/.
[148] G. K. White and R. B. Roberts, “Thermal expansion of reference materials:
Tungsten and alpha-al2o3,” High Temp., vol. 15, p. 321, 1983.

192

[149] K. G. Lyon, G. L. Salinger, C. A. Swenson, and G. K. White, “Linear
thermal expansion measurements on silicon from 6 to 340 k,” J. appl. physi,
vol. 48, p. 865, 1977.
[150] F. G. D. Corte, M. E. Montefusco, L. Moretti, I. Rendina, and G. Cocorullo,
“Temperature dependence analysis of the thermo-optic effect in silicon by
single and double oscillator models,” J. Appl. physics, vol. 88, p. 7115, 2000.
[151] S. G. Kaplan and M. E. Thomas, “Measurement of the o-ray and e-ray
infrared refractive index and absorption coefficient of sapphire from 10 K
to 295 K,” Proc. of SPIE, vol. 4822, p. 41, 2002.
[152] V. B. Braginsky, S. E. Strigin, and S. P. Vyatchanin, “Analysis of parametric oscillatory instability in power recycled ligo interferometer,” Physics
Letters A, vol. 305, pp. 111–124, 2002.
[153] V. B. Braginsky, S. E. Strigin, and S. P. Vyatchanin, “Parametric oscillatory instability in fabry perot interferometer,” Physics Letters A, vol. 287,
pp. 331–338, 2001.
[154] C. Zhao, L. Ju, J. Degallaix, S. Gras, and D. G. Blair, “Parametric instabilities and their control in advanced interferometer gravitational-wave
detectors,” Physical Review Letters, vol. 94, no. 12, p. 121102, 2005.
[155] C. Zhao, L. Ju, J. Degallaix, S. Gras, and D. G. Blair, “Parametric instabilities and their control in advanced interferometer gravitational-wave
detectors,” Physical Review Letters, vol. 94, no. 12, p. 121102, 2005.
[156] H. Lück, A. Freise, S. Goler, K. Kawabe, and K. Danzmann, “Thermal
correction of the radii of curvature of mirrors for GEO 600,” Class. Quantum
Grav., vol. 21, pp. S985–S989, 2004.
[157] R. Savage, M. Rakhmanov, K. Kawabe, and J. Betswieser, “Summary of
recent measurements of g factor changes induced by thermal loading in the
h1 interferometer.,” LIGO Internal Document G050111-00-W, LIGO, 2005.
[158] H. Lück, S. Hild, S. Goler, and the GEO 600 team, “Thermal compensation
of the radius of curvature of GEO600 mirrors,” in 5th Edoardo Amaldi
Conference on Gravitational Waves, (Tirrenia, Italy), 2003.
[159] The temperature is a linear function of the heating sources only for small
increase of temperature (less than 10 K). In this condition of small increase,
the heating loss due to radation can be approximated as proportional to
the temperature.
[160] L. Ju, C. Zhao, S. Gras, J. Degallaix, J. Munch, D. H. Reitze, and D. Blair,
“Comparison of parametric instabilities in different test mass cavity for advanced gravitational wave interferometers.” To be published in the Amaldi6
proceeding, 2005.

193

[161] D. Marquardt, “An algorithm for least-squares estimation of nonlinear parameters,” SIAM J. Appl. Math., vol. 11, pp. 431–441, 1963.
[162] S. Gras, D. Blair, and L. Ju, “Test mass ring dampers with minimum
thermal noise.” Submitted to the LSC review comittee, 2005.
[163] A. C. DeFranzo and B. G. Pazol, “Index of refraction measurement on sapphire at low temperatures and visible wavelengths,” Appl. Optics, vol. 32,
1992.
[164] A. E. Siegman, Lasers. California: University Science Books, 1986.
[165] H. Kogelnik and T. Li, “Laser beams and resonators,” Appl. Opt., vol. 5,
pp. 1550–1567, 1966.
[166] H. Kogelnik, “Coupling and conversion coefficients for optical modes,” in
Symposium on Quasi Optics (J. Fox, ed.), (Polytechnic Institute of Brooklyn), 1964.
[167] F. Bayer-Helms, “Coupling coefficients of an incident wave and the modes of
a spherical optical resonator in the case of mismatching and misalignment,”
Appl. Opt., vol. 23, pp. 1369–1380, 1984.
[168] F. Benadid, Optical properties of sapphire test mass in laser interferometric
gravitational wave detectors. PhD thesis, University of Westen Australia,
2000.
[169] G. Billingsley, “Test mass material down-select plan,” Tech. Rep. T02010308-D, LIGO, 2002.
[170] P. Klocek, Handbook of Infrared Optical Materials. New York, N.Y: Marcel
Dekker Ltd, 1991.
[171] D. N. Nikogosyan, Properties of optical and laser-related materials : a handbook. New York: J. Wiley, 1997.
[172] K. P. Herrmann and M. Dong, “Crack path prediction of thermal cracks
arising in self-stressed two-phase brittle compounds,” Materials Science,
vol. 28, 1993.

194

Appendix A
Mode conversion due to thermal
lensing
The goal of this first appendix is to demonstrate some optical mechanisms induced
by thermal lensing which can scatter the laser fundamental mode into higher order
optical modes. But before that we present the different laser optical modes in
free space as well as inside an optical cavity.

A.1

Laser modes

In this section we are going to remind to the readers the main properties of the
propagation of a laser beam in free space.

A.1.1

The fundamental Gaussian modes

Any electric field E propagating in free space must satisfy the Helmholtz equation:
∇2 E + k 2 E = 0

(A.1)

with k = 2π/λ the propagation constant and λ the light wavelength. We suppose
the medium homogenous, isotrope and with a refractive index equal to 1. By
supposing the electric field travelling in the z direction, we can write:
E = u(x, y, z) exp(−jkz)
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(A.2)

with u representing the complex spatial profile of the beam. In case of a plane
wave u is constant. By substituting the definition (A.2) in the equation (A.1)
and by comsidering the profile of the beam varying slowly along the direction of
propagation z, the paraxial wave equation can be derived:
∂2u ∂2u
∂u
+ 2 + 2jk
=0
2
∂ x ∂ y
∂z

(A.3)

The simplest solution of the equation (A.3) with a finite total power can be
written as:





r2
u = exp −j P (z) + k
2q(z)


x2 + y 2
= exp(−jP (z)) exp −jk
2q(z)

(A.4)

where P (z) is a phase shift and q(z) is called the complex radius of curvature by
analogy to a spherical wave. The complex radius q(z) can be decomposed in two
parts, an imaginary part which contains the spatial profile of the amplitude of the
beam and a real part which represents the radius of curvature of the wavefront.
To understand this decomposition we can write q under the form:
1
λ
1
=
−j 2
q(z)
R(z)
πw (z)

(A.5)

with R and w 2 real numbers function of z. So u can be rewritten as:




 2
x2 + y 2
x + y2
u = exp(−jP ) exp −jk
exp −
2R
w2
|
{z
}|
{z
}
wavefront of radius

the energy of the

of curvature R

beam is spatially

(A.6)

limited

By substituting the above formula of u into the paraxial equation (A.3) and
by integrating over a distance dz, q increases of a value dz. It means that q(z)
obeys to the simple law: q(z + d) = q(z) + d. By declaring the origin of the z axis
where u has the same wavefront as a plane wave (i.e. R → ∞) we can set:
πw02
λ
= jzr

q(0) = j

196

(A.7)

zr is a convenient parameter to describe a laser beam and is called the Rayleigh
range of the beam. For a beam with a waist of 2 cm and a wavelength of 1064 nm,
zr = 1.2 km. If we propagate q with the formula q(z) = q(0) + z we can derive
the spatial evolution of w and R along the z axis.
1
1
= πw2
q(0) + z
j λ0 + z

(A.8)

πw02
λ

z−j
=  2 2
πw0
λ

+ z2

By separating the real and imaginary part of equation (A.8), the evolution of the
waist w and the wavefront radius of curvature R along the propagation axis z can
be derived:
 2 !
2 !
λz
z
w(z)2 = w02 1 +
= w02 1 +
2
πw0
zr
!
 2 2

 z 2 
πw0
r
R(z) = z 1 +
=z 1+
λz
z


(A.9)
(A.10)

From the two previous equations, we can see that w(z) is minimal and equal
to w0 when the wavefront radius of curvature of the beam is infinite. With our
choice of coordinate this is achieved when z = 0. From z = 0 to z = zr , the beam
√
size has increased by a factor 2.
We have not yet explicitly derived the term P (z) from equation (A.4). By
substituting (A.4) into the paraxial equation, the differential equation obeyed by
P can be found.
∂P
∂z

= −

j
q

= −

j
jzr + z

(A.11)

By integrating equation (A.11) along the z axis:


z
P (z) = −j ln 1 − j
zr
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(A.12)

According to equation (A.4), we are interested in the therm exp (−jP (z)):


−1
z
exp (−jP (z)) =
1−j
zr

 
 2 !− 21
z
z
exp j arctan
=
1+
zr
zr
w0
exp (jΦ(z))
=
w(z)
with Φ(z) = arctan

 
z
zr

(A.13)

is called the Gouy phase shift and is an additional phase

shift compared to the simple case of the propagation of a plane wave. The factor
w0 /w(z) in the amplitude is a normalisation factor to keep a constant power as
the beam propagates. As the beam radius expands from w0 to w as the beam
propagates, the maximum amplitude of the field is decreased by the factor w0 /w.
In a compact form, the electric field of a Gaussian laser beam propagating
along the z axis can be fully described with the expression:
 2





w0
x + y2
z
x2 + y 2
E(x, y, z) =
exp −
+ j arctan
exp −jk z +
w(z)
w(z)2
2R(z)
zr
(A.14)

A.1.2

Higher order optical modes

The previous characterised Gaussian beam is only the lowest order solution of
the paraxial equation. In Cartesian coordinates, a complete set of elementary
complex spatial profile Emn can also propagate in free space. Emn can be written:

Emn

w0
=
Hm
w

√

!

√

!




x2 + y 2
Hn
exp −
w2




z
x2 + y 2
(A.15)
+ j(m + n + 1) arctan
exp −jk z +
2R
zr

2x
w

2y
w

with m,n natural number and Hi represents the Hermite polynomial of order
i. Emn has a propagation similar to the fundamental mode. Its waist w and
wavefront radius of curvature R obeyed to the same law as the fundamental
mode (i.e. equations (A.9) and (A.10)). The envelope of the amplitude of Emn
is also Gaussian but modulated by Hermite polynomial in the x and y transverse
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directions. Like for the fundamental mode, we did not include the normalisation
constant in the expression of Emn . By comparison with the fundamental mode,
the higher order modes presents some specific characteristics:
• The amplitude profile of the mode Emn in the transverse direction x/y has
m/n zeroes.

• The higher order the mode is, the larger its transverse spatial extend is.

This has an important consequence: higher order modes suffer higher loss
than the fundamental mode when passing through a finite size aperture.

• The Gouy phase shift of the higher order mode Emn is proportional to
(m + n + 1)Φ.

The amplitude profile of the first Hermite Gaussian modes is shown in figure
A.1.
An essential property of the family of functions Emn is that it forms an orthogonal complete set of functions. If we take any two functions Emn and Epq
with m, n, p, q integer numbers and supposed them normalised, they must obey
to the relation:
< Emn , Epq >=

Z

∞

−∞

Z

∞

−∞

Emn E∗pq dxdy = δmp δnq

(A.16)

The above relation indicates that the functions Emn are orthonormal in respect
of the scalar product defined in the equation (A.16). The completeness of the
family of functions Emn means that any arbitrary electric field A can be expressed
as a linear combination of elementary fields Emn .
A=

X

cmn Emn

(A.17)

m,n

with cmn =< A, Emn >

(A.18)

Since we know how to propagate every functions Emn in free space, we can
also numerically compute the propagation of any electric field A assuming we
expand them on the base Emn . Practically a random field A can usually only
be approximate using a large number of functions Emn . That can make the
computation relatively slow.
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Fundamental mode HG00

Mode HG10

Mode HG20

Mode HG32

Figure A.1: Amplitude profile of some low order Hermite Gauss optical modes.
The power distribution of the modes is represented by a colour coded surface at
the bottom of each plot. The mode amplitude is normalised and all the modes
have the same waist w0 of 6 cm. The vertical axis is in arbitrary unit.
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If the cylindrical coordinates (r, θ, z) are used instead of using the Cartesian
coordinate to calculate the higher order solution of equation (A.3), another solution can be derived. This solution like its derivation suggests is particulary
suitable for problems with cylindrical symmetry. The higher order modes with
the cylindrical coordinates system depend of two integers p and l, p being the
radial mode number and being l the angular mode number. The higher order
mode Epl can be written:
w0
Epl =
w

√

2r
w

!l

Llp




 2
2r2
r
exp
−
w2
w2




r2
z
exp −jk z +
(A.19)
+ j(2p + l + 1) arctan
2R
zr

The amplitude profiles of some Laguerre Gaussian modes are shown in figure
A.2. As for the Hermite Gaussian mode, the family of Laguerre Gaussian modes
Epl forms an orthornormal and complete set of functions. In particular every
Laguerre Gaussian modes can be expand as a linear combination of Hermitte
Gaussian modes and vice et versa. The two sets of functions are equivalent and
the preference of one set over the other may only depend on the geometry of the
system to represent.
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Mode LG10

Mode LG11

Mode LG12

Mode LG20

Figure A.2: Amplitude profile of some low order Laguerre Gauss optical modes.
The power distribution of the modes is represented by a color coded surface at
the bottom of each plot. As for the Hermitte Gauss figure, the mode amplitude is
normalised and all the modes have the same waist w0 of 6 cm. The fundamental
mode LG00 is the same as the fundamental mode HG00.
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Figure A.3: Schematic of the optical cavity described in the text. The mirrors
M1 and M2 have a respective radius of curvature R1 and R2 . The waist of the
cavity of size w0 is at a distance l1 from M1 and l2 from M2. The total length of
the cavity is d = l1 + l2 .

A.2

Cavity modes

In the previous section, the propagation in free space of Gaussian beams has
been described. These beams can be seen as the eigen modes of the propagation
function as the beams keep their physical features as they propagate. For example
a mode HG13 after propagating 1 km is still a mode HG13 with the same waist
w0 (but after propagation the mode has different width and different central
amplitude).
For GW detectors with multiple coupled cavities used to build up the optical
power, we can ask what kind of optical modes can support a Fabry Perot cavity
formed by two spherical mirrors named M1 and M2. In this section, we are going
to see that the eigen modes of an optical cavity with spherical mirrors are the
same as the free space propagation case.
Let us consider the propagation of a fundamental Gaussian beam toward M2
with a waist w0 at a distance l2 from the mirror M2 of the cavity as presented
in figure A.3. If this beam is an eigen mode of the cavity, the position and
size of its waist must be conserved after reflection on the mirror M2. This can
only be achieved if both the wavefront radius of curvature of the laser beam just
before the mirror M2 (called RbM 2 ) and just after the mirror (radius called RaM 2 )
have the same absolute value but have an opposite sign. Due to the reflection of
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the beam on the mirror M2 (radius of curvature R2 ), we have the mathematical
relationship:
1
1
2
= M2 −
M
2
Ra
R2
Rb

(A.20)

Since we require to have RaM 2 = −RbM 2 , it means R2 = RbM 2 . This is an important

conclusion. If we want the laser beam to be identical to itself after a round trip in

the cavity, the laser beam wavefront radius of curvature must match the radius
of curvature of the cavity mirrors. This conclusion can also be written in two
equations:


 2 


 R1 = l1 1 + zl1r

 2 


 R2 = l2 1 + zl2r

(A.21)

From these two conditions, we can deduce the size and position of the laser
beam waist by just knowing the radius of curvature of the two cavity mirrors as
well as their separations d. We can transform the previous system of equations
(A.21).
(

(

(
(

zr2 = R1 l1 − l12

R2 = (d − l1 ) +
zr2 =
l1 =
zr2 =
l1 =
w04 =
l1 =

l1 R1 −l12
d−l1

2 (R −d)2
R1 d(R2 −d)
2
− (Rd1 +R
2
R1 +R2 −2d
2 −2d)
d(R2 −d)
(R1 +R2 −2d)

d(R2 −d)(R1 −d)(R1 +R2 −d)
(R1 +R2 −2d)2
d(R2 −d)
(R1 +R2 −2d)



λ 2 d(R2 −d)(R1 −d)(R1 +R2 −d)
2π
(R1 +R2 −2d)2
d(R2 −d)
(R1 +R2 −2d)

(A.22)

So the fundamental mode of the cavity can be perfectly defined just by the
laser wavelength λ, the distance d between the two mirrors and the radius of
curvature R1 , R2 of the mirrors. The fundamental Gaussian mode and the higher
order modes Hermite or Laguerre Gaussian with the same w0 and l1 are the set
of eigen modes of the optical cavity. The eigen modes of the propagation in
free space and that of an optical cavity are the same functions if and only if the
mirrors of the cavity are spherical.
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According to equation (A.22), the cavity waist exists if:
(R2 − d)(R1 − d)(R1 + R2 − d) > 0
which only implies only one possibility (the other possibilities being physically
impossible):
(

(R1 − d)(R2 − d) > 0

(R1 + R2 − d) > 0

(A.23)

The system is indeed equivalent to:






(R1 − d)(R2 − d) > 0


d
d
1 − R1
1 − R2
<1

(A.24)

Which is the well known classical stability condition for optical resonators: 0 <
g1 g2 < 1 with g1 = 1 − d/R1 and g2 = 1 − d/R2 .
Optical cavities are an essential tool in optics due to their ability to build up
the optical power circulating between the two mirrors. But the power inside the
cavity only increases if the cavity eigen modes are resonant inside the cavity. To
be resonant, the round trip phase of the electrical field inside the cavity must
be equal to zero modulo 2π. Usually we choose the fundamental mode to be
resonant since it is the mode with the lowest aperture loss.
Let us calculate the phase shift θ of a cavity eigen mode propagating from the
mirror M1 to the mirror M2. From the equation (A.15), we can deduce the one
way phase shit for the cavity mode Emn :



 
l1
l2
θ = kl1 − (m + n + 1) arctan
+ kl2 − (m + n + 1) arctan
z
zr

r 
 
t1
t2
= kd − (m + n + 1) arctan
+ arctan
(A.25)
zr
zr
I now detail the calculation of ψ = arctan (l1 /zr ) + arctan (l2 /zr ) since this
part is seldom developed in the literature (and it is not equal to arctan (d/zr ) like
too often seen).
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l1
ψ = arctan
zr
s



+ arctan



l2
zr



s
d(R1 − d)
d(R2 − d)
= arctan
+ arctan
(R2 − d)(R1 + R2 − d)
(R1 − d)(R1 + R2 − d)
q
q
d(R1 −d)(R1 +R2 −d)
1 +R2 −d)
+ d(R2 −d)(R
R2 −d
R1 −d
= arctan
R1 + R2 − 2d
q

q
p
R1 −d
R2 −d
+ R1 −d
d(R1 + R2 − d)
R2 −d
= arctan
R1 + R2 − 2d
1
= arccos r


R1 −d
R −d
+ R2 −d +2
R2 −d
1
(R1 +R2 −2d)2

d(R1 +R2 −d)

1

= arccos r

d(R1 +R2 −d)

= arccos q

d(R1 +R2 −d)
(R1 −d)(R2 −d)

= arccos q

 (R

2
1 +R2 −2d)
(R1 −d)(R2 −d)
(R1 +R2 −2d)2

+1



+1

1
+1

1
d(R1 R2 )
(R1 −d)(R2 −d)

√
= arccos g1 g2

In order that the mode Emn is resonant inside the cavity, the following condition must be satisfied:
√
kd + (m + n + 1) arccos g1 g2 = sπ

(A.26)

with s an integer. Except for some special cases, usually when the resonant
condition (A.26) is satisfied for one optical mode, it is not satisfied for the other
optical modes. This is the case for the arms cavities of the interferometers which
are only set resonant for the Gaussian fundamental mode. On the other hand
the power recycling cavity has a g factor close to one (i.e. g1 g2 ∼ 1), when the

fundamental mode is resonant in this cavity, the higher order modes are also
resonant, the cavity is then called degenerate.

For a complete study of laser modes and optical resonators, an immersion in the
laser’s Bible from Siegman [164] is highly recommended. Most of the calculations
in this section can be found in the fundamental article of Kogelnik and Li [165].
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A.3

Higher order mode conversion

For most applications and in particularly for GW laser interferometers, the input
laser beam and the resonant cavity mode are both in the fundamental mode, the
TEM00 . In the optimal conditions, the input laser beam is matched to the optical
cavity mode. That means the waist size and position of the input laser beam are
coincident with those of the cavity. In this case the coupling is maximum: all the
power from the input laser beam is transferred to the resonant cavity mode.
In case of modes mismatch, the input laser mode excites also some cavity
higher order modes. Some power is converted from the input fundamental mode
to higher order cavity modes therefore reducing the power available in the cavity
fundamental mode. To understand the mode conversion, we can consider two
simple cases: a mode conversion due to waist size mismatch and a mode conversion due to waist position mismatch. An additional example treated is the effect
of a non spherical lens on a fundamental Gaussian beam.

A.3.1

Mode conversion due to waist size mismatched

In this section, we consider the input laser beam waist wi being slightly different
from the cavity waist w0 , wi = w0 (1 + ǫ) but both waists are at the same position.
We can expand the input laser beam ui00 on the cavity modes using the Hermitte
Gauss set of optical modes Emn : (For clarity the simple expression for the beam
profile is used, without any normalisation or phase factor)
ui00

 2

1
x + y2
=
exp −
wi
wi2


1
x2 + y 2
=
exp − 2
w0 (1 + ǫ)
w0 (1 + ǫ)2
 2



x + y2
x2 + y 2
1
exp −
1 + ǫ −1 + 2
=
w0
w02
w02



x2 + y 2
(x2 + y 2 )2
2
2
+ǫ 1+5
+2
+ o(ǫ )
w02
w04
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(A.27)

(A.28)

If we only consider the terms in ǫ in equation (A.28):
−1 + 2

x2 + y 2
2x2 2y 2
=
+ 2 −1
w02
w02
w
 2 0   2

1 8y
1 8x
−2
−2 +1−1
=
4 w02
4 w02
√ !
√ !
2x
2y
1
1
=
+ H2
H2
2
4
w0
4
w02

(A.29)

Now, we do a similar transformation for the terms in ǫ2 in equation (A.28)
x2 + y 2
(x2 + y 2 )2
x2 + y 2
x4
y4
x2 y 2
1+5
+2
= 1+5
+2 4 +2 4 +4 4
w02
w04
w02
w0
w0
w0
√ !
2
2
1
x +y
2x
1
+ H4
= −
+ H4
2
2
w0
32
w0
32
√ !
√ !
1
2x
2y
H
+ H2
2
16
w02
w02

1 1
=− −
2 8

H2

√

2x
w02

!

+ H2

√

2y
w02

!!

√

2y
w02

!

√ !
√ !!
2x
2y
H4
+ H4
2
w0
w02
√ !
√ !
1
2x
2y
+ H2
H2
(A.30)
2
16
w0
w02
1
+
32

After inserting (A.30) and (A.30) into (A.28), the expansion of ui00 into the
cavity mode can be derived.
1
1
ui00 = (1 − ǫ2 )E00 + ǫ (E20 + E02 )
2
4 

1
1
1
2
+ ǫ − (E20 + E02 ) +
(E40 + E04 ) + E22
(A.31)
8
32
16
The mode mismatch between the input laser beam and the cavity has two
consequences: first, the amplitude into the cavity fundamental mode is decreased
by a factor (1 − 21 ǫ2 ). Second, a part of the input laser power is converted

to higher order modes. An equivalent result can also be found by using the
Laguerre Gauss set of optical modes. The numerical coefficients of the higher
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order modes in equation A.31 are not necessary correct since no normalisation
factor was applied.
The power loss in the cavity fundamental mode due to the mode mismatching
is simply (1 − ǫ2 ). For example if we consider the input laser beam 10% larger

than the cavity waist (ǫ = 0.1), the cavity circulating power decreases only by

1%.

A.3.2

Mode conversion due to waist position mismatched

Following an argument similar to the one of the previous section, the power in the
cavity fundamental mode can also decrease due to a waist position mismatched
between the input laser beam and the cavity. Let’s suppose the input laser beam
waist and the cavity waist have the same size w0 but are not coincident. The
distance between the laser beam waist and the one of the cavity is set to be
∆z. We can express the input laser fundamental mode to the cavity mode at the
cavity waist position:

ui00 =
w0

r



1
1+



∆z
zr


−
exp

2

w02






x +y
x +y
−jk

exp
 
 2  

zr 2
∆z
2∆z 1 + ∆z
1 + zr
2





2

2

2

(A.32)

By using the same approach as in the previous section, we can expand the
equation A.32 onto the cavity higher order modes using a first order series in
(∆z/zr ).
ui00

 2





∆z
1
x + y2
x2 + y 2 ∆z
=
exp −
+o
1 − jk
w0
w02
2zr
zr
zr

(A.33)

By transforming the term in (∆z/zr ):
x2 + y 2
−jk
2zr



∆z
zr





x2 + y 2 ∆z
= −j
w02
zr
 





2
1 8x
∆z
1 8y 2
1
= −j
−2 +
−2 +
8 w02
8 w02
2
zr

we can obtain the desired result:






1 ∆z
1
1
∆z
i
u00 = 1 − j
E00 + j
E20 + E02
2 zr
8
8
zr
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(A.34)

Like the waist size mismatch of the previous section, the waist position mismatch between the input laser beam and the cavity has two consequences: a
decrease in amplitude of the cavity fundamental mode and the excitation of the
cavity higher order optical modes.
The power decrease of the cavity fundamental mode is (1 − (∆z/2zr )2 ). Hence

if we consider a cavity waist of 2 cm, a waist position mismatched of 200 m decreases only the circulating of the cavity fundamental mode of 0.2%.
For the insatiable reader a description of the coupling coefficient between a
laser beam an optical cavity has been described by Kogelnik [166]. The complete
derivation of the coupling coefficient in case of mode mismatching and misalignment is in the mathematically-heavy paper of Bayer-Helms [167].

A.3.3

Mode conversion due to non spherical thermal lens

Like seen in Chapter 4, the wavefront distortion induced by thermal lensing is
not spherical. Because of the non-spherical profile of the thermal lens, part of
a fundamental Gaussian beam can be scattered into higher order modes when
transmitted through a distorted optic. To understand this phenomena, we can
expand the optical path length difference ∆OP L(r) due to thermal lensing on a
polynomial basis:
∆OP L(r) =
The why of the coefficient

1
2fT L

1 2
r + a4 r 4 + a6 r 6 + . . .
2fT L

(A.35)

will be obvious soon. The phase distortion φ(r)

induced by this optical path difference is:
φ(r) =

2π
∆OP L(r)
λ

(A.36)

The incoming fundamental Gaussian beam E00 can be written:
E00



r2
= A0 exp −ik
2q
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(A.37)

with q the complex radius of curvature of the beam. So after passing through
the thermal lens, the phase distortion φ(r) is added to the Gaussian beam.
E = E00 exp iφ(r)


 

r2
1 2
4
6
= A0 exp −ik
r + a4 r + a6 r
exp ik
2q
2fT L


1
1
1
r2
4
6
= A0 exp −ik ′ + ik(a4 r + a6 r ) with ′ = −
2q
q
q fT L

(A.38)

Thus, the effect of the quadratic part of the thermal lens is equivalent to the
distortion from a normal thin lens. On the other hand, to understand the effect
of the term in r4 , r6 we can expand E:


r2
E = A0 exp −ik ′ (1 + b4 r4 + b6 r6 )
2q

(A.39)

So as expected the non spherical part of the thermal induced some higher order
modes. We can also notice that only the modes LGp0 ( p ∈ N) are excited.
For transmissive optics with thermal lensing, the mode conversion is usually
small. For example for a 2 kW laser beam of waist 8.8 mm passing through a
sapphire test mass like that presented at the end of chapter 2, the power decrease
of the fundamental mode is only 0.1%. For this example the focal length of the
thermal lens is approximatively 2km.
To quantify the quality of the thermal lensing compensation using the compensation plate, we use the error function S proposed by Lawrence [84].
2

< E, E00 >
< E00 , E00 >


Z ∞
4
r2
= 1− 2 2
exp −2 2 exp (iφ(r))2πrdr
π w0 0
w0

(A.40)

S = 1−

2

(A.41)

In case of no wavefront distortion φ(r) = 0 and so S = 0. The function S is
sometimes understood as a loss term since S could represent the power scattered
from the fundamental mode into higher order optical modes due to the wavefront
distortion φ(r). This is only true if φ(r) has no quadratic terms,
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1
2fT L

= 0 in the

equation (A.35). Otherwise the interpretation of S as scattered power coefficient
can lead to erroneous conclusions.
For example if the wavefront distortion is equivalent to a thin lens φ(r) ≡

1
r2 ,
2fT L

S is positive and greater than zero, could it be possible that some power

has been scattered into higher order modes ? No as shown in equation (A.38). In
laser GW interferometer, the fundamental beam coming from the PRC and passing through the ITM toward the arm cavity keeps all its power in the fundamental
mode, even if the ITM is equivalent to a divergent lens due to the curvature of
the reflective coating.
We can also consider a Fabry Perot cavity with two identical non-spherical
mirrors (inducing a wavefront distortion φ(r)). In this case, we can think that
the cavity round trip loss for the fundamental mode is increased by 2 × S due to

the non-spherical mirrors. By using this method, the cavity loss is overestimated.
The proper method would be to calculate the fundamental resonant mode inside
the cavity (non Gaussian if the mirror are non-spherical) and then to calculate
the overlapping factor between the laser beam and the cavity modes.
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Appendix B
ANSYS program example
In this part, one of the ANSYS script used in this thesis is presented. This code
simulates the absorption of a Gaussian beam by a sapphire test masses using a 3D
model. The temperature distribution of the test mass substrate is first calculated
and then the thermal expansion of the optic is derived.
!
!

Sapphire test mass
Used to measure time constant of transmissive optics

/CWD,’C:\Documents and Settings\demonstrator\My Documents\ANSYS_tmp’
/TITLE, GinGin_T1
/UNITS, SI
! ALL IN SI UNIT
/FILNAME,Job2
!----------------------- Parameters --------------------------

Diam_cyl
Length_cyl
Plaser
Waist
Abssub
Troom

=
=
=
=
=
=

0.10
0.05
2000
0.00875
50
300

!
!
!
!
!
!

Diameter of the test mass
Length of the test mass
Laser power
Waist of the laser
Substrate absorption (ppm/cm)
Room temperature

! The test mass is decomposed in 9 concentric cylinders.
! Each cylinder has a uniform volumic heat generation
Ray125
Ray250
Ray375
Ray500

=
=
=
=

0.00222
0.00327
0.00420
0.00511

! Radius which contains 12.5%
! of the laser beam power
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Ray625
Ray750
Ray875
Ray980

=
=
=
=

0.00608
0.00724
0.00888
0.0122

! Diam_cyl must be > 1.5 * Waist
!----------------------------------------------------------! Definition of the model: thermal and structural simulations
/NOPR
/PMETH,OFF,0
KEYW,PR_SET,1
KEYW,PR_STRUC,1
KEYW,PR_THERM,1
KEYW,PR_FLUID,0
KEYW,PR_ELMAG,0
KEYW,MAGNOD,0
KEYW,MAGEDG,0
KEYW,MAGHFE,0
KEYW,MAGELC,0
KEYW,PR_MULTI,1
KEYW,PR_CFD,0
/GO
/PREP7
! Element type
ET,1,SOLID70
ET,2,SURF152,,,,1,1
KEYOPT,2,9,1
R,2,1,0.568E-7
MP,EMIS,2,1

!
!
!
!
!

Thermal 3D solid
Surface element to include radiation
Radiation enabled
Form factor = 1, Stefan-Boltzmann constant
Black body emissivity

!
!
!
!
!
!

Thermal expansion
Young modulus
Poisson ratio
Thermal conductivity
Specific heat
Density

! Material 1 = Sapphire

MP,ALPX,1,5.5e-6
MP,EX,1,345E+09
MP,PRXY,1,0.27
MP,KXX,1,46
MP,C,1,775
MP,DENS,1,3970
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! Now we build the test mass using concentric cylinder
CYL4,0,0,0.00, 0,Ray125, ,Length_cyl
CYL4,0,0,Ray125,0 ,Ray250, ,Length_cyl
CYL4,0,0,Ray250,0 ,Ray375,,Length_cyl
CYL4,0,0,Ray375,0 ,Ray500,,Length_cyl
CYL4,0,0,Ray500,0 ,Ray625, ,Length_cyl
CYL4,0,0,Ray625,0 ,Ray750,,Length_cyl
CYL4,0,0,Ray750,0 ,Ray875,,Length_cyl
CYL4,0,0,Ray875,0 ,Ray980,,Length_cyl
CYL4,0,0,Ray980,0 ,Diam_cyl/2,,Length_cyl
FLST,2,9,6,ORDE,2
FITEM,2,1
FITEM,2,-9
VGLUE,P51X

! Linked together all the previous cylinder

!------------------------- Meshing ---------------------! Creating a meshing on all volume
SMRT,7
MSHAPE,0,3D
MSHKEY,1
MSHAPE,1,3D
MSHKEY,0
FLST,5,9,6,ORDE,3
FITEM,5,1
FITEM,5,10
FITEM,5,-17
CM,_Y,VOLU
VSEL, , , ,P51X
CM,_Y1,VOLU
CHKMSH,’VOLU’
CMSEL,S,_Y
!*
VMESH,_Y1
!*
CMDELE,_Y
CMDELE,_Y1
CMDELE,_Y2
TYPE,2
! Create an extra node
REAL,2
! to absorbed the radiated power
MAT,2
N,31800,0.1,0.1,0.1
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ESURF,31800
!-------------- Apply Loads --------------------------/SOLU
ANTYPE,0
! Doing a steady state simulation
! Power Absorbed by the substrate
Pabssub = (Abssub*Plaser*Length_cyl/10000)
! Equivalent to a heat production per cylinder (W/m^3)
Heatcyl1 = (0.125*Pabssub/(3.1416*(Ray125)*(Ray125)*Length_cyl))
Heatcyl2 = (0.125*Pabssub/(((3.1416*(Ray250)*(Ray250))
- (3.1416*(Ray125)*(Ray125)))*Length_cyl))
Heatcyl3 = (0.125*Pabssub/(((3.1416*(Ray375)*(Ray375))
- (3.1416*(Ray250)*(Ray250)))*Length_cyl))
Heatcyl4 = (0.125*Pabssub/(((3.1416*(Ray500)*(Ray500))
- (3.1416*(Ray375)*(Ray375)))*Length_cyl))
Heatcyl5 = (0.125*Pabssub/(((3.1416*(Ray625)*(Ray625))
- (3.1416*(Ray500)*(Ray500)))*Length_cyl))
Heatcyl6 = (0.125*Pabssub/(((3.1416*(Ray750)*(Ray750))
- (3.1416*(Ray625)*(Ray625)))*Length_cyl))
Heatcyl7 = (0.125*Pabssub/(((3.1416*(Ray875)*(Ray875))
- (3.1416*(Ray750)*(Ray750)))*Length_cyl))
Heatcyl8 = (0.123*Pabssub/(((3.1416*(Ray980)*(Ray980))
- (3.1416*(Ray875)*(Ray875)))*Length_cyl))
! applied the heat load to each cylinder
FLST,2,1,6,ORDE,1
FITEM,2,1
/GO
BFV,P51X,HGEN,Heatcyl1
FLST,2,1,6,ORDE,1
FITEM,2,10
/GO
BFV,P51X,HGEN,Heatcyl2
FLST,2,1,6,ORDE,1
FITEM,2,11
/GO
BFV,P51X,HGEN,Heatcyl3

216

FLST,2,1,6,ORDE,1
FITEM,2,12
/GO
BFV,P51X,HGEN,Heatcyl4
FLST,2,1,6,ORDE,1
FITEM,2,13
/GO
BFV,P51X,HGEN,Heatcyl5
FLST,2,1,6,ORDE,1
FITEM,2,14
/GO
BFV,P51X,HGEN,Heatcyl6
FLST,2,1,6,ORDE,1
FITEM,2,15
/GO
BFV,P51X,HGEN,Heatcyl7
FLST,2,1,6,ORDE,1
FITEM,2,16
/GO
BFV,P51X,HGEN,Heatcyl8
STEF,0.568E-07
! Radiation options
TOFFST,0
RADOPT,0.1E-10,0.1E-10,1,1000,0.1E-02,0.1E-02
SPCTEMP,1,Troom
!------------------------ Options --------------------------------OUTPR,BASIC,ALL,
OUTRES,ALL,ALL,
AUTOTS,1
KBC,1
NSUBST,40, , ,1
TREF,Troom,
D,31800,TEMP,Troom

! Used 40 steps for the simulation
! SPECIFY SURROUNDING ABSOLUTE TEMPERATURE

SBCTRAN
SOLVE
FINISH

! Do the thermal simulation
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!---------------------- Mechanical solution -----------------------/PREP7
ETCHG,TTS
FINISH
/SOLU
!*
ANTYPE,0
EQSLV,ITER,1

! convert the thermal element into a
! structure element

! Load the previously calculated temperature distribution
LDREAD,TEMP,,, , ,’Job2’,’rth’,’ ’
/STATUS,SOLU
SOLVE
FINISH
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Appendix C
Parameters used
In this last appendix, the material constants used for our FEM simulations are
detailed. These values are taken at 300K.
Material
Refractive index n

Fused silica

Sapphire

BK7

1.45

1.75

-

Thermo-optic coefficient β

(10−6 /K)

10

13

-

Optical absorption Abssub

(ppm/cm)

2

50

-

(kg/m3 )

2202

3970

2510

Thermal conductivity kth

(W/mK)

1.38

46

1.1

Specific heat C

(J/KgK)

740

775

768

Thermal expansion α

(10−6 /K)

0.55

5.1

7.1

(GPa)

73

345

80

0.17

0.27

0.21

Density ρ

Young Modulus E
Poisson ratio

The refractive index data and the thermo-optic coefficient are taken from Fetah
[168]. The optical absorption for sapphire test mass was measured by SMA Lyon
on sapphire sample similar to the Gingin test masses [89]. The fused silica absorption is quoted from the LIGO documents [169]. The materials density, thermal
expansion, Young modulus and the poisson ratio for sapphire and fused silica
can be found in the Handbook of Infrared Optical Materials [170]. The thermal
conductivity and specific heat are from Touloukian [125]. The BK7 optical and
thermal properties can be found in the handbook of Nikogosyan [171]. The Young
modulus and Poisson ratio of BK7 are from K. P. Herrmann and M. Dong [172].
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